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Section 3.2: Introduction Method of Least 
Squares (B.M.L. Chapter 3, pp. 34-43, 73-97)!
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Linearity!
Many types of sensors have linear input/
output behavior, along a defined range of 
inputs.  The sensor thus follows an input/
output relation like!

 yL(x) = a0 + a1x.  !

These will often be marketed as linear, and 
the only calibration data you get is the slope 
of the input/output relation (a1) and the zero 
input value (a0).  For these types of sensors, 
the deviation from linear behavior is reported 
in the specifications. This deviation can be 
calculated: eL(x) = y(x) -  yL(x).  The spec is 
usually the percentage error relative to full 
scale, or !
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Non-linear Calibration Example!
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• Many times!
The trend is!
Not a line but a!
“curve” .. And!
We describe the!
Trend as a !
“calibration” curve!
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The Trend Line: Linear least Squares (1)!

Stnd. Dev in error!

• Linear trend line!
     y = a1x +a0!

• How de we!
Calculate this line?!
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The Trend Line: Linear least Squares (2)!
• Consider a set of calibration data for an instrument!

instrument!
{x1,x2,x3,…xn}! {y1,y2,y3,…yn}!

We want to model the input/output relationship!
By a straight line of the form!

y(x) = a1x + a0
• Given the calibration !
Data set {xi,yi} we want!
To compute a0,a1 so that we!
Get the best overall “fit” to data!
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The Trend Line: Linear least Squares (3)!
• We want to minimize the fit variance !
…. The “squared error” or …  !
“Least squares” of the!
Collected data set! J = yi − yi
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2 equations in two unknowns (a1,a0)!
“not very convenient”!

Minimize sum of !
Squares of the fit error!
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The Trend Line: Linear least Squares (4)!
• An easier and more general way is to write system in Matrix form!
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The Trend Line: Linear least Squares (5)!
• Write the sum of the squared error in matrix form!

J = yi − yi
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The Trend Line: Linear least Squares (6)!
• Now perform minimization … using the matrix operation rules!

∇AJ = ∇A Y − XA[ ]T Y − XA[ ]( ) = ∇A Y
TY − 2AT XTY + AT XT XA( ) = −2XTY + 2XT XA

∇AJ = 0→ XTY = XT XA → A = XT X$% &'
−1
XTY

i) XY[ ]T = Y T XT

ii)∇X YZ( ) = ∇X Y( )Z +Y∇X Z( )

iii)∇A AT XT XA"# $% = ∇AA
T( ) XT XA( ) + AT∇A XT XA( ) =

∇AA
T( ) XT XA( ) + ∇AA

T( ) XT X( )A = 2XT XA
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The Trend Line: Linear least Squares (7)!
• Look at Matrix Solution!

A = XT X!" #$
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Reduces to a 2-by!
element system!

2 x 2! 2 x 1!2 x 1!
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The Trend Line: Linear least Squares (8)!
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The Trend Line: Linear least Squares (9)!
• Solve for slope and intercept!
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The Trend Line: Linear least Squares (10)!
• Long winded answer but a nice result!

• Given the noisy data set … !
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y1

y2

...
yn

"

#

$
$
$
$

%

&

'
'
'
'

,

x1

x2

...
xn

"

#

$
$
$
$

%

&

'
'
'
'

(

)

*
*

+

*
*

,

-

*
*

.

*
*

→ best  fit→ yi = a1xi + a0

a1 =
n xiyi( )
i=1

n

∑ − xi( ) yi( )
i=1

n

∑
i=1

n

∑

n xi( )2
− xi( )

i=1

n

∑
1

23
4

56

2

i=1

n

∑
... a0 =

xi( )2

i=1

n

∑ yi( )
i=1

n

∑ − xi( ) xiyi( )
i=1

n

∑
i=1

n

∑

n xi( )2
− xi( )

i=1

n

∑
1

23
4

56

2

i=1

n

∑

“careful with book keeping indices”!
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Linear Fit Example!

• Unbiased …But !
noisy calibration!

bias!

RMSE!
(precision)!
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Linear Fit Example (2)!

What appears to be !
Random error was !
Actually systematic!

RMS error!
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Second Order Fit…!

bias!

RMSE!
(precision)!

Definitely a 
better fit!

• Parabola trend line!
      y=a2 x2 +a1x +a0!



MAE 3340 INSTRUMENTATION SYSTEMS! 41!

The Trend Curve: Second Order Least Squares (2)!
• Use same approach as linear fit derivation!

instrument!
{x1,x2,x3,…xn}! {y1,y2,y3,…yn}!

We want to model the input/output relationship!
By a now use polynomial of the form!

y(x) = a2x
2 + a1x + a0

• Given the calibration !
Data set {xi,yi} we want!
To compute a0,a1,a2 so that we!
Get the best overall “fit” to data!
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The Trend Curve: Second Order Least Squares (3)!

J = yi − ŷi( )2

i=1

n

∑ = y1 − ŷ1( ) y2 − ŷ2( ) . . yn − ŷn( )#
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Y − Ŷ( )
T
Y − Ŷ( ) = Y − X ⋅A( )T Y − X ⋅A( )→ Squared  Error  Index...

J = Y − X ⋅A( )T Y − X ⋅A( ) =Y T ⋅Y − X ⋅A( )T ⋅Y −Y T X ⋅A( )+ X ⋅A( )T ⋅ X ⋅A( ) =
Y T ⋅Y − AT ⋅ XT ⋅Y −Y T X ⋅A( )+ AT XT ⋅ X ⋅A

J =Y T ⋅Y − AT ⋅ XT ⋅Y −Y T X ⋅A( )+ AT XT ⋅ X ⋅A

want....∇AJ = 0→∇A Y T ⋅Y − AT ⋅ XT ⋅Y −Y T X ⋅A( )+ AT XT ⋅ X ⋅A{ } =
−∇AA

T ⋅ XT ⋅Y −∇AY
T X ⋅A( )+∇AA

T XT ⋅ X ⋅A{ } = −XT ⋅Y − XTY T +2 ⋅ XT ⋅ X ⋅A{ } = 0

Solve→ XT ⋅Y = XT ⋅ X ⋅A→ A = XT ⋅ X( )−1
XT ⋅Y
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The Trend Curve: Second Order Least Squares (3)!
or..easy way→Y = XA

→ solve for  A→ XTY = XT XA→ A = XT X( )−1
⋅ XTY

"pseudo Inverse"→ XT X( )−1
⋅ XT

A = XT X!" #$
−1
XTY

Can be solved in!
Closed form but easier!
To use Numerical!
Methods!
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The Trend Curve: Polynomial Least Squares (1)!

Y ≡

y1
y2
...
yn
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"
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am
...
a2
a1
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"
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'
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→

A = XT X!" #$
−1
XTY

• Numerical!
Methods required for!
Solution to this system!

• In general for an “mth” order fit!

Stephen Whitmore

Stephen Whitmore
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The Trend Curve: Polynomial Least Squares (2)!

A = XT X!" #$
−1
XTY

• Numerical!
Methods required for!
Solution to this system!

• In general for an “mth” order fit!

• Labview fit VI!
• Solution Algorithms!
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The Trend Curve: Polynomial Least Squares (4)!
• 10th order curve fit!

• Are we starting !
to over fit the !
data here?!

• The curve inflections!
Are matching random!
Components in the data!
And not systematic trends!
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The Trend Curve: Polynomial Least Squares (5)!

• 10th order curve fit!
• 2nd order curve fit!

• Which fit de-trends the data best?!

Calibration data set!
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The Trend Curve: Polynomial Least Squares (6)!
New Data Set Old Calibration Coefficients!

Second Order Fit!

Tenth Order Fit!

Higher Order Fit is 
not Necessarily 
better!

Use Minimum 
Order Fit that De-
trends Data!

RMSE!

RMSE!
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Labview Curve "
Fitting VI’s!

• “Right Click” on Block Diagram!
For “Function” Pallet!

Simple Linear Fit!

Polynominal Fit!
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LabVIEW Linear Least Squares FIT VI!

 
y = a1 ⋅ x + a0

 
residue ≡ MSE =

y(i )cal − y(i )#$ %&
i=0

n

∑
n −1

2!

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore
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LabVIEW Linear Least Squares FIT VI (2)!



MAE 3340 INSTRUMENTATION SYSTEMS! 26!

LabVIEW Polynomial Least Squares FIT VI!

A = XT X!" #$
−1
XTY

• Numerical!
Methods required for!
Solution to this system!

• In general for an “mth” order fit!

• LabVIEW polynomial fit VI!
• Solution Algorithms!

 

yi = aj ⋅ xi
j( )( )

j=1

m

∑ + a0 →
m = fit  order
i = data point

Stephen Whitmore
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LabVIEW Polynomial Least Squares VI (2)!
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LabVIEW Polynomial Least Squares VI (3)!

A = XT X!" #$
−1
XTY Am×1 =

a0
a1
.
.
.
am

"

#

$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'

 

yi = aj ⋅ xi
j( )( )

j=1

m

∑ + a0

→
m = fit  order
i = data point

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore
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Example Curve Fitting Problem!

29!

Input 
pressures 

• Pressure Transducer !
Calibration!

• Input Known Pressure!
Value!

• Read Output Voltage!
From Transducer!
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Example Curve Fitting Problem (2)!

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore

Stephen Whitmore
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Example Curve Fitting Problem (3)!
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Example Curve Fitting Problem (4)!

Linear!
Curve Fit!

 

Pcal = 27.6252kPa /Volt ⋅Vout − 23.9818kPa
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Example Curve Fitting Problem (5)!
How Good is the Fit?!

 
MSE =


P(i )cal − P(i )"# $%

i=0

n

∑
n −1

= kPa2!

 
RMSE =


P(i )cal − P(i )"# $%

i=0

n

∑
n −1

= kPa!

2!

2!
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Example Curve Fitting Problem (6)!

How Many Degrees of Freedom in Estimate of MSE?!

What is the 95% confidence interval of this fit MAE?!
… Use χ2 Test for 6 degrees of freedom !

DOFMSE = n − things you calculated from data( ) =
n − a1 + a0( )-MSE = n − Fit  Order + 2( ) = 9 − 3 = 6

P
νDOF ⋅ Sx

2

χ0.025
2 ≤ MSE

νDOF ⋅ Sx

2

χ0.95
2

%

&
'
'

(

)
*
*
=1− 0.05 = 0.95

 

S
x

2 ≈ MSE = 1
n −1

yi −
y( )2

i=1

n

∑
$

%
&

'

(
)→

DOF = n − 3
α / 2 = 0.025
1−α / 2 = 0.975

$

%

&
&
&

'

(

)
)
)
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Example Curve Fitting Problem (7)!
χ2 Density Distribution for 6 D.O.F.!

α / 2 = 1− 0.95( ) / 2 = 0.025
1−α / 2 =1− 0.025 = 0.975

→ 95%

p χ 2( )χ21

χ22∫ ⋅ dχ 2 = 0.975 − 0.025 = 0.95

χ0.025
2 =14.4423

χ0.95
2 =1.2348



MAE 3340 INSTRUMENTATION SYSTEMS! 36!

Example Curve Fitting Problem (8)!
χ2 Density Distribution for 6 D.O.F.! p χ 2( )χ21

χ22∫ ⋅ dχ 2

χ0.025
2 =14.4423

χ0.95
2 =1.2348
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Example Curve Fitting Problem (9)!

Log Log Plot!

χ0.95
2 =1.2348
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Example Curve Fitting Problem (10)!

Log Log Plot!

χ0.025
2 =14.4388
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Example Curve Fitting Problem (11)!

9 − 3
14.4388

MSEx ≤ MSEtrue ≤
9 − 3
1.231

MSEx

0.045791≤ MSEtrue ≤ 0.53696

0.213988 ≤ RMSEtrue ≤ 0.73278
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Example Curve Fitting Problem (12)!

2nd Order !
Curve Fit!

 

Pcal = 0.223845kPa /V 2olt ⋅V

2
out + 25.8907kPa /Volt ⋅Vout − 20.8279kPa
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Example Curve Fitting Problem (13)!

How Many Degrees of Freedom in Estimate of MSE?!

What is the 95% confidence interval of this fit MAE?!

… Use χ2 Test!

n − a1 + a0( )-MSE = n − Fit  Order + 2( ) = 9 − 3 = 69 - 4 = 5!
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Example Curve Fitting Problem (14)!

Log Log Plot!

χ0.95
2 = 0.82619
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Example Curve Fitting Problem (15)!

Log Log Plot!

χ0.025
2 =12.8245
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Example Curve Fitting Problem (12)!

0.045791≤ MSEtrue ≤ 0.53696

0.028422 < MSEtrue < 0.44186!

Compare to First Order Fit… !

Some Improvement …!
But not much …might be worth !
extra coefficient in curve fit!

9 − 4
12.8245

⋅MSEx ≤ MSEtrue ≤
9 − 4
0.82618

First order fit!


