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Sectionl, Lecture 2
Equation of State, Review of Thermodynamics,
Isentropic Processes

work performed by piston on system
with heat addition
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Anderson: Chapter 1 pp. 19-39
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Review
» Key Concepts:

1) High Speed flows often seem “counter-intuitive” when
Compared with low speed flows

i1) Flow regimes
Subsonic - All flow everywhere on the aircraft less than local speed of sound.
Transonic - Some flow is subsonic and some is supersonic.

Supersonic - All flow everywhere on the aircraft is supersonic.
Hypersonic - Fluid flows that are Much Higher than sonic velocity

111) Mach number - ratio of true airspeed to local speed of sound

: 1
sin( ) = —
1v) Mach Angle ... angle of shock wave generated by “point object” M
v) Sonic Velocity in a gas o= ( a_p\
apJA.s—O
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Equation of State for a Perfect Gas

» Relationship Between pressure, temperature, and density
derived empirically in Modern form by John Dalton

* Theoretically derived by Ludwig Boltzmann using statistical Thermodynamics

* In perfect gas ... intermolecular (van der Waals) forces are neglected

p
pV=nR,T v

°p- pressure acting on gas T

. n

e V- volume of gas in system

°n - Number of moles of gas in system

* R, - Universal gas constant

T - Temperature of gas

John Dalton

1-mole --> 6.02 x 10?3

Avagadro's number

MAE 5420 - Compressible Fluid Flow :
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Equation of State for a Perfect Gas conra)

* Re organizing the equation of state

M n R, R
— R, T = T'=p—2LT=pR,T
P=vm Parin” =Py * —P%
°p- pressure acting on gas M 1
V- volume of gas in system — =y =—
°n - Number of moles of gas in system V P
*R, - Universal gas constant
T - Temperature of gas
e M,,- Molecular weight of gas M R
*R, - Gas Specific Constant —=M = R =—*%
M - Mass of gas contained in volume n M w
e Useful working form for Gas Dynamics
P = Ph, 4

MAE 5420 - Compressible Fluid Flow
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Equation of State for a Perfect Gas conra)

e Numerical Values for Universal Gas Constant
R, =154540 ft-Ibf/°R-(Ibm-mole)
R, =49722.01 ft-Ibf/oR-(slug-mole)

u

R, = 83144612 JrK-(kg-mole)

e Molecular of various gases

» Gas Specific constant 1s Hydrogen 20
Universal constant divided Helium 40
by the average molecular Methane 109
y g Ammonia 17.0
Weight of the gas Water (steam) 18.0
Neon 20.2

Nitrogen 28.0

Alr 289

Oxygen 320

Argon 399

X X CO2 440/ 5
MAE 5420 - Compressible Fluid Flow
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Equation of State for a Perfect Gas conctude

* Molecular weight of Air

Average molecular weight of the gases in the atmosphere.

Air on earth at sea level i1s a mixture of approximately 78% nitrogen,
21%o0xygen, with the remaining one percent a mix of argon,

carbon dioxide, neon, helium and other rare gases,

~ 28.96443 kg/kg-mole

e Numerical Values for Air Specific Gas Constant
Rg = 53.355 ft-Ibf/°R-(1bm)
Rg = 1716.658 ft-Ibf/°R-(slug)
R, =287.056  1rK-(kg)

MAE 5420 - Compressible Fluid Flow 0
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Specific Heats, Internal Energy, and Enthalpy «onco

* ¢ 1s the internal energy per unit mass

The total kinetic and potential energy associated with the motions and
positions of the molecules a gas, solid, or liquid. An increase in internal

relative

energy results in a rise in temperature or a change in phase

® 1 is the enthalpy per unit mass
The measure of the heat content of a chemical or physical system.

Change in energy
h=e+p-v /
—>dh=d(e+p-v)=de+dp-v+ p-dv

Symbols ‘‘e” --> “u” often
Used interchangeably

n thermodynamics
texts

€699

Anderson uses “e

I mostly will use “e”

But sometimes I will slip
Up and use “u”

h is the specific enthalpy, (SI - joules/kg)
e 1s the specific internal energy, (SI — joules/kg)
P is the pressure of the system, (SI - pascals)

v is the specific volume, (SI cubic metres/kg) =1/ P
_ |



Stephen Whitmore



UtahState INtechanicsladhienospIce,
U N I V E R S I T Y Engineering

Specific Heats, Internal Energy, and Enthalpy

(cont’d)

* Specific heat definitions:

- Constant Volume:

de ([ dh d
C, = (d_T)v C,= [Ej dT (e + pv)

- Constant Pressure: d d
N 7 ar(RT)=c. R,
dT

p
P /
Universal relationship C,=C, + Rg

applies to all perfect gases / !

MAE 5420 - Compressible Fluid Flow
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e Change in internal energy = heat added

work performed by piston on system _ 4 performed (ignore frictional

with heat addition energy loss)
7 ! '
// dg = 1
L m
- : N de =dq 5<Work) — A - dx
5 (work) =p-—
% :
A -dx A -dx
f" dx ' _>6(Work):p. - :pdv cm =
<> dq !
7 : de=dq—p-dv

* In terms of enthalpy

TG

dh=de+v-dp+ p-dv=
(dg—p-dv)+v-dp+ p-dv
—|dh=dq+v-dp

MAE 5420 - Compressible Fluid Flow
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universiTY  Hirst Law of ThermodynamicCs continuea)

e Recall from earlier 1) AdiabaFic Process... no hea.t 1(?88 or addition
2) Reversible Process ... no dissipative phenomena occur
3) Reversible adiabatic process is referred to as isentropic

e Reversible, non-adiabatic ¢ Reversible, Adiabatic (isentropic)

de=dq— p-dv de=—p-dv V—l
dh=dqg+v-dp dh= v-dp o,
de
e~()
&
C =| —
- \dr/,

MAE 5420 - Compressible Fluid Flow 10
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Second Law of Thermodynamics conco

*Thermodynamic entropy, s, is a measure of the amount of energy in
a physical system that cannot be used to do work.

It is a relative measure of the disorder present in a system. 1o N OT!

(SI unit of entropy is J/°K) C onf use
enthalpy
Tds = dq + Tds,,,, and entropy

\

Reversible heat addition Effect of dissipative processes

e Calculate change in entropy using first, second laws:

First Law: de=dq- pdv—dw,,, 7
Second Law: Tds = dqg+Tds.

lrrev

MAE 5420 - Compressible Fluid Flow H
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Second Law of Thermodynamics conco

For a reversible process

de=dq - pdv
> 1ds=de+ pdv
Tds = dq
Writing e in terms of enthalpy (h=e+pv)
dh=de+ pdv+vdp and
Second Law: Tds = de + pdv \

First Law. AN =de+ pdv+vdp
dh=1Tds— pdv+ pdv+vdp =

dh=Tds+vdp € "

MAE 5420 - Compressible Fluid Flow
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Second Law of Thermodynamics conco

Solving for ds and integrating between state 1 and state 2

dS:dh_vdp R S—SI—J[dh vdp}

T T \

dh 2| ¢,dT vdp
But from earlier definition €, =| —/ 575 = J-
ar/ ,

T

From the equation of state |

p=pRT="RT
RT
V=
P

MAE 5420 - Compressible Fluid Flow B
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Second Law of Thermodynamics conctudes)

 Substituting equation of state into entropy integral

RT
RT 2l dl vdp | 2| c,dl p B
V= , S2—S1_L|:PT _ T}_J’l PT - =
S-S = J‘ 2| ¢, dT _R d_P Jor thermally perfect gas
2 LT *p ¢, , R, ~ constdnt
[ dr (1,
c —=c | In(T —c In| —=
,!‘ ror P|: ( 2) kTJ
d (p,)
IRg—p=Rg[1n(Pz)—1n(pl)] R In| £2
1 P P

MAE 5420 - Compressible Fluid Flow k4
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Second Law of Thermodynamics conctudes)

* Substituting into entropy integral

Valid for adiabatic
2 dT ( T \ Process (6g=0)
Icp7=cp[ln(T2) —c lnLFJ
1
dp (pz
R,—=R 1 1 =R, In| —=
j » I:n pz n pl anlJ
2| ¢ dT dp
e L{ pT _Rg?}l\\
T
s,=s=c,In| == |=R In P
) ° \np

MAE 5420 - Compressible Fluid Flow 15
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Isentropic Process Relationships

 For an isentropic process, (adiabatic, reversible) dq , ds;,,.,= 0

dS—ﬁ,Z//yé =0 --> 5-—5=0= cln[ )Rln( ]

T D, T, |
and Cpln 2 —Rgln& S| =2 | = p2
1 P _Tl P
Solving for p, in terms of T, /
po LT TIn)
c,=C,+R, 16

MAE 5420 - Compressible Fluid Flow
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Isentropic Process Relationships cora)

C

e Defining a ratio of specific heats, 7 = C_}: —
P, |:T2 }/1 More “later”
P L7
* Applying the equation of state
P, _ PRI, . L_pp 5s =0
P pileTl Ly pop, ¢ ' l
o
eand = _, v _ _-U _ _-r [T - _
Po| 7P| P TP || P
D1 P P Pl LR

MAE 5420 - Compressible Fluid Flow 1
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Isentropic Process Relationships continea)

INTechSnicS)edrenos S ce)

e Returning for the expression for sonic velocity

=ykp' " =ykp’ —=yp—=yRT->

b _
P L

(6p) 1
L6pJ p

Py

P |

MAE 5420 - Compressible Fluid Flow
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c=\YRT
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Isentropic Process Relationships conciudea

e Returning for the expression for sonic velocity

C:\/{a_p} —>lc=yRT
ap As =0

For 1sentropic process (ds = 0)

Definition for Mach number

V
M =V/C= Working expressions for
NYRT | sonic velocity and Mach number!

MAE 5420 - Compressible Fluid Flow 19
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Thermodynamic properties of a mixed gas

* Molecular weight:

an(MW)j

_ : J --- constituent gases

_ ]
M, an
J
P

ideal gas law - pV =nRT > n= EV

“Dalton’s law”
@constant temperature and pressure — n; ~ V.

VM), J / %

7 :ZLZV J Dt M) TS,

J

MAE 5420 - Compressible Fluid Flow
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Thermodynamic properties of a mixed gas

(cond’t)
PY EXEIIIIPIG: air Name Symbol Percent by Volume
Nitrogen N, 78.084 %
w Oxygen o, 20.9476 %
MW Z(Vfr 9 M ) Argon Ar 0.934 %
J Carbon Dioxide co, 0.0314 %
Neon Ne 0.001818 %
Methane CH, 0.0002 %
Helium He 0.000524 %
Krypton Kr 0.000114 %
Hydrogen H, 0.00005 %
Mw air = Xenon Xe 0.0000087 %
2-14-0.78084 +2-16-0.209476 +40-0.00934 + (12 +2-16) 0.000314
+ ....=28.96443 kg/kg-mole

4612
SR = 8314 = 287.056 1rK-(kg)
: 28.9644

MAE 5420 - Compressible Fluid Flow 21
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Thermodynamic properties of a mixed gas

(cond’t)

e Specific heat

c;,' = an = zj:(mecj (cp ‘) ) — ¢,' = Molar specific heat

J ( )
kg-mol°K

J
_ c' 1
— — ! ;
c,= M Z(mec,- (cp )j)—) mass specific heat(L)
w w o J ke'K
|
C
c =-- =
P
M,

Same holds for c,

MAE 5420 - Compressible Fluid Flow 2
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Thermodynamic properties of a mixed gas

(cond’t)

* Specific heat example air
Gas Molar Property Cvair =
.......................... ¢, (J/kg-mol’K)
Ar 12500
He 12500 20610-0.78084 + 2W00-0.209476 + 12500-0.00934 + 28200-0.000314
CO 20700 28.9541
H2 20400
HC] 21400 + ... =717.64 J/kg-°K
N2 20610
NO 20900 B B
02 21700 “pur = (Rg e ) -
CI2 24800 (287.056 + 717.64) 04.696 .
CcO2 28200 °
N20 28500

Data at 15° C and 1 atmosphere] y = ¢,/c,= 1007.696/717.64 = 1.400

MAE 5420 - Compressible Fluid Flow 2
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Ratio of Specitic Heats

®y  varies as a function of temperature and drops off significantly
at higher temperatures (molecular spin mode)

C
_ P
. y effects become significant for hypersonic flow 7/ o C_
b
e For a lot
of this Properties
class...we For air
will use
=]
y =1.40 -
3
e Careful ...... for
propulsion (where
combustion occurs)
anarlabl}’- .o 7/ < 1 40 1.2;!0 j0000 20000 0000 40000  S000.0
T,Deg K

="

MAE 5420 - Compressible Fluid Flow
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Ratio of Specific Heats (concluded)

C
Y = _P  key parameter for compressible flow analysis

C

v

Approximate Specific Heat Ratio for Various
Gases, at moderate temperatures

Gas Ratio of Specific Heats
Carbon Dioxide 1.3

Helium 1.66
Hydrogen 1.41

Methane or Natural Gas 1.31
Nitrogen 1.4

Oxygen 1.4
Standard Air 1.4

Water (steam) 1.2855

MAE 5420 - Compressible Fluid Flow 2




UtahState INtechanicalledrenospac e,
U N I V E R S I T Y Engineering

Thermodynamics Summary

: . B R,

* Equation of State: |p=pR,T—> R, = 8
- Ru = 8314.4126 J/OK-(kg-mole)

- Rg (air) = 287.056 J/9K-(kg-mole)

* Relationship of R, to specific heats, ¥

— C
C p = C, + R ¢ y =L
CV
* Internal Energy and Enthalpy
h=e+ Py C :(ﬁj C :(%j
o\dT/, "oNdT

MAE 5420 - Compressible Fluid Flow 26
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Thermodynamics Summary (contd)

 First Law of Thermodynamics, reversible process

de=dq - pdv

dh =dq + vdp

e First Law of Thermodynamics, isentropic process

(adiabatic, reversible)

de =—pdv

MAE 5420 - Compressible Fluid Flow

dh = vdp

Engineering
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Thermodynamics Summary (contd)

e Second Law of Thermodynamics, reversible process

T
S, —8, = Cp ln2 |:F2:|— Rg ln{%}
1 1

e Second Law of Thermodynamics, isentropic process
(adiabatic, reversible) — ------ > §,-8,=0

a 14
[
P I P Py

MAE 5420 - Compressible Fluid Flow 28
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Thermodynamics Summary (contd)

e Speed of Sound for calorically Perfect gas

C:”\/lg_g]m:o =\/ngT

e Mathematic definition of Mach Number

v

JYRT

M =

MAE 5420 - Compressible Fluid Flow 2
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Thermodynamics Summary conctuded)

* For a mixed gas

| (cp ‘)j) — ¢,' = Molar specific heat

(
kg-mol’K

Z(V M, c )—) mass specific heat |
j

frac ; j Pj R
kg’K

Same holds for c,

MAE 5420 - Compressible Fluid Flow 30
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Supersonic Flow Field Examples

1.0

0.5 1.5
0 . 2.0
2.5

Speed of
Sound (M=1)

e Mach Angle

sin(,u) =

1

M

MAE 5420 - Compressible Fluid Flow
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e Which aircraft
Is moving faster?

31
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SR-71 Near Field Shock Wave Patterns

PRELIMINARY AIRBORNE MEASUREMENTS FOR THE
SH-71 SONIC BOOM PROFPAGA TION EXPERIMENT

E

Dhtance down, N

4001

S

600 L1

E

s C=JYRT
ol \/ g
S e-Hom s atmosphere |
*._ Mach lines
2t VN
- Bow shock
S 4
2 Canopy shock
o - Xr ~Inlet shock ]
‘.\\\\":\: Il\\l Y.I_Tai M
PR W § y
\N \\ '_.A
000 B arke back fon SR-71 foea, 00 0 T

Speed of sound across each successive shock

wave 1s Higher (temperature increases) ...
wave catch up and Reinforce each other

MAE 5420 - Compressible Fluid Flow
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PRIVERSITY - Effect of Local Speed of Sound
on Shock Wave Propagation

Frobing Data at Mach 1.25 and Alt=44 000 1t

Boom Generating Aircraft

sound across
each
successive

INTechSnicS)edrenos S ce)

Engineering

+ As vertical separation increases,

- Tail shock moves aft

- Overpressures decrease

- Inlet and canopy shocks move forward
+ Plume pressures collapse to one curve

shock wave
jumps(temper
ature
increases) ...
waves catch
up and

Crerprissurne, pst

J ] ' | '
i) 2. - ~ - L= - L
T T T T T T T

4
N~

< -~ o o
T T T

‘l

a7 6,000
) [
l; i "Xv,‘., V . .
) s TV "\—.'
o AN ) (.
! II -

e teeaed
Yertical Sepoation &

— GE0 t
—10Mt
fo =000 ¢
At

a400n
— W t

4

Preliminary ‘< 's80

A A A A A A
0 0 o0 40 L) t‘;‘ 100 l:f{ 40 1w ' 00
Ditance Bahing Bow Shock, N

reinforce each
other

MAE 5420 - Compressible Fluid Flow
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Effect of Local Speed of Sound on Shock
Wave Propagation (,,

Frobing Data at Mach 1.25 and Alt=371,000 1t FProbing Pata at Mach 1.25 and Alt=44 000 1t
+ As vertical separation increases, « As vertical separation increases,
- Tail shock moves aft - Tail shock moves aft
- Overpressures decrease - Overpressures decrease
- Inlet and canopy shocks move forward - Inlet and canopy shocks move forward
+ Plume pressures collapse to one curve + Plume pressures collapse to one curve
12 T T T T b
:é: r:' ———— 540 ft ] 6 - 680N
6 | | oy ——— TO0M frmonsecfensnsnsfonenung N
SN N I R |
13 \ WS, ' || AN
SN et T 7es0m ] (A ‘\ -
3 : IJ .\ - \‘.",'f 4"" : : : : - | 'y l \-"' My
z zf JpEh W ‘;3‘ B N S— -] TS P
s 1F N 3 \ ’\,T'.w ] 2 ]\_ o
3 O ' y Rz o = -
R -1 { \ Aoy b : ] 0 y
°—; -ZF % fb Ve St b af 1 S YYertza) Seporation, &
5 “JF Yetical Sepation & Y = ) 1 -1 1
& VA | . ) — GE0 ¢ :
&L — 540 ¢ ki » ' ) = —1000 1 1
y L. |— 760t % ' | 79801 3 —:am t 4 n
:s [ — 1072 ¢ l'l A\ : 5 sbm " 1 2400 ¢ ..‘ 2. "
3 - Ve 1,872 4 18001t -
-0 Wrs e —— ; 4400n \ - v
-t Y900 £ W - 760 It | s| B0 "-1.000"
Lk Prellmmay "l T 5401 Prellmmary - 680N
14 N N N -G" ' _1 A -
T 8 e . ['"lante BtgﬂﬂE?J’t:J J;‘c-'0 OHU 160 1«'50 <0 e ! = - Ol!!rfeE"?lm B(\JMR nmn 'm LS

SR-71 near and mid-field shock wave overpressure signatures

(oY)
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Sonic Boom N-wave

By time boom reaches ground, shocks

Have coalesced into familiar sounding

N-waves “boom-boom” ... entirely a result

of local sonic velocity changing with temperature

Expansion

/ ( P/M fan)

Compression
1z (shock wave)

COrvempreszyre, psf
'

-13 A A A A A ' A ' A
-0ne 0 e o004 ommt;mmm 0D¥2 014 036 DD

35
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Speed of Sound Can Tell You a Lot

™ ™7 T T T T T

Engineering

N . e Observe the difference?
- ; ) Amplitude (mli

I 100
<) ’ |
A . | %
| k|
m |.

4 [Nvovsd, e ‘
\ ™
PRI O N AR R ST T RO T e M A W VR W T A N7 S OO B T L %
13:58:15 20 25 30 35 ~
Time (hr:min:sec)
Shuttle Columbia, STS-107 Mission, Sonic Boom during Re-entry, Nevada Station #
\ B i -
\r
|25 S50
A L

Time (seconds) From 08:37:06 UTC on February 21, 1997

Shuttle Discovery, STS-81 Mission, Sonic Boom during Re-entry
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Homework, Section 1

e A sample return Probe is being sent on a 1-year mission
from Earth to Mars Via Venus Using “aero-gravity” assist
( both both gravity And aerodynamics at Venus used to turn the
corner to Mars)

» The aero-assist maneuver at Venus 1s performed at
An altitude of 7/0 km above the Surface at a peak
Atmospheric velocity of 13.09 km/sec

e At 110 km altitude, the ambient temperature is 147.63°K

* Assume that the Venusian atmospheric cpAt-125" C

Composition by volume is {97% CO,, 3% N,} CO, ~0.845k]/kg ° K
2~ VU

* Calculate the .Prc.)be Mach number at the N, ~0.995k]J/kg ° K
Venus aero-assist interface

Note Units!

37
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Homework, Section 1 (cont’d)

e Show that for a reversible process

s,—s§ =c,In

I,
Tl

+ R, In| —

 and that for a reversible, adiabatic process

MAE 5420 - Compressible Fluid Flow

Py

Py

y—1

Engineering
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Homework, Section 1 (cont’d)

e Show that for an 1deal gas the following
Useful relationships hold

MAE 5420 - Compressible Fluid Flow

Engimeering
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