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Section 2.2: The Analog Measurand:
Time-Dependent Characteristics
Beckwith Chapter 4.
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Analog Signals (1)

* An analog signal is the time history of any
Physical quantity as it varies with respect to time.

e Examples of analog signals include voltage, temperature,
pressure, sound, and load.

* The three primary characteristics of an analog signal are
1) level
2) shape
3) frequency

* Analog signals are examples of a broader class of
mathematical entities called “Waveforms”
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Analog Signals (2)

471 Volts
A

Level

Frequency

e Characterization of an
analog signal
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Analog Signals (3)

e Level
Because analog signals can have arbitrary values, level gives vital information

about a measured analog signal. Intensity of a light source, temperature in a room,
and pressure in a chamber are examples demonstrating importance of signal level.

e Shape

Some signals are named after their shape - sine, square, sawtooth, and triangle.
Shape of an analog signal is as important as level -- because by measuring

shape of an analog signal one can further analyze signal properties, including peak
values, DC values, and slope. Analysis of heartbeats, video signals, sounds,
vibrations, and circuit responses are applications involving shape measurements.

*F'requency

All analog signals are categorized by their frequency. Unlike level or shape,
frequency cannot be directly measured. Signal must be analyzed using software
to determine the frequency information. This analysis is usually done using

an algorithm known as the Fourier transform. (more on this later)
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Classification of Waveforms
The shape of the signal on an x-y plot is called a Waveform. These are categorized as such:
Static Does not change with time. y(7) = A,
Dynamic Does vary with time
Deterministic Varies in time in predictable way
Periodic Repeats at regular intervals
y(t) = A, sinwt

Complex Periodic More than a single frequency
y()=A + ECn sin(nwt + ¢, )
n=1
Nonperiodic Does not repeat

yt)=A, fort>0

MAE 3340 INSTRUMENTATION SYSTEMS 5




UtahState INtechanicsedrenospIce;

UNIVERSITY Engineering

Wavetorm Amplitude

Cyclic Frequency Plot

Peak to Peak amplitude = 2A

Position

1 1 1 i i i 1 1 1 i 1 1 1 i i i 1 1 1 i [
0 01 02 03 04 05 06 07 08 09 1 1.1 12 13 14 15 16 1.7 18 19 2

Time
1’ r 17
_ . 2 — _ - ) _
Veus = JT[y(t) dt \/ [{Asm a)t } A\/T[SIH [a)t]dt
11 1 1! 1 1 1 .
A\/?{E(l - cos[2a)t])dt = A\/E.T -3 0 cos[2wt]dt = A\/E - E-Est(x)T =

1 1 1 27 J2
Af|]——-——sin2-—T =|—A| |* ” '
\/ 2775 20 - 5 Root Mean Squared” amplitude
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Phase Angle (1)

* More general expression for
simple harmonic wave ...

Position : s = s, sin[a)t + (/)]

¢ =" phase angle", units — radians

u-?a-

MAE 3340 insTruM.

» Has the effect of shifting the signal in time
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Phase Angle (2)

~ Position:s = s, sin[a)t + ¢]

__@;,- d
Velocity v = E [sin[a)t + ¢] ] —
S,,0,p = const = v =g, cos[a)t + ¢]-E[wt + (/)] = 5,00 cos[wt + (/)]
Acceleration :a = Z‘; = cj’lt [soa) cos[a)t + ¢]] = —s5,0° sin[a)t + ¢]

MAE 3340 INSTRUMENTATION SYSTEMS 8




UtahState

UNIVERSITY

Cyclic Frequency Plot
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Phase Angle (3)
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Simple Harmonic Relations (1)

s 1s the departure from the equilibrium

S, 1s the amplitude 777 wastss s
| %
w 1s the circular frequency (rad/s) é 2
{ 1s time. 2 7
an
* look at the scotch yoke below. é% | /////Z
If the flywheel turns at 6 radians/ X ! }

sec, then the motion of the piston
1s described by

amplitude, 25,

e
I

s = §, SInwt

(a) ®)

e Can write 0 = wt to introduce _
. (a) The Scotch-yoke mechanism provides a simple harmonic motion to the
time. The cycle repeats every 2 piston; (b) a spring-mass system that moves with simple harmonic motion.

radians, so w = 27f.

e ... eventoccurs every T seconds, ... Cyclic frequency [ = 1/T Hz.
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Simple Harmonic Relations (2)
v
e
.
Lz 'W/ A

| amplitude, 25,

(a) (®)

(a) The Scotch-yoke mechanism provides a simple harmonic motion to the
piston; (b) a spring-mass system that moves with simple harmonic motion.

Position : s = s, sSinwt

: d .
Velocity :v = d—[so sinwt |- s,,0 = const = v = 5, cos wt -d—[a)t] = 5,0 COS Wt
t t

, dv d 5 .
Acceleration :a = — = —[soa) COS a)t] = —5,0" sinwt
dt dt
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Simple Harmonic Relations (3), example

Cyclic Frequency Plot
1_

Position
o
o n
1 1

1

=

n
|

i

e 7T=0.5sec
ef=1/T=2Hz

* w=2f= 125664 rad/sec

* Velocity is “out
of phase” by 0.125 sec
w.r.t. position

Acceleration

 Acceleration is “out
Of phase” by 0.250 sec
W.r.t. position
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Simple Harmonic Relations 4)

e 7T=0.5sec
e f=1/T=2Hz
e w=2mf=12.5664 rad/sec

* Velocity is “out

What is the “phasing” between

Position, acceleration, and velocity?

w.r.t. position

e Acceleration is “out

. 180 O
of phase” by 0.125 sec > |- At ;, =12.5664-0.125 215708, = > x— =90
radians JU e
180 O
w: Ataceelemtion =12.5664-0.25 = 3'14159radians = erdians X deg =180
g _de

Of phase” by 0.250 sec
W.r.t. position
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Simple Harmonic Relations (5)

What is the “phasing” between
Position and velocity?

* Look at velocity waveform

Position : s = s, sinwt — <
: [ T 7T
Velocity :v = s, coswt = s, cosS |wt + ——— | =
i 2 2
T T | Tl . T \Jr
S, | cos|wt +—|cos|——|-sin|wt +—|sin|—— || =|s,wsin|wf + —
2 2 2 2 2
>
See end of lecture for this trig relation
180
W Aty =12.5664-0.125 =15708 0 ==  x— =907 W _, .
2radians JU % 5 = phase Clngle . ¢
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Simple Harmonic Relations (6)

What is the “phasing” between
Position and acceleration?

e [ ook at acceleration waveform

Position : s = s, sinwt —

. 2 . 7 .
Acceleration :a = —s,w” SInwt = —s,w sm[a)t + 7T - .717] =

—s,0° (cos[wt + 7 |sin[ 7| + sin[wt + 7 |cos| - |) = |5, sin[ wr + f;]

See end of lecture for this trig relation /

=12.5664-0.25 = 3.14159 =7

w - Ataceelemtion radians ~— Y"radians X = 1800 I = " phase Clngle " ’ ¢

radian
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Two Wave Harmonic Motions (1)

Cyclic Frequency Plot
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Two Wave Harmonic Motions (2)

Input signal 2 Cyclic Frequency Plot
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Two Wave Harmonic Motions (3)

Input signal |

5,() =5 sin[a)lt + ¢, ] + 5, sin[a)zt + ¢2]

Cyclic Frequency Plot

Position

-2‘. 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 17 18 19
Time

Cyclic Frequency Plot 2

'20'. 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 17 18 19
Time

Cyclic Frequency Plot 3
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i i [ 1 i I i [ 1 i i [ [ i i i [ 1 i i
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Two Wave Harmonic Motions (4)

e Combined signal

$.,() =, sin[a)lt + q>1]+ S, sin[a)zt + (/)2]% expand sin terms

5, [sin[wlt]cos[¢l]+ sin[qbl]cos[wlt] ] +5, [sin[wzt]cos[¢2]+ sin[¢2]cos[w2t] ] =
(s1 cos[¢1 ])sin[wlt] + (s1 sin[(,i)1 ])cos[a)lt] + (52 cos[(,b2 ])sin[a)zt] + (52 sin[(j)2 ])cos[wzt]
* Define
B, =y, cos[(pl]
A =, sin[(pl]

See end of lecture for these trig relations

B, =s cos[(p ]
A22 = S22 Sln[¢22:|:| — “combined Signal”

$,,(t) =B, sin[a)lt] + A cos[a)lt] + B, sin[a)Qt] + A, cos[a)Qt]

MAE 3340 INSTRUMENTATION SYSTEMS 19
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Two Wave Harmonic Motions (5)

e Combined signal written as summation

s ,()=s sin[a)lt + ¢1]+ S, sin[a)zt + (/)2] =
B, sin[a)lt] + A, cos[a)lt] + B, sin[a)zt] + A, cos[a)zt] = i{Bi sin[a)it] + A, cos[a)it]}
=1

1

* Relation between phase angle and coeftficients {A;, B.}

MAE 3340 instrumENTATION sysTEMs — ““combined signal” 20
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Waveform Examples (1)

4 \//\\//\ / "N\ WV,

= 10 Sin wi « 2 sin 2at

VNS N S o and NV W/
S \ Yo = 10 sin wt + 5 sin 3wt

Yo = 10 sin @l + 4 sin 20t

S\ . AN {\/\ /\/\
\\ f' v‘
N (c) \\/\]

¥3 = 10 Sin wi + 6 sin 201

[\ A /\ Yo = 10 sin @t + 5 sin 4ot
N N pa / 47X
3 ', " - ' \ J\/\/\ {\/\[\

. 4 2

Ty
y.-wmm.eanw -}
/\ /\ Yo = 10 sin o + 5 sin Scot
h A ] m,
TNV Pt g
=) "
ym-ioahmhswlw

Y5 = 10 sin @t + 10 sin 20t

Yo = 10 in it + 5 in 20wl

FIGURE 4.3: Examples of two-component waveforms with second-harmoni . . .
of various relative amplitudes. ic component ::IGUR”ICE‘:s 4: Examples of two-component waveforms with second term of various relative
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Waveform Examples (2)

" ‘fv\;\/"
Y1y =10 8in col + Sdn(Zwl ) w 10 sin !l + 5 sin 10t

Yip = 10 sin ot + Ssn(zw —)

¥y =5 sin wt+ 10 sin 10wt

/\\ /\_\ / FIGURE 4.6: Examples of waveforms with the two components having considerably dif-
\/ \/ \/ ferent amplitudes.

Vg = 10 880 st + 5;:»(2@: ‘)
IAVARVERV
Yia = 10 5in cof + sun(sz 3)

”\”\/\“\/\f\/

\WARRV/

Yis = 10 sin at + 5w(zmr 5’5)

FIGURE 4.5: Examples of two-component waveforms with second harmonic having vari-
ous degrees of phase shift.

FIGURE 4.7: Examples of waveforms with the two components having frequencies that

MAE 3340 INSTRUMENTATION SYSTEMS e neaty the same.
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Beat Frequency and Heterodyning (1)

e In telecommunications and radio astronomy, heterodyning is the generation
of new frequencies by mixing two or more signals in a nonlinear device such as
a vacuum tube, transistor, diode mixer, Josephson junction, or bolometer. The
mixing of each two frequencies results in the creation of two new frequencies,
one at the sum of the two frequencies mixed, and the other at their difference.
A low frequency produced in this manner is sometimes referred to as a beat
frequency.

A beat frequency, or "beating," can be heard when multiple engines

of an aircraft are running at close but not identical speeds, or two musical
instruments are playing slightly out of tune. For example, a frequency of 3,000
hertz and another of 3,100 hertz would beat together, producing an audible beat
frequency of 100 hertz. A heterodyne radio or infrared receiver is one which uses
such a frequency shifting process.

MAE 3340 INSTRUMENTATION SYSTEMS 23
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Beat Frequency and Heterodyning (2)

* Consider two waveforms of same amplitude
AND TWO NEARLY EQUAL FREQUENCIES

() = Asin[a)Ot] + Asin[a)lt]

Let.... W, =wW,+Aw -> Aw~ small

* Then
y(t) = Asin[a)ot] + Asin[a)lt] = A{sin:a)ot: + sin [(a)o + Aa))t]} =
A{Sin[a)ot] + sin[a)ot]cos[Aa)t] + COS :a)ot: sin[Aa)t]} =

Asin[a)ot]{l + cos[Aa)t]} + Acos[a)ot]sin[Aa)t]

MAE 3340 INSTRUMENTATION SYSTEMS 24
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Beat Frequency and Heterodyning (3)

* From Trig substitutions

{1 + cos[Aa)t]} =2cos” ATG)t} ....and....sin[Aa)t] = 2coSs IAth] Sin [Ath]

e Substituting into ....

Aw Aw Aw
1) =2Asin| w.t |cos’ | —¢ |+ Acos| w.t |[cos| —1 |sin| —1¢ | =
-A — g A A - )
2Acos| =1 <Sin[a)0t]cos =2 +cos[w0t]sin S84l
2 2 2

-A - r A _ 9 ( _
2Acos| —= sinla)ot+7wt]}=2Acos[(wl2w°)t <sin[ouot+(w1 wo)t”=

10

MAE 3340 INSTRUMENTATION SYSTEMS 25

I\
r

sin

2Acos (wl ;wo)t




UtahState INMeChsnicSladenospace,
UNIVERSITY Engineering

Beat Frequency and Heterodyning (4)

2

y(t) = Asin[(uot] + Asin[a)lt] = 2Acos [( ! ;wo ) t] sin

-7 A
Slowly beating amplitude  High Frequency wave

6

Position

] | ] | | | | | ] | | ] | ]
0 025 05 075 1 125 15 175 2 225 25 275 3 325 35 375 4 425 45 475 5
Time
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Beat Frequency and Heterodyning (5)

e An electromagnetic carrier wave which is carrying a signal by means

of amplitude modulation or frequency modulation can transfer that signal
to a carrier of different frequency by means of a process called heterodyning.
This transfer is accomplished by mixing the original modulated carrier

with a sine wave of another frequency.
This process produces a beat frequency
equal to the difference between the
frequencies, and this difference frequency
constitutes a third carrier which will be
modulated by the original signal.

e Heterodyning is extremely important in radio
transmission -- in fact, the development of
heterodyning schemes was one of the major
developments which led to mass

communication by radio.
Source: http://hyperphysics.phy-astr.gsu.edu/hbase/audio/radio.html

MAE 3340 INSTRUMENTATION SYSTEMS

Heterodyne Principle

Heterodyning is a method for transferring a broadcast signal from its carrier to
a fixed local intermediate frequency in the receiver so that most of the receiver
does not have to be retuned when you change channels. The interference of
any two waves will produce a beat frequency, and this technique provides for
the tuning of a radio by forcing it to produce a specific beat frequency called
the "intermediate frequency" or IF.

Amplitude Original Signal
. Modulated

Carner /\/\/ Signal on intermediate

frequency carrier produced
Signal on original by the m|x|ng process.
carrier by — |f |
amplitude modulation beat

Mixer |~

-~

Mixer produces
beat frequency
f2
Local Oscillator
Sine Wave

Difference frequency
carrier which retains
the modulating signal.




UtahState INtechsnicSladTenospace,

UNIVERSITY

Engineering

More Heterodyning Waveform Examples

LKA

, ==
| s

U

It M A an ]
i |

¥18= 5sin 10wt + 5sin

MMwt

iin

M M\M/\/\An/\l\ﬂ
m VVVVVVVVUU

Vig= 5 si 10wt+2%

!“&ul‘ “ “Aul”“‘
UV ” ”H""""
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Multi Harmonic Waveforms (1)
TIME HISTORY Plot 0 W

Harmonic control

Minimum Freguency (Hz) ; F
< 100000 |

* 500000 | |

' )
Number of Harmonics
PHASE MODULATION
EXPONENT

* 2.00000 r

| || 'l'l Ik I

Ny,

S(t) = Esin

i=1

i

(ano +i6f)t+

h

Still just a summation of simple sine wave harmonics,
produces an extremely complex waveform
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Multi Harmonic Waveforms (2)
TIME HISTORY Plot 0 W

Harmonic control

Minimum Frequency (Hz)|
UL L I

* 500000
1

Number of Harmonics

PHASE MODULATION 1
n

h

_Nsinl(20r si0 s I EEH R 2
S() = ;sm[(zwg Sf)t ~ ]
Same Harmonics, different phase angle modulation
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* Any periodic function can be broken up into an infinite Series of sines and cosines ...

using Fourier series

A,

“Harmonic Coefficients”

y(t) ="+ E(A" cosnw,t + B, sinnw,t ) (Fourier Series)
n=1

2

\\

“Fundamental frequency”

“Harmonic Order’”’

2

T

2

27 .27
5= [2] [y@sinoogar T 7] s
T 0

A = [%] Z y(T)cos(nw,t)dt A = [3] [y(r)cos(zTnm:)dT

e T --> period
W, = 25f ,=2m/T

* A,/2 is the “mean” or DC level of the signal

% %l%] [¥(@)005(0 - 0,v)dr — Y(0)----->

1 t
I S

VSYSTEMS
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Generalized Waveforms: Fourier Series (2)

e Any periodic wave form may be represented by its Fourier

Series “Harmonic Coefficients”
¥(1) = 2+ 3 (A7 Cos o, +'B, sinnw,) (Fourier Series)
2 n=1 / ‘\
“Harmonic “Harmonic Order” “Fundamental frequency”
Coefficients”
- 27 * Can be used to represent Some
w.1 pretty interesting waveforms
A = [—(’] f y(T)cos(nw,t)dt
T 0 fo =" fundamental frequency"
2m
== 1
W Wo fO = ; — W, = 2.717‘]%
B =|— f y(t)sin(nw,t)dt
T 0 —s 2_75 =T Dy
MAE 3340 INSTRUMENTATION SYSTEMS W, 21
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Fourier Series (3)

e Periodic Waveform, T' = Waveform Period

fo =" fundamental frequency"

1 21
Jo =77 0 = 27fo =

27T

— — =T |—
wO

2
T “equivalent forms”

Do
n

21

W, 27

A = [;] jy(t)cos(nwot)dr = (%) jo'y(r)cos(7.n -r) dt

21

B = [wo ] jy(r)sin(na)or)d‘c = (%) {y(r)sin(z% ‘n -17) dt

JT

MAE 3340 INSTRUMENTATION SYSTEMS 33
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Fourier Series Examples (1)

e Consider the Sinusoidal Waveform:

SINE 349 BZ[Sighahx(t)
SQUARE 349 Hz|
SAWTOOTH 349 Hz‘o
TRIANGLE 349 Hz

OBOE 349 Hz|
CLARINET 349 Hz

Maghitude Spectrum

Signal amplitude

o 5 1w 15
* Fourier Series represented by a single waveform (obviously)
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Fourier Series Examples (2)
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* Now Consider the Square T gr—
(boxcar) wavetorm with period r 1o 2x 4x &
20T |

2r

A = !&] f y(7)cos(nw,)dt
T 0

2 1
@ I=2n—f=——|w,=2nf=1
B, = [&] f y(T)sin(nw,t)dt 27

- 1 2(;: '&4

A = [—] f y(T)cos(nt)dt
n —_—
1
T

B = l ] f y(T)sin(nt)dt

1 7T 27 ]
;]a [ { cos(nt)dt - { cos(nt)dt

1
—|a
T

MAE 3340 INSTRUMENTATION SYSTEMS

T 27
f sin(nt)dt - f sin(nt)dt
0 T
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Fourier Series Examples (3)
I_‘ | pamn amasy 1 | —
° 1 +
Now Consider the Square X a T T 3T
(boxcar) waveform with period - ® - - =
20T
[ 1 27 1 T 27 7]
A =|— d — |a| [ cos(nt)dt — | cos(nt)dt
) [n] {y(r)cos(m') T n] [{ (nt) [ (nt)
1 2r - 1 7 27
B = [;] { y(t)sin(nt)dt ;]a [ sin(nt)dt — 3[ sin(nt)dt
7T 2xn
J Cos[nxt] dz -J Cos[n+zt] dz
0 n
2 8in[n 7] Sin[2 n ] 7 2 x
[ n - n jSin[n*t] dlt-j Sin[n+z] dz
0 n
1 2 Cog[n ) Cos[2 n i)
H - n ¥ n

MAE 3340 INSTRUMENTATION SYSTEMS
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Fourier Series (4)
e Example: Boxcar Function I —
;l 0 2% 4x G

Calculate A; coefficients

a la] (2sin[mt] sin[Zth])

. — —
JT n n

_[a] lim (ZSin[nJr]_sin[Znn] eL'HopitaleZE'O'COS[OW]—ZEOO.COS[Z'O.E]=O
7] n—=0 n n 1 1
ML (ZSin[l-n]_sin[Z-l-n] _0.4.2]¢ 2sin[2- 7] sin[2-2-a] o
n I I n I
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Fourier Series (5)

» Example: Boxcar Function )

4x
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Engineering

Calculate B; coefficients

B - lﬁ] (l_ 2cos[mt] N cos[2mr])
x| \n n n

B =|2 lim (l_2005[nn]+cos[2nn])eL'Hopimle0+2n-0-sm[0-n]_2n-0-s1n[2-0'n]=0

7] n—=0\n n n 1
B -|? (1_200s[1-n]+cos[2°1'n] =4a,Bz‘ a (l_2cos[2w]+cos[2-2-ﬂ] 0

] \1 1 1 7T ] \2 2 2
[N

7] \3 3 3 3n 1
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Fourier Series (6)

» Example: Boxcar Function )

e Collect terms

A =0,A =0,4,=0A,=0,4, =0,A, =0,A, =0,A, =0....

4 4 4 4
B,=0,B ="2 B =0,B,=—— B, =0,B, =——,B,=0,B, =— ...
T 37 5x 51
A< - 27T
t)=—+ A cosnw.t + B sinnw,.t
y( ) 2 ;( n 0 n 0 ) a)o P ——— 1
T

4 I I
y(0) = 22| sin(r) + —sin(3¢) + —sin(5¢) + ....
T 3 5

da |lw 1 .
= ?{E S s1n[(2n -1) t]}

n=1
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Fourier Series Examples (7)

* Now Consider the More General Boxcar waveform with period T:

i 217 2 ]
a A = l—] fy(t)cos(—m')dt
0 T 4 — 2T 4 37 — I« T

B, = l%] [ y(r)sin(z%nt)dr

A, =0,A =0,A,==0,4,=0,A4, =0,A, =0,A, =0,A, =0....

4a 1 27 1 27
t)=—/|sin(—1¢)+ —sin(3—1t)+ —sin(5—1) +.
y(t) . (T ) 3 ( T ) 5 ( T )

4a ~ | ,
E S1n
JT n=1 21’1 - 1

(2n—1)27nt”

=0 e T --> period
W, = 25f ,=2m/T

MAE 3340 INSTRUMENTATION SYSTEMS 40
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Fourier Series Examples (9)

e Square Waveform: T .4
® ] -->perio
Multiple frequencies required to describe the wave P

SINE 349 Hz[Signal x(t)

\SQUARE 349 Hz|

SAWTOOTH 349 Hz|

TRIANGLE 349 Hz 0.0 %

OBOE 349 Hz|
CLARINET 349 Hz|

Mag itude Spectrum

/ / “Spectrum of Signal /
I :

/‘ AN N

1
sin(w,t) + gsm(3a) 1)+ — 5 sm(Sa)Ot) + ;sm(7a)0t) + gsm(%)ot) +

4a

yt)=—
& isin(l lw,t) + isin(130t) 1)+ iSiIl(15(U t)
1 RE "5 :
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Fourier Series Examples (10)

SINE 349 Hz/Signal x(1)
[SQUARE 349 Hz|

SAWTOOTH 349 Hz|

TRIANGLE 349 Hz 0.0 0.01
OBOE 349 Hz|
CLARINET 349 Hzf

Maghitude Spectrum

| I | | 1 1 L K
T T 1 T T T T 1 T ] T 1

e Fourier Transform acts as a mathematical “prism”

for a time dependent signal .. Decomposes it into
spectrum components
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A Good Analogy: Electromagnetic Spectrum

\ Visible X Rays

Long A Short A
Low f / High f
The Visible Light Spectrum
Red
Long A
Low f High f
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More Fourier Series Examples (1)

Similarly ... via Fourier Series .... we get other distinctly “non
sinusoidal” but periodic! waveforms (TABLE 4.1 B.M .L.)

. ;%sm[n-t]}

T_\\jlk\ll\\][&'\ o 0= J 0+ gin@0)+ im0 . - z_a{

Q

G Al/ﬂl/ﬂl//n_ @ |y0)= % lsin(t) - %sin(Zt) + %Sin(3t) + ] = Zn_a{i

smnt}

y(t) = ﬁ - 4—? [cos(t) - %cos(3t) + izsin(St) + } =
7T 3 5

a 4a |-

2" ;{2
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More Fourier Series Examples (2)

Similarly ... via Fourier Series .... we get other distinctly “non
sinusoidal” but periodic waveforms (TABLE 4.1 Beckwith)

1 1
y(t) = % [sin(t) - ?sin(3t) + 5—2$in(5t) + } =

AN/
VvV V St

1 1
a o 2 4x 6x y(t) = = [cos(t) - ?cos(3t) + 5—2COS(51‘) + ] =

. = —
\/ \/ \ {2 1) €S | 2n—1)-t]}

T
a
- -

T

a

- .
-7

A\ A 161 a . 1. T
@ |y(t)= —————|sinasin(t) - —sin2asin(2¢t) + —sin 3o sin(3t) + ... | =
r...\\'/ \/ \/ 0= e -5 @0+ (31)
2a

a(m-a) {2:_231n[n'a]sin[n.t]}
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What happens if we truncate the series? (1)
at less than infinity?

Ry
A
t

dal . 1 . 1 . 4a - 1 .
y(t) = - sin(w,t) + §s1n(3a)0t) + gsm(Sa)ot) + } = ?{E P s1n[(2n — l)a)ot]}
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What happens if we truncate the series? (2)

First three terms...
|
(a) \/f/\\/VJ[V\f\\ y(t) = sm(a) 1)+ ; sin(3w,t) + %sin(Sth)}

First five terms..

1 1 1 1
s1n(w0t) + 3sm(3w H+— S sin(Sw,t) + = ; sin(7m,t) + — g sm(9w0t)

gl OO g o

Fll’St elght terms.. sin(w,t) + 1sin(3a)0t) + lsin(Sa)Ot) + lsin(7a)0t) + lsin(9a)0t) + -
W) = 4a 3 5 7 9

1 1
—sin(11w,t) + —sin(13w,¢) + —sin(15w,¢
T (Iaw,t) T (13w,t) 5 (ISw,1)

o d
Plot of square-wave function: (a) plot of first three terms only (includes the

fifth harmonic); (b) plot of the first five terms (includes the ninth harmonic);
(c) plot of the first eight terms (includes the fifteenth harmonic).

e Higher Frequency model is better representative of waveform
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Appendix I:

Useful Trig Relationships
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Usetul Trigonometric Relationships (1)

Jx -JX
e’ +e
cos(x) =
2
Jx -Jjx
: e’ —e
sin(x) = .
2j

cos(x £ v) = cos(x)cos(v) F sin(x) sin(y)

sin(x + v) = sin(x) cos(y) + cos(x) sin(v)

MAE 3340 INSTRUMENTATION SYSTEMS
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Useful Trigonometric Relationships (2)

cos(2x) = cos? (x) —sin” (x)

sin(2x) = 2 sin(x) cos(x)

2cos?(x) = 1+ cos(2x)

2sin” (x) =1- cos(2x)
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Usetul Trigonometric Relationships (3)

cos” (x) +sin’ (x) =1

2 cos(x)cos(v)=cos(x — v) +cos(x + v)

2 sin(x) sin(y) = cos(x — ¥) — cos(x + V)

2sin(x) cos(y) =sin(x — v) + sin(x + )
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