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Section 2: Lecture 2

Simple Applications of Integral Equations of
Motion

Anderson: Chapter 2 pp. 41-54

MAE 5420 - Compressible Fluid Flow




UtahState MechanicSleadrenoSpac e
U N l V E R S I T Y Engineering

Review

e Continuity (conservation of mass)
-[j(pved)- 2 f1fo]
C.S. c.v.

e Steady One-dimensional Flow

%[J;J;J‘ pdv] =0= _!_L[(P‘;' d}) — pVia, = p, V1A,
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R@VI@W (continued)

e Newton’s Second law-- Time rate of change of momentum
Equals integral of external forces

([ pfov= [ (p)as+ ”I(fde)l%
Cj‘!(pv. dsjw Mg(pv)dv

* Steady, Inviscid 1-D Flow, Body Forces negligible

P\A — DA, = p2V22A2 - p1V12A1

MAE 5420 - Compressible Fluid Flow
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R@VI@W (concluded)

* Conservation of Energy--

21l s, +[Jpids Al

[[Jiosanev=[fwas)=v+]] (p(c})dvj
Cc.V. C.S. C.V.
* Steady, Inviscid 1-D Flow, Body Forces negligible

2 2
B L
2 2
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Exe

e Steady, Inviscid,

ple Usage: Engine Thrust Model

guasi One-Dimensional Flow Through Ramjet

e From a balance of forces, thrust of jet
engine is axial component of the

integral of internal pressure forces
acting On wall minus integral of external
Pressure forces acting on wall

* Due to symmetry
Non axial pressure
Jorces Cancel out

Thrust = ” pdA, . — JJ P.AdA | = _” PdA, | — P (Ae — Ai)

wall wall X wall X
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Example Usage: Engine Thrust Model

* Apply Steady, Inviscid, quasi One-Dimensional Flow Through Ramjet

Integrate in axial direction

* Due to symmetry
Non axial pressure
Jorces Cancel out

—

|:J.J. pidAwall:| * p°°Ai B peAe — pe‘/eer o pi‘/izAi — me‘/e — miV,-

wall X
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Example Usage: Engine Thrust Model oo

e Adding ( D, A poo to Both Sides, and collecting terms

ijidAwall +poo z/ % poo e mev mlv+(peAe poer)
| wall _
A A

ﬂ pdA | + pm =m.V,—m; V., + (peAe pmAe)

|_wall Jdx

e But from balance of forces

Integrated Pressure Thrust = J‘ J‘ pidAwall ~ P (Ae B Ai )

, wall X
Forces Acting on

External + Internal

Surface of Engine 7/ K

Wall = Thrust Thrust = m. Ve — Mm,; Vl + (peAe _ poer)
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Thrust = r;fle V + ( DA, — poer)

) * Thrust + Oxidizer enters combustion
m; =0 Chamber at ~0 velocity, combustion
Adds energy ... High Chamber pressure
Accelerates flow through Nozzle
Resultant pressure forces produce thrust

] Fuel —1 ;— ()\uluu'J

-|- Combustion
Chamber

Atmosphere (3)

TI|| udl

TTTITINS e

Art
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Thrust Equation, Alternate Formulation

"The acceleration produced by a force

is directly proportional to the force and
Mewton inversely proportional to the mass which
is being accelerated”

Newton's Secondlaw ~ F=ma= m %_

-But what happens when the mass is no longer constant?

was incomplete and modified the formulation accordingly

- Newton recoghnized that thgearlyr formulation of second law

o d| mV] :d[f’} PV { "momentum }
dt dt vector"
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Thrust Equation, Alternate Formulation conca)

Conservation of momentum
» For every action, there is an equal

and oppposite RE-action
] e . '
T F =F ,
MiVi= | F e board  man | | Mo Vo= [
hoo?lrd man board ol
/‘ man board §
E
Vi

Man jumps off skate board ... initially at rest

3 ¥
p- dmV] [dTW M,V = MV,
NewtonII]

MAE 5420 - Compressible Fluid Flow 10
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Thrust Equation, Alternate Formulation onra)
Conservation of momentum

Look at a rocket in horizontal flight

~ "blob" of bumed propellants
Time { Time t+A4L

(&) F'ivio

MV = [M-AM][VMV}AM[V-UEZ}/

SE = ?f _d[MV]

external

MAE 5420 - Compressible Fluid Flow H
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Thrust Equation, Alternate Formulation conca
"blob" of burned propellants

Tine t Time t+at
— it —. - Aald
C— = — — .
7 v [ v+ AT
(a) (b)

MV="[M- AM][V+ AV]+ AM [V - U]

!
MV=MV-AMV+M AV- AM AV + AM VAM Uy

!
M AV=" AM Ugy + AM AV

MAE 5420 - Compressible Fluid Flow 12



Stephen Whitmore



UtahState MechanicSleadrenoSpac e
U N I V E R S I T Y Engineering

Thrust Equation, Alternate Formulation onra)
 Dividing by At and evaluating limit {AM, AV, At} >0

_ We shrink time
M ﬁ_\/ — /_}}_M Uey + AM AV As small as possible
{ {

im{AM, AV, At =0

U Engine masstlow

M ayv (IN] U Effective exhaust velocity
F = —_— —
dat  dt

ex

Engine thrust equation

_MAE 5420 - Compressible Fluid Flow ‘
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Thrust Equation, Alternate Formulation conta)

* Propellants combine and burn in
what happens here? c¢ombustion chamber

Fuel —1 Oxadizer

7N\

«Combustion products exhaust via throat

* Nozzle expands combustion products,
increasing velocity & decreasing pressure

 Propellants are initially at zero velocity
relative to motor, thus thrust produced
by the motor = rate of momentum change
+ residual pressure force difference

*..EIAJH—V};—\- Thrust = ”;/le ‘/(, + (p()Ae o poer)

pA-PA|L |

Thrust=m Ce — Ce =V, + Engine thrust equation

m

Ce —> “Effective Exhaust Velocity”,,

MAE 5420 - Compressible Fluid Flow
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Pressure Thrust

P(atmosphere)

222

<4 .
P(atmosphere) P(exit)

vy
?

P14

P(atmosphere)

e Pressure 1s 1dentical from all directions except for the Area of the exit
nozzle. This pressure difference produces a thrust (which may be
negative or positive.)

MAE 5420 Compressible Fluids
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* Specific Impulse is a scalable characterization of a rocket’s
Ability to deliver a certain (specific) impulse for a given weight

of propellant
prop t g = 9.8067m2 (mks)
Se€C
J‘F;hrustdt
J = Loputse  — 0 Mean specific impulse
sp t

g OM ropellant )
prop g 0 J‘ M propeliant dt
0

At a constant altitude, with Constant mass flow through engine

thrust

F o
= — e Jpstantaneous specific impulse

g 0 I m propellant dt g 0 m propellant
0

t

|, at
mpulse 0
t

sp
g 0 M propellant

MAE 5420 Compressible Fluids
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« Since most engine manufacturers still give I
in seconds -- we correct for thig by letting

INTechSnicS)edrenos S ce)

Specific Impulse s

Engimeering

sp

- Historically, Isp was measured in units of seconds

¥

!F\ . F .
~ y I, = - = =~ 9 81 [ acceleration of gravity at sea level |
Iy = = (English Umts) /sec seconds, right? = g i, 80 se 02
p Engli
glish Units -- use s/ugs not Ibms !
Wrong! /bms are not a fundamental unit for mass
(Slugs are the fundamental english unit of mass)
F _ kg-m/sec?
L, = o (MKS units) —NL_ ~ 2 ~ )
mp Kelsecc  Kglsec 8¢ Nt  Kg-m/sec
i \ (MKS units) kg{rslec ~ kg{lslec = SEC
Goddard got it wrong! - 1
sec2 sec2
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Specific Impulse con

1 F ° o

thrust —
I — >Me =M propellant —>

sp g .
0
m propellant

1 A—-p A C
I:_Vipee pooe:e

sp e .

gO Me gO

“Units ~ seconds”

MAE 5420 Compressible Fluids
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SpGCIﬁC ImPUISe (cont’d)

 Look at total impulse for a rocket

100 1S5S0 200

Thrust (pounds?

S0

total impulse

0

0 1 2 3 4 S 6 7 = 9

Time (zeconds?
/o
e Mean ISp I _[Ehrustdt
I . mpulse . 0
sp _ t
8oM . ctian: )
properan g 0 J‘ M propeliant dt
0

MAE 5420 Compressible Fluids
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SpGClﬁC ImPUISe (cont’d)

 Look at imnstantaneous impulse for a rocket

h__
ol o
o M"“"\\ / iz a— average thrust-
o é@ ——
i : \ \_
2 maximum thrust \\ i -
£ < .
) ] --\\ \ | Time ¢ ds)
| \
0 1 2 _ 5 3 7 B 3
Time (seconds?
Instantaneous . 1 Fth
m lant I — rust
propellan 5p N
, 80
* Not necessarily the same M ropeiiant

MAE 5420 Compressible Fluids
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Example 2

* A man is sitting in a rowboat throwing bricks over the
stern. Each brick weighs 5 1bs, he 1s throwing six bricks
per minute, at a velocity of 32 fps. What 1s his thrust and

1.2

- 6, . 1 mi
" F:m 1l (je:Z)Lc:ksxslbm><32’ft>< mln:
propettant lmin sec 60sec
xSRI g e,
p VI DS.. g,
6 x5x%x321bm— ft 1
T i lbm—fi =

Engimeering

2
O 321742 :
\ Ibf — sec

F 0.4971bf x 32.1742 "

I, =— = SEC =0.994 sec

m propellantg 0 6bﬁ€ks 1m1n X 321742 lbm - ﬁ

lmin ™ 60sec Ibf —sec’

MAE 5420 Compressible Fluids
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How Much Fuel?
"The Rocket Equation”

, NS .
Conservation of momentum leads to the so-called rocket
equation, which trades off exhaust velocity with payload
fraction. Based on the assumption of short impulses with
coast phases between them, it applies to chemical and
nuclear-thermal rockets. First derived by Konstantm

Tsiolkowsky i 18935 for straight-le rocket motion with
constant exhaust velocity, it 1s also valid for elliptical
trajectories with only initial and final impulses.

MAE 5420 Compressible Fluids
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Re-visit

INtechanicallEdAenospac e,

Engineering

Newton's Third Law ...

- Dividing by At and evaluating limit {AM, AV, At} >0

AV AM AV
WAL= AW Uy + am &Y _
im ! AM, AV, At 1= 0

J

v

m propellant Ce

MAE 5420 Compressible Fluids
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Rocket Equation oo

av. . ' dM
M E -m propellant Ce = gOISP m propellant — m propellant - dt
dM
d_V:g dr _, dv =—g I aM M -> rocket mass
d 7 M "M
* Assuming constant I, and burn rate .... integrating over a burn time ty,,
_ ", -
Vi = Vo = =801, In| M 1, |+ 8,1, In[M,] = g,,, In
B Mﬁnal |
_ Y _
Vi = Vo + 81, In 0
- Mﬁnal i

MAE 5420 Compressible Fluids
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 Consider a rocket burn of duration ty,,

“the Rocket Equation” Initial Mass

M

Vina = Vo + &1, In

final
ﬁ,'<l_
Initial Velocity Final Mass
Final Velocity M. =M,— I propettant < Lourn

MAE 5420 Compressible Fluids
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Rocket Equation oo

 Continuing with the Rocket Equation, Solve for Initial Mass

M ; I/() M % M final —I_ Mgmpeclilant gropeclilant
11'1 0 — fina 0 — e [ urne — 1 _I_ urne
final g 0 Isp M final M final M final
* Solve for Propellant Burned
Lo AV=V_ -V
o M | e go.lsp _1 N " final 0
propellant final M . M —I— M
burned final "dry" payload
/
4 v
o g1, .
propetns = (M,, T M d)- v —1|| Mass Budget Equation

MAE 5420 Compressible Fluids
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Specific Impulse csics

- For chemical Rockets, |sp depends
on the type of fuel/oxydizer used

E ACULU I SP

Lqudprgodiats

Hydrogen (LH2) Oxygen (LOX)
Kerosene (RP-4) Oxygen (LOX)
.Monom ethyl hw drazine Nitrogen Tetr ao‘nde

i g 450 sec 1s “best you can get” with chemical rockets

MAE 5420 Compressible Fluids




UtahState MechanicSleadrenoSpac e
U N I V E R S l T Y Engineering

Homework, Section 2

e Specific Impulse 1s a commonly used measure of performance
For Rocket Engines,and for steady state-engine operation 1s defined

As: | F
I, = st > g, =9.8067  (mks)
8 2
’ m propellant e

* At 100% Throttle a Solid Rocket Motor
has the Following performance characteristics

F.o = 90,000 Nt
F = 60,000 Nt
Isp,,. = 280 sec.

MAE 5420 - Compressible Fluid Flow b
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UNIVERSITY Homework, Section 2 T
e Additional data
P, Sea level -- 101.325 kpa
P.. 20km altitude -- 54748 kpa
Pe -- 35 .000 kpa

» Exit nozzle gas has a molecular weight of 19.4831 .1, 1o

Cp=1649.18 ... T, = 1800 °K

exit \ Fuel :_lm‘_ [()xidizcrl

* What 1s the diameter of the Nozzle exit?

e What is the Nozzle Exit Mach Number

* What is the Specific Impulse and Thrust
of the Rocket motor at 20 km altitude?

MAE 5420 - Compressible Fluid Flow
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Homework, Section 2, Concluded

o If our RocketWeighs 10,000 kg Dry, how Much Propellant is
Needed tg Accelerate by 1 km/sec [@ 20,000 meters altitude

MAE 5420 - Compressible Fluid Flow 2
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