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Section 3.1 Introduction to Probability Theory ‘

(B.M.L. Chapter 3, pp. 43-73)
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Sample Mean and Standard Deviation(1)

U 1s the true mean of the distribution, or the actual value without
any error. If we take a sample and average the results, we obtain
the most probable value of the mean: sample mean

U= = X, tx, +x;+...x, :iﬁ
n o N
Define the deviation to be the the sample mean and any value
d=x;-U
The mean squared deviation can be approximated by averaging the
squared deviation of the sample: (sample standard deviation)
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Sample Mean and Standard Deviation(2)

For the Sample standard deviation ... n-1 is the degrees of freedom
(number of samples minus what we calculate from them) .... Since
the sample mean 1s already computed from the samples, the degrees
of freedom are reduced by 1

o (xl—)_c) +(x2_;cj +...(xn—)_cj : i(xi—x)

' n—1 = n-1

e If the samples within the population are independent of each other
(as in Gaussian population) ... then

n 2 X 2 n 2
X, n X,
o’ =§’= 2{ — |+ . 1(2)@) -V’ = 2{ l } "mean square"
_ i=1

i=1 n_l_ i=1 n_l

2 2 n (\2
S =% "+ X
n—1\1 )
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Estimation of Uncertainty (1):

Sample Statistics

Handful of
marbles

Random sample

Bag of marbles

MAE 3340 INSTRUMENTATION SYSTEMS

e Based on
Measurements of
a hand full of
Marbles what can
We conclude
About the
Diameters

Of the marbles
in the bag?
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Estimation of Uncertainty (2)

Sample Statistics

e In real life we deal with samples of a population and NOT the entire
population itself ... thus we must use averages From the sample to infer
the properties of the population

* As the sample population
gets very large ... not a

problem ... But for smaller
samples ... its a bit trickier

 Which sample would you
Expect provides the

best information about
the population of

marbles in the bag?

MAE 3340 INSTRUMENTATI Bag of marbles
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Introduction to Uncertainty Analysis

* The overall uncertainty of a measurement will be a
combination of the bias uncertainty and the precision

e [f we can account for the bias we take it out ... otherwise bias
is modeled as an uncertainly

* The overall uncertainty 1s the Root-sum-square (RSS) of the
Bias and random uncertainty + other classifiable errors like
hysterysis, calibration, etc.

U.,=(B2+R2?+0e?)”
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Probabilistic Description of Error (1)

e If an error 1s purely random ... then it will tend to give a different
Value each time ... and the occurrence of a given value 1s
Just as likely as the occurrence of another value

e Flipping a coin is a good example ... 50% probability of
Heads, 50% probability of tails
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Probabilistic Description of Error (2)

e What is the probability that a coin 4 times in a row and having
Them all be heads? ... look at sample space ...

(H.H.HH), (HHHT) (HHTH),(HHTT), (HTHH)
(H,T.HT), (HT,T.H), (HTTT), (T,HHH), (T,HHT)
(T,H,T,H), (T,H,T,T), (T.T,H,H), (T.T,H,T), (T.T.T,H),
(T.T.T.T)

P(H,H,H,H)=N(H,H,H,H)/N

possible

=1/16

* As a shortcut, we could say that the probability of
getting heads on any one throw is 1/2. The probability of
getting four heads 1n a row therefore 1s
(1/2)(1/2)(1/2)(1/2) = or (1/2)* = 1/16.
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Probabilistic Description of Error (3)
e Example of Non-uniform probability distribution

* How many ways to get
Seven?

{1,6},{2,5},{3.4}
{6,1},{5,2},{4,3}

How about four?

{1,3},{2,2},{3,1}

... SO seven 1s twice
As likely as 4!

MAE 3340 INSTRUMENTATION SYSTEMS 9
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Probabilistic Description of Error (4)

Sum 2 3 4 5 6 7 8 9 10 11 12
Probability s % %as Yae °l36 O3 12 Yas Yas Y3e /3e

Probability (simplified) 35 45 12 Vo %36 Vg %135 Vg 4o g Viag

o o 0-18
* ¢7” is Most likely e 1
. . 0.14 5
o €27 is least likely | 2> o3 316
© 0.10 o
- 1
© 0.08 i2
0.06 ('
18
0.04 !
0.02 36
0.00

R e e A m | e W 1
MAE 3340 insTrum. Sum of Two Dice
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Probabilistic Description of Error (5)

 For three or more die rolls, the curve becomes more bell-shaped
with each additional die added to system ... central limit theorem

e The “Bell-shaped” curve is referred to as the Normal or
Gaussian distribution

* The Gaussian distribution describes the population of possible
Outcomes when a large number of independent sources contribute
To the final outcome

e It is typically used for a probabilities description of
uncorrelated errors ... empirical result based on observation
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Central Limit Theorem

Numbaer of possibilities

i e G O ) 08 5 0 | 8 S 0
R R TR S R R B I [ U

Sum of spots for a pair
of tossed dice
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Gaussian Probability Density Function

34.1% | 34.1%

u --> “mean” most likely value

1 _(x—/J)

p(x) = e °
2T -O G --> “standard deviation” ...

Describes likelihood of deviation

from the mean --> 6= “variance’’
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Probability Density versus Distribution (1)

Frequency Plot 0 e\
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1 _(x_;u)z

2

p(x)= e *°
2T -0
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Plot 0
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Probability Density versus Distribution (2)

 Probability of an occurrence with in a given range is the integral
Of the density function over that range

— 20
})(xZXI&xsz) o J. 277: O € X

2o ~
>

e Integral cannot
Be analytically
evaluated

f(x)

1
0,\/ 27

INNNNNNNNN

e Numerical
Calculation
Is used
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Tabulation of Normal Data

1 —Z2/2

z=(x-u)/ o p(Z)=Gme

Table 3.2 Areas under the standard normal curve

“not very
convenient”

0 V4

Second Decimal Place in z
b4 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.0000 00040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359
0.1 00398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753
0.2 00793 00832 00871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141
0.3 01179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517
0.4 0.1554 01591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879
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Labview Code
| i< K < ma:v:|
e

|perfnrm integratinn|

s |, +
i

Xmax >
D — 2> - X P
|F"}: = Xmax or P < }:min|

- [EE1
I3 "
Gauss
Pl b IEL ||—|

il

T1=1.0/sqrt(2.0*3.141592654);

fx=T1%exp(-( x**2)/2.0);
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Probabilities of Deviation (1)

Probability density
0.4-

£\

N
P Xmin<x<Xmax --..- P X > Xmax or P < Xmin -
0.683173 E=SEEEEE ESULER | |
------ll--ll------
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Probabilities of Deviation (2)

Probability density

2-0 "two-sigma" s

p(x)
o
~N

|

0=, 1 1
-5 -45 -4-35 -3-25-2-15-1-050 05 1 15 2 25 3 35 4 45 5
(
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Probabilities of Deviation (3)

Probability density
3-0 "three-sigma

==------- ==
P X > Xmax or P < Xmin -
oo ESRSEEEs

p(x)

ESE=====E=) ESES
e N e
--_.4----------5._.-
-5454353252151050051152253354455
(x-mu)/sigma
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Probabilities of Deviation (4)

Summary of Probability Estimates Based on the Normal Distribution

% Confidence
That Deviation Odds That

Common Name for Error Level of x from Mean Deviation of
“Error” Level inTerms of o is Smaller x is Greater
Standard deviation +o 68.3 abt. 1in 3
Two-sigma error +1.960 95.0 1in 20
Three-sigma error +30 99.7 1in 370
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Example 3.6.1 (pp. 52-53 B.M.L)

Pressure p, in MPa

Number of Results, m

3.970
3.980
3.990
4.000
4.010
4.020
4.030
4.040
4.050

1
3
12
25
33
17
6
2
1

e # of Pressure readings
Taken that line within
+ 0.005 Mpa of listed value

* Histogram of Data

(number of occurrences
Within each bin)

e Compared with Normal
Distribution based on sampled
Mean and standard deviation

MAE 3340 INSTRUMENTATION S|
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Example 3.6.1 (2)

Pressure p, Number of
in MPa Results, m Deviation, d d?
3.970 1 —0.038 144.4 x 10°°
3.980 3 —0.028 78.4
3.990 12 —-0.018 32.4
4.000 25 —0.008 6.4
4.010 33 0.002 0.4
4.020 17 0.012 14.4
4.030 6 0.022 48.4
4.040 2 0.032 102.4
4.050 1 0.042 176.4
2 P=40077 n=3m-=100 2 d* = 1858 x 10°°
P = 400.77/100 = 4.008 MPa n
P e — A x.
> = V1858 x 10°°/99 = 0.014 MPa X = — = 4 008 Mpa
i=1 1

e Sample mean and
standard deviation

MAE 3340 INSTRUMENTATION SYSTEMS
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Example 3.6.1 (3)

B n X. n ()Ci —)_C)
x=) —=4008Mpa, s = =0.014 Mpa
N \ ; n—l/ / P

30 e Sample
“Not quite”
3 Gaussian
E
2 20
: | e How much
Satez | | e
5 | “not quite”?
e
S |
> 10 |
I
L I
|
| |
0 | | | L | | —
/\/ 3.96 3.98 4.00 4.02 4.04 4.06
Pressure, MPa 24
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Confidence Intervals for Finite Samples

_ 1x - [nxl.z)—nx2
=— , 1 _ i=
X s=\/ DIEERI

'\n—l n—1

Estimate of Estimate of the
the mean Standard Deviation

i=1

Based on a finite sample, we would like to:

1) Estimate the mean and standard deviation, and their
uncertainty

2) Infer the probability distribution of the data
MAE 3340 INSTRUMENTATION SYSTEMS 25
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Confidence Intervals (1)

 For a Gaussian distributed population ... the sum of any selected sample is
also Gaussian distributed ... consequently ... the sample mean (for n points)

1 L ... 1s a Gaussian distributed variable
X = —in ~ U
n =1

2
with a standard deviation given by 52 _ (0()
x n
... more data you use ... the better your estimate

Of course if we take another equally large, but different random sample from
The population ... we will get another equally valid estimate of the mean
...Which estimate is “more correct”

| & In terms of
e Our estimate of the mean X = ;2 X, =Nl N(_)rmalizegl value
=1

Cx—-U x—U

1s a Gaussian distributed variable with a Z
Variance ... ) o/ \/;

X

MAEK 3340 INSTRUMENTATION SYSTEMS 26
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Confidence Intervals (2)

_ 1Ix x— U - o
X=— D) X.=lU —> 7= >SX=UT7 —
n2 H o/n : Jn

i=1

We’d like to be able to say how sure we are of this estimate. Let’s look at the
probability that our estimate of the mean is within some bound. We can say that
there is a ¢% chance that our estimate of the mean lies within

O O O
uizc/zﬁ%{“_zc/z'ﬁ<x<.u+zc/2'ﬁ}

* Or Alternatively

_ O _
X=Zep—=<H<XTZ.)

9
n Vn

MAE 3340 INSTRUMENTATION SYSTEMS 27
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Confidence Intervals (3)

—Ex “H—  Xx- 20/2(<H<X+Zc/z

=1

The larger we make the confidence interval c .... the larger z_, becomes ... and
the larger the range for the mean estimate

Table 3.2 Areas under the standard normal curve

c/2

ZC/ 2 0 Z
Second Decimal Place in z

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.0000 0.0040 00080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.

.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 53
0.2 <’ 4 0.0987 0.1026 0.1064 0.110 114
0.3 B 01179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.15;9
0.4 01554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.18

MAE 3340 INSTRUMENTATION SYSTEMS 28
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Confidence Intervals (4)

This means that we are c% confident that the true mean u lies
within the interval about our measurement:

_ o) _
X—=Z.,——<ULS<XT+ZT

0]
/2
n ‘ \ 1
The only trouble is that we don’t know the value of o either. If n 1s
large enough, we can use our estimate S, so

<UL X+7Z

SX
Ler2 \/* c/2 \/;
Standard Error of the Sample Mean § — “x

" A

MAE 3340 INSTRUMENTATION SYSTEMS 29
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Confidence Intervals (5)
. 1nx;1 _ Sx<u<_+ A
- i ~ > X —CZ /2 X < /2

Same effect using computer code ... 1.e .. For 95% confidence level ... c/2 = 0.475

Probability density
0.4-
0.38-

0.36- = 0
0.34- ’
0.32-

E==== SS=== ~
- / ¢ =190=2,
024- = 0.4750 - area Under

{R22=
Nl curve between lines
0.16-
0.14-

p(x)

0.12-
0.1- {

0.08- : )_6—196 Sx <‘u,<x+196 Sx

0.02-

. Jn Jn
===

(x-mu)/sigma
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Confidence Interval for Example 3.6.1(1)

=
| n
30— _‘L . x
AN X =) “=4.008Mpa
F 780 | L." o n
E / | \\ i=1
£ 20 I 2
5 L / | \ A | X —X
.§ 1/ | . :
sl g N S, =12, —— =0.014Mpa
/ | \ i=1
R ,// ‘ \
ol A, e i Tt What 1s 99%
3.96 3.98 4.00 4.02 4.04 4.06
R confidence level
. for this sample
e Can use table 3.2 with ¢ =49.5% ean? P
Which is kinda Kludgy '
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Confidence Interval for Example 3.6.1(2)

* Or use your numerical program

What 1s 99%
confidence level
for this sample
mean?

MAE 3340 INSTRUMENTATI

Probability density
0.4-
0.38-
0.36-
0.34-
0.32-

0.3-
0.28-
0.26-
0.24-
0.22-

0.2-
0.18-
0.16-
0.14-
0.12-

0.1-
0.08-
0.06-
0.04-
0.02-

p(x)

99% confidence level

> ¢/2=0.495

0.495 —I -‘

--'-|---
SSSSS SS===SSSSS

(x-mu)/sigma
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Confidence Interval for Example 3.6.1(3)

e or more directly use two sided probability

What is 99% —> 99% confidence level

Probability density

confidence level 0.4-
for this sample
mean?

Integral data

p(x)

-I I |} 1 | | | I 1 | | | I 1 | | I 1 1 |
-5 -45 -4 -35 -3-25-2-15-1-050 05 1 15 2 25 3 .
(x-mu)/sigma

MAE 3340 INSTRUMENTA
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Confidence Interval for Example 3.6.1(3)

—> 99% confidence level 2,,=2.575

_ S,

A =2 \/;

4.008 —2.575

_ S
<U<LX+Z,—7—=—
n

N

0.014 0.014
< 11 < 4.008 +2.575

J100 J100

4.004395 < 11 < 4.01165 — [ = 4.008 £ 0.003605

AN
/7

MAE 3340 INSTRUMENTATION SYSTEMS 34
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Confidence Interval for Example 3.6.1(4)
Or Using the tables

c=0.99, ¢/2=0.495 ...
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Engineering

Easier to mechanize using
Computer .. And less error

Second Decimal Place in z

z 000 001 002 003 004 005 006 007 A 008 009
0.0 | 00000 00040 00080 00120 00160 0.0199 00239 00279 |0.0319 0.035
01 | 00398 00438 00478 00517 0.0557 0.0596 00636 0.0675 | 0.0714 00753
25 | 04 04940 04941 04943 04945 0.4946 04948 04949 | 04351 (455,
26 | 04953 04955 04956 04957 04959 0.4960 04961 04962 04963 0498
27 | 04965 04966 0.4967 0.4968 04969 04970 04971 04972 04973 (04974
28 | 04974 04975 04976 04977 04977 04978 04979 04979 04980 040
29 | 04981 04982 04982 04983 04984 04984 04985 04985 04986 04985

ZO.495 — 2575

)
ux Zc/zﬁ

u=4.008 £2.575 (0.014)/10 = 4.008 = 0.003605 (99%)

MAE 3340 INSTRUMENTATION SYSTEMS 35
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Confidence Intervals for Small Samples

We do not always have the luxury of taking large samples (n > 30). For smaller
sample sizes, we cannot assume that o ~ S.. If we derive the distribution of the

quantity _
X— U

[ =————

S /\n

assuming that the population is gaussian,we get the Student t-distribution

* Dependent upon the number of
Degrees of freedom, v=n-1

The derivation of the #-distribution At
was first published in 1908 by

William Sealy Gosset, while he

worked at a Guinness brewery in

Dublin. He was not allowed to publish
under his own name, so the paper

was written under the pseudonym Student.

Standard (v — =)
v =26

MAE 3340 INSTRUMENTATION SYSTEMS t
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Student’s-t distribution (1)

e The Student's #-distribution is a probability distribution that arises in the
problem of estimating the mean of a normally distributed population when the
sample size i1s small. It is the basis of the popular Student's 7-tests for the
statistical significance of the difference between two sample means, and for
confidence intervals for the difference between two population means.

e Given a sample set ...

mean : | _ X
{xl,xz,x3,...xn}% . , | — sample mean : x =Z—
variance : O o n

X—f x—p
o  o/\n

X

e The variable 7=

is normally distributed with mean O and variance 1

MAE 3340 INSTRUMENTATION SYSTEMS 37
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Student’s-t distribution (2)

« Gosset studied a related quantity, for small samples

= Y TH “t’ distribution
S /ln

And showed that 1t had the probability density function

i

” v=n-—1
PRI = AT =" gamma function”
1% )2
\/vnr[}(l+j
2 1%
( )
oo 1 6-0.5772]56649)6 o ex/i
r — X— —u ~
(x) ju e "du . H P
0 =14+ —
N1/

MAE 3340 INSTRUMENTATION SYSTEMS 38
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Student’s-t distribution (3)

e The Student's #-distribution is a probability distribution that arises in the
problem of estimating the mean of a normally distributed population when the
sample size i1s small. It is the basis of the popular Student's 7-tests for the
statistical significance of the difference between two sample means, and for
confidence intervals for the difference between two population means.

0,45 o _
°¢t  Density 71 Probability
i (00]
"*t  function | © | function
0,3 k=infini ©
@
0,25
0,2 S - — k=1
0,15 N - ::ig
N _
0,1 k=10
Q 4 k=Inf
L © | | | | |
; 4 2 0 2 4
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Small-Sample Confidence Interval(1)

* Done exactly in the same was as for large samples ... only

Now you use the “t-distribution” for v = n-1 degrees of freedom
and not the Gaussian distribution

 Want to evaluate .... To evaluate precision of estimate
At some c --> confidence level

X <X+t S,
c/2v \/_ — c/2,v

Jn
e §, --> sample standard deviation

MAE 3340 INSTRUMENTATION SYSTEMS 40
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Small-Sample Confidence Interval(2)

» example ... for a sample with 8 data points estimate precision
Bounds for 95% level of certainty

Student's-t Probability density
0.4~

v=n-1=7-> o8-
C/Z, v=7=0475 0.34- P Xmin<x<Xmax

0.32- 0.475

0.3-

_22364 '

! {0475, 7} . o oa
- S N § Area under
0.18- : : ' & Curve

S Between lines

x ) x HiNE
Jn HEREHER R U e

p(x)

. 10 B % 4 2 0 2 4 6 8 10
MAE 3340 iNSTRUMENT (x-mu)/sigma
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Small-Sample Confidence Interval(3)
e compare to “large population” Gaussian vV =infinity
For 95% confidence level

S.X

Jn

P

S.X

Jn

8 of data points

(v-->T7)

/

5,
Jn

V'S

In

“lots” of data points
(V --> infinity)

“uncertainty is obviously larger for small sample”

MAE 3340 INSTRUMENTATION SYSTEMS
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Small-Sample Confidence Interval(4)

Postal scale calibration .... 14 one-ounce weights chosen & weighed

e Example 3:6-in BM.L: 2
Value 2Xx ox ox2
1.080 1.080  0.071  0.005
1.030 2110 0.021  0.000
0.960 3070 -0.049  0.002
0.950 4020 -0.059  0.003
1.040 5060 0031  0.001
1.010 6070  0.001  0.000
0.980 7050 -0.029  0.001
0.990 8.040  -0.019  0.000
1.050 9.090  0.041  0.002
1080  10.170  0.071  0.005
0970  11.140  -0.039  0.002
1000 12140  -0.009  0.000
0980  13.120  -0.029  0.001
1.010  [14.130]  0.001  0.000

YOx2
0.005
0.005

0.008
0.011
0.012

0.012
0.013
0.014
0.015
0.020
0.022
0.022
0.023

0.023

MAE 3340 INSTRUMENTATION SYSTEMS

Sample Statistics

x =1.00929

S.=0.04178

e Compute

95% confidence
interval (precision)
for population
mean

43



Stephen Whitmore


Stephen Whitmore


Stephen Whitmore
2

Stephen Whitmore


Stephen Whitmore



UtahState INteChvanica oy
UNIVERSITY Engrinecring

Small- Sample Confidence Interval(5)
e Example 2
95 % confidence level --> ¢/2,v=0.475 --> v=n-1 =13

Student's-t Probability density

x =1.00929
S.=0.04178 Eeeeeee:
P Xmin<x<Xmax
3 Lroars, 13) — EEEEEEES i
x —2.160 | e
\/Z

Area under

Curve
Between
lines

MAE 3340 iNSTRUMEN? T T T T -muysigma
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Small- Sample Confidence Interval(6)
e Example 2
95 % confidence level --> ¢/2=0475 --> v=n-1 =13

x=1.00929 | _ ) S, _,
§,=004178 TN In
0.04178 0.04178
1.00929 —2.160 - < 11 <1.00929 +2.160 -
N7 J14
0.098517 < p <1.03341

---> Measurement precision .... At 95% confidence level

=2.160 - 004178 =0.02412

])recision {O 475, 13} \/_ \ﬂ

MAE 3340 INSTRUMENTATION SYSTEMS 45
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Small Sample Confidence Intervals (7)

Plotted Data from Table 4.4 for Student’s t Distribution (Figliola and Beasley)

"t" for a Given Confidence Interval
8_

50% Conf.

\ N
. L ———————
. NN .
5- “ Causs Dist. -

] N
:
:

e
I

ot
n
J

I I
100 500

-
-
o

Degrees of Freedom
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Small Sample Confidence Intervals (8)

Re-Plotted Data from Table 4.4 for Student’s ¢t Distribution (Figliola and Beasley)
"t" for a Given Degrees of Freedom, Confidence Interval
10-

3 DOF
5 DOF
8 DOF
10 DOF
15 DOF
20 DOF

0.1-) 1 1 1 1 1 1

I | | |
20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Percent Confidence Interval
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The t-Test Comparison (1)

If we take two small samples, and we wish to determine whether or not the
resultant means are statistically identical, we use this test.
X — X — X,
[ = —u —_— [ = 5 >
S /n V(82 /m)+(S37m,)

We find ¢ by choosing a confidence interval. In order to do that, we need to
know the number of degrees of freedom. In general, the number of samples
in 1 and 2 may be different. The effective degrees of freedom can be

approximated by: [ (Sf /nl) . (S 5 /nz)]z
(Slz/nl)2 . (Szz/nz)2

n —1 n,—1

V=

to the nearest integer. If the computed value of t lies inside of the interval +¢,,, |,
, then the two means are statistically identical within the confidence assumed.

MAE 3340 INSTRUMENTATION SYSTEMS 50
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The t-Test Comparison (2)
* Want to determine lifetimes of two different Brands of light bulbs

* At 95% confidence level Lifetime Statistics , months
Is there any statistical difference? Brand A Brand B
Lifetime, months
=6.94 x=7.84
Brand A Brand B v
- 75 S.=0.82 S.=1.53
7.6 8.7 | n=12 n=15
6.9 7.7 ,
8.2 7.5 > 2 2 0.82> 1.53°
p 2 V= (87 /m) (82 1m) | _ ( PEMEE
: . 2 2
6.6 7.0 (' /m) (S5 /n,) [&22)2 (ﬁf
_I_
6.9 10.7 12 15
5.5 7.0 m =1 n, -1 -1 151
7.4 8.6
5.7 6.1 —
e e =22.213 .. Round to 22
7.8
8.7

6.1 51
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The t-Test Comparison (3)

Lifetime Statistics , months
Brand A Brand B

x=6.94 x=7.84
$.=0.82 S =1.53
n=12 n=15

vV 22

effective ~

Zepp—0.475.v=22 = 2.074

e [Look at test statistic

X — X

J(S2/n)+(82 1n,)

p(x)

6.94 —7.84

For 95% --> ¢/2=0.475

Student's-t Probability density

0.4-
0.38-

0.36- . SR

0.34-528 P Xmin<x<Xmax s

0.32- : ‘ ‘

o3-g V2 R
0.28- : : 1
0.26-

0.24-
0.22-

0.2-

0.18- ; ‘ ‘
0. 16~ S e e Emsass s oo ashSasssssssaas:
0.14- ! | 3

0.12- } ‘ ‘

0l g e
0.08- ! : !

0.06-
0.04-

0=, [ [ ] [ 1 | T | 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
(x-mu)/sigma

=1.954 <2.074

MAE 3340 INSTRUMENT: ( 12

0.82° 153
+

2)0'5 At 95% level no

Statistical significance




UtahState P T & (FIRE s
UNIVERSITY Engineering

Bias and Single Sample
Uncertainty

What can you do about estimating the your precision uncertainty
if you only take 1 or 2 samples?

You can use the instruments specs (non repeatability) to estimate
the uncertainty and treat it like 1t 1s a bias error.

Better approach 1s to “take more samples”

MAE 3340 INSTRUMENTATION SYSTEMS 49
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¥* Distribution (1)

e As we saw earlier ... For a Gaussian distributed population
... the sum of any selected sample is also Gaussian distributed
... consequently ... the sample mean (for n points) ... is a Gaussian
... distributed variable

 However the sum of the squares of any set of points is NOT
Gaussian distributed .. The distribution is instead described

By a y2 distribution for v = n-1 degrees of freedom.

f(x?)

e Consequently, the | S.’
Sample variance is
A random variable
Distributed as }?2.

pxz(-x) —

10

15

20 25 30 Y

y =19 (




IItahState

UNIVERSITY

INechanicIllEGdrenospac e,

¥* Distribution (2)

1.0 I
0.8
0.6

0.2

0.0 2

Engineering

Cumulative
Distribution
function

l e

0

* One-sided density function ...

2

4 6

MAE 3340 INSTRUMENTATION SYSTEMS

because of “squared” components
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¥* Distribution (3)

Engineering

S a 2da
1%
) F(zj e Tables of y2 probability
(93
0 X2
4 13.995 13.99 X 3.975 4 3.95 4 g.os Xo.025 Zo.01 Xo.005 v
1 | 0.000 0.000 0.001 0.004 3.841 5.024 6.635 7.879 1
2| 0.010 0.020 0.051 0.103 5.991 7.378 9.210 10597 | 2
3 | 0.072 0.115 0.216 0.352 7.815 9.348 11.345 12.838 3
4 | 0.207 0.297 0.484 0.711 9.488 11.143 13.277 14.860 4
5| 0412 0.554 0.831 1.145 11.070 12.832 15.086 16.750 5

MAE 3340 INSTRUMENTATION SYSTEMS
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v? Significance Testing (1)

e Recall that the Gauss/Student’s-t distributions allow us to
Assess the precision of an estimate of the population

Mean " 2
—:lEXi S o :(G(x))
n'_ .

n

1) large sample .. Gaussian distribution
2) small sample ... Student’s t distribution

e The y2 distribution allows up to perform the same evaluation
For the sample variance (square of the standard deviation)

I )

n—14"" n—1

MAE 3340 INSTRUMENTATION SYSTEMS 56
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v? Significance testing (2)

— 2 o :
(n—=1)S; <62<(n 21)Sx ..... (c%)

Xar: Xiar h=l-o
e Example 1 ... 8 data points ... v=7, 95% confidence level
_\.Pm;lhgcf[ 1-0.95 = 0.05--> o/2 =0.025
o 1- /2 =0.975

II‘IIIIIIII“I-IIII
EERSSEE=SE === == | (2 (1-0/2) = 1.689

'EEESESS===ceceeees
FERRERERREEE I o
_ S=s= o/2) =
: llilllll - P
% 2 2
“B ———— RN | 2. 5 959
“f lll‘ll T 1.639

.....................
0 25 5 7.5 10 12.5 15 17.5 20 22.5 25 27.5 30 32.5 35 37.5 40 42.5 45 47.5 50 57
(x-mu)/sigma
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x> Significance testing (4)
(n-1)S; . (n-1)S;

95%..conf.— <0, <
2 X 2
X0.025 Xo.975
%2 Probability Integral 2 1 - Integral of Probability Density Plot 0
1=y | | | | |

0.9-
0.8-
0.7-
0.6~ gmutame
0.5 - pmatamm

P(x)

|
0.4-
0.3-
0.2-
0.1- ‘
0- I I I I
0 2.5 5 T 10 125 15 17.5 20 22.5 25
(x-mu)/sigma
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¥> Significance testing (5)

(=S 52 (=08 g

2 2 c% =1-
Xa/: Xl—or/z

w
v
|

50% Conf.

68.4 % Conf. LN
90% Conf.

95% Conf.

99% Conf.

99.7% Conf

N N w

N M o N W N

O W o wv W O n
i R I I

chi square, c/2, v
H
— N
o

s
10~ pu—

7 =
5._

25- %W—
M ———

10 50
Degrees of Freedom
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x> Significance testing (6)

(n—1)S>

2
XC(/Z

50% Conf.
68.4 % Conf.
90% Conf.
95% Conf.
99% Conf.
99.7% Conf

-~

x<o__.<

s
v (c%) =1

Degrees of Freedom
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x> Significance testing (7)

(n —ﬁl)S,‘- c o’ < (n_ . 1)5_; ..... % .
%C-(/Z Xl-—a/j C70 = ]. - O

35-

10- Check = Log-Log Ploy

50% Conf.
68.4 % Conf.
90% Conf.
95% Conf.
99% Conf.
99.7% Conf

chi square, c/2, v
n

|
< 10 50
Degrees of Freedom




UNIVERSITY 5 . .~ .
- Significance testing (8)
1—1)S? , 1—1)8?
(” 2) PP (ﬂ : ) x ((%) o —
. Xa/: Xi—a/z 0T
70-

chi square, ¢c/2, v

2
Check Log-Log Plot
2

/“ ~16

==

50% Conf.
68.4 % Conf.
90% Conf.
95% Conf.
99% Conf.
99.7% Conf

el

o
I

1l0
Degrees of Freedom

IMechanicaSllGdraenaspnac el

Engimeering

s

50
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v? Significance testing 33 ,
DS _ . (-0
Xi/z %12—05/2

e Example 2 ... 51 data points ... v=50, 95% confidence level

e =10.95=0.05-> w2 =0025
] 0.04-. = 1- (X/z — 00975

B B 2 (1-0/2) = 32.33

ch=1-uo

0.032-

0.03-
0.028-
0.026-

0.024- X2 ((X/z) = 7075

0.022-

p(x)

0.02- ===
0.018-
0.016-

oo B8 g | s0s: 505
i t oot <200 959
| - 70.75 32.33

0.006-

W ————— o s

0- [ [ 1 1 I [ [ [ i 1

0 10 20 30 40 50 60 70 80 90 100 58
(x-mu)/sigma
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v? Significance testing (4)
(n=1)s; _, _(n-1)S,

<O <——..... (c%) _
Xor> Xran cho=1-0
e Example 2.. 251 data points ... v=250, 95% confidence level
72 Pm:nbmv d?muj NOs —NnNs ~ 06/2 — 0025

E’ﬁiiz S 1-a/2 =0.975

; S { [ ‘ I
| 2 (1-/2) = 207.35

- EEESEESEnCmcEeREEIeE EEEE |
R
o GEEEeScEesEeneeieseieseeeEesiRen Een i

|2 (0/2)= 2762
: -

S mme. 2 2
R | 2505 . 2505
- IIIIIIII <ot (95%)
. S SEnCEeREEeE A | 276.2 207 25
 EEEEREEEE e
| SRR R
O-ll) 2|0 4I0 GIO 8|0 160 150 11I10 1(!30 ].-éO Z(I)O 250 2‘I10 260 ZéO 3(I)0 59
(x-mu)/sigma

p(x)
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Other uses for ¥2 distribution

We can use Chi-squared to estimate our confidence in our estimate of the
standard deviation S,. However, there is seldom much call for this. A more
useful application of Chi-squared is to check our assumption that the data we are
dealing with fits a certain distribution. We are going to assuming in this class
that our data fits a normal (gaussian) distribution. If we have a set of data and
we want to make sure this is a good fit, we use this test.

20 7
- Thermo 1l 2002 N:64 ;
K=7 ]

15 [

e :2(”1 _‘”'j)z
j n;

10 [

n; r
1j=1,2,... K
5 | See example 4.7, Pages 138-139
in your text book
MAE 60
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2 Goodness of Fit Test on Experimental Set

13- Gauss Density
12- 1o Mean Value

1 sigma boundary [ EE
11- T -1-Sigma Boundary |
10- High Mean Estimate

Low Mean Estimate
Data Histogram m

2
! X goodness
of fit

1
(WS
J
~N
v
1
~N
!
—
Al
!
—
1
o
v
o
o
v
—
—
v
~N
v

w -

Histogram Plot
Controls
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2 Goodness of Fit Test on Experimental Set ¢

N2 Bin Center Values
) Nbins (n] —_ n]) !;) 0 W

X = -2.64
goodness

N
=N

-2.16
-1.92

n; — histogram results at center of bins ...{1,....N, } L8

n — gauss p(x) calculated at center bins value

0.96
-0.72

125

o
B
oo

HECREERERE

1
Gauss Density -

12- Mean Value L™
1sigma boundary [N -0.24
" -1-Sigma Boundary - . -
-1.110
10- High Mean Estimate g Histogram Plot <
Controls

o

2

Low Mean Estimate

Data Histogram

o
B
oo

SNEREENERERE

0.72

o

9

o

(==
=N
F=N

1.68
1.92
2.16

o - ~N w -~ w o ~ oo o
! 1 1 1 1 1 1 1 | |
=

2.64
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Enginecring

Histogram Plot
Controls

o

0.4889¢
0.9001¢

P\ 2
N, bins —_—
> (”j n, )

X goodness

12.7871

1 n;

n; — histogram results

at center of bins...{1,...N, }

nj — gauss p(x) calculated

at center bins value




@

Enginecring

1\ 2
N bins ( —_— )
5 B n. n.
X goodness ~

of fit =1 nj

=16.1947

DOF=N,, —2 =23

12.7871

Histogram bins are tied
together by estimates of

)_c(m..and..Sx(Gx)
Jn
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v2 Goodness of Fit Test on Experimental Set ¢

N '\ 2 Chi-Square Goodness
5 bis (nj - nj) of Fit Statistic
X goodness = 16.1947

of fi j=1 n; /

%2 Probability density
0.07-

0.06- — | | Probability that Data
' is Not Gaussian? (%)

0.05-

0.04-

0= (I B B i i o I I I o I I I o I i
0 25 5 75 10 125 15 17.5 20 22.5 25 27.5 30 32.5 35 37.5 40 425 45 475 50

(x-mu)/sigma
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%2 Goodness of Fit Test on Experimental Set @)

N2
Nbins —_—
(”f ”f)

2 —
X goodness

%2 Probability Distribution
1_

}
}
}

CEEE==EEE
. EEEESEEES
0.7-

! 1 | |
Chi-Square Goodness

0.6- -|of Fit Statistic
5= 16.1947

N
N

0:2_ -.-.. Y. Probmty-that Data.--.-

: is Not Gaussian? (%) .----
0_1_ i 15.3845 |
| ' . |

U [ [ I I [ I I | I I I [ I I [ I I I [ I
0 25 5 75 10 125 15 17.5 20 22.5 25 27.5 30 32.5 35 37.5 40 425 45 475 50

(Xx-mu)/sigma

P(x)

OO
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2 Goodness of F1t Test on Expenmental Set )

Gauss Density -

A |
A T A=
7.5- L 1 sigma boundary [
~1-Sigma Boundary -

High Mean Estimate
Low Mean Estimate

8.5-

Data Histogram

g ||
o I .SEQUENCE Uniformly

B - UNIFORM l Distributed

S Sequence

. - || I

- - - | CAUSSIAN Example
-

|

Chi- Square Coodn
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Uniformly Distributed Sequence
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