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Section 5: Lecture 1
Normal Shockwaves

Schematic of the Bow Shock near the Stagnation Point

/

Real Gas Effects Significant
in Stagnation region for
High Mach Nupbers

CpMax= P2-P » = f(M o0, T o0, Equlibrium Gas Energy, State Equations )
& Q

T T T T e T -

Anderson: Chapter 3 pp. 88-125
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What is a Normal Shockwave?

e Flow discontinuity caused by object traveling faster than
sounds waves can transmit pressure disturbances

e Sound waves eventually “pile-up”

Al causing very thin flow discontinuity

t=1 =l ap»

=2 ]l o> o * Normal Shockwaves are perpendicular
- - BT To the direction of the flow

t=s = i e Normal Shock waves at moderate

ote. =] 5 Mach numbers are adiabatic, but not

Isentropic

*i.e. T,is constant, P, is not
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Mach Number Relationship

e As derived in section 3, for 1-D steady adiabatic flow

Continuity pl‘/l - pZVZ Delta S '= 0
2 2
Momentum P1 T ,01V1 =D, + p2V2

Energy ‘/12 sz
CplTl + 7 = Cp2T2 + 7
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Mach Number Relationshipconra)

* Divide continuity equation into momentum

Pt lolvl2 _ p, + :02V22

A PV,
(o N ()
LoV, VlJ LoV, VZJ ’
(RT, \ (RT, \
70 N A

TN
SRR VT
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Mach Number Relationship conra)
* Write Alternate form of Energy Equation

V? .
cpT+7=cpT + > >
V2 . *2
L RT+—=—L RT" +——
y —1 2 y-17° 2
& vV ¢t y+1 .,
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Mach Number Relationship conra)

* Re-write and substitute into previously derived
momentum/continuity equation

y+1 .
< ¢ _(y—l)Vz
yV yV 2 }yVv
 _yle” [y-lyy
yvV. 2y 'V k )//I
+1c¢7 -1 V (y+1c? -1 \
S ey K e oy KR AL
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Mach Number Relationship conra)
* Collect V,-V,

(v+1c? [y -1) \ (y+lc? [y -1) \_
A A N A e A
(y+1c” y+1c”) [(y-1) (y =1} o
2y vy vzﬁ[km“fkm“‘“ -
()52 e
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Mach Number Relationship conta)

(y+1 <) [(r=1_.]_,
RN

e But
/V_—l\_1}=)/—1—2)/=_/)/_—1\
k 2y ) 2y k 2y )

e Solving for ¢*?

¢’ = vV, — Ml* =

MAE 5420 - Compressible Fluid Flow
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Mach Number Relationship conra)

e From earlier -
y+1 ., ¢ VP oy +l /C*Z &

2-1)" Tyo1 2 (y-1) Ty-1 e

AR v )
y+1 =2 C2+M*2=2 V2 C2

+ M7 —

(r-1) “y-1 y -1
y +1 M2=L 2 MM s
(r-1)  y-1
(”+1)M2=( 2 +M2)M*2e
V- V-
M2 = y +1 M2 1 _ (V+1)M2

(v - 1) (2 +M2) (2+(y -1)M?)

}/—
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Mach Number Relationship conta)

e Since
M,” = :
2 %)
Ml
e and
" (y +1)M?
(2+(y -1)Mm?)
.Then /

(y +1)M22
(2+(V - 1)M22)

MAE 5420 - Compressible Fluid Flow

INechanic3)edrenospace)

Engineering

10



Stephen Whitmore



UtahState INiechanicaladrenospace)
U N I V E R S I T Y Engineering

MaCh Numbel‘ RelatIOHShlp (concluded)

* Solving for M,
(2+(y-1)M?)

(I/ + 1)M22 =

()/+1)M12
2 (2"'( - 1)M,’ , (2+( —1)M12)
(v +1)M, _[ (yI-I-l)Mlz }(V—l)Mz =2 ()/I-Il)Mlz }
2+(y -1)M;’ , 2+(y -1)M,’
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MaCh Numbel‘ RelationShip (concluded)

* Expanding the squares

(y +1) M2 -(y -1)

2

M2=(y?+2y +1)M? = (2 -2y + D) M = 4y M

dyM?-2(y - 1)]M, =2[(2+ (- 1)M)]

-}/Mz—(y_l)]M2=-/1+(V_I)M2\ .
1 2 > 1

Lo, L

(
\ 2 / o Whew!
(
\

M, =

V

MAE 5420 - Compressible Fluid Flow 12
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Density Ratio Across Normal Shock

* From Continuity

o, Vi Ve M/ YRR
- - % % 1 = %
PV, Vz/C M, M,
Py L, (y +1)M12
- M,? = 2
0, (2+(y -1)Mm?)

e Only a FUNCTION OF UPSTREAM MACH

13
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Pressure Ratio Across Normal Shock
e From Earlier derived momentum/continuity equation
pvi =P,V
pl+pV’ =p,+pV, =

A
p,—pl= /)1V12 - p2V22 = plvl(vl - Vz) plvl2 kl - 72)
1
* Divide by p,
pz_pl_plvlz(l v,

14
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Pressure Ratio Across Normal Shock (conta)

 Collect terms and simplify

P, =P 2/ _(2+(Y—1)M12)\9
P e (1 (V"‘l)Mlz )

(y + 1)M12 —(2+()/ - I)Mlz)\
(y +1)M12

Py
P

2/
=1+yM, L

e Again ....
* Only a FUNCTION OF UPSTREAM MACH

MAE 5420 - Compressible Fluid Flow 15
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Temperature Ratio Across Normal Shock conra)
* Finally

T, %? _1+(V2JT1)(M12—1)=[1+(2_),)(M12_1)”(2+(y—1)1\?2)}

L. /P (y +1)M/
P (2+(y-1)M7)

MAE 5420 - Compressible Fluid Flow o
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What Happens to Stagnation Conditions
Across Shock Wave?

* Flow is no longer Isentropic and Total pressure loss will occur

2y : )

1 M7 -1

_Poz=_Pozx&xﬁ_( oY)
B,R R )

=y
+}/—1M2) y-1

2

po1 | POZ

* Substitution gives:-->

17
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What Happens to Stagnation Conditions
Across Shock Wave? (conra)

Engineering

e

e

—_

e Simplifying...

MAE 5420 - Compressible Fluid Flow 18
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What Happens to Stagnation Conditions
Across Shock Wave? conctudea)

19
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What Happens to Stagnation Conditions
Across Shock Wave? conctudea)

& RIEFFEEEEE

Engineering

MAE 5420 - Compressible Fluid Flow

e Simplifying | .
iy = ( () T \ b
I T R N L2 N
Fo (1+y2_1M12) ny—(Vz_l)) U ) (1+y2_1M12)()/M12—( 2_1))
( (y+1). T = ((ye), 7\
Vzl . (y-1) (( 21)(”412‘%1))): 2 1 Vzlfﬂ
-1, ) _ + T _ .
(“yz Ml)(VMI - ) y (V+1)(VM12—()/2_1))Y (1+y2 Ml)
, ez
(r+1),,
P _ 2 [ 2 }
P | (11!
Ly +1)(VM12—Q)Y (“ 2 Mlz)

20




UtahState Pt > e
untversity  Normal Shock Summary

/1+(y_1M2
. !\ 2 1 P> 2 ()/+1)M12
S OSSR PR 1N i PR i C P Yy
NKVMIZ_ 2 1 1
Py _ 2y 2 I, 2y 2 (2+()’ _I)Mlz)
T “<y+1>(M1‘1)” (r+ )M, }
, (7 )
/[(“1)]@ V-
P 2 2 :
Ty, =Ty, o2 = — R
(Y+1)(YM12—(}/2_1))Y_1 (“ 2 Ml)

21
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Entropy Change across normal shock wave

* The change in stagnation pressure indicates that
the process is no longer isentropic (reversible, adiabatic)

(
o [

P 1

Ty +1)k

.

(7 )
2 \U—IJ
Ml}

/\
\__/
: \
/-

[

+

(\®)

=<

\®}
~—

e Prove It!

MAE 5420 - Compressible Fluid Flow 22
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Entropy Change across normal shock wave

(cont’d)

e From section 1: Second law for adiabatic process

T, ([T, \
S, =8 =Cpln|—=|-R,1In Lk Cp|In| == _ S|
1 P L 1 Cp P )
C(ln 2 —Cp_cvln p2\=c /ln L p. )
pk 1, Cp P ) pk 1 % )
o (1)
[T, al |7,
Cp In[— |-In|[— =Cp1n o
1 P 27
D

23
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Entropy Change across normal shock wave

(cont’d)

* but from normal shock relationships

P, 2y _

p_?_1+(y+1)(M12 1)

r, [, 2y M2+ -1)m)
(o i e Ll oy

e Subbing into the entropy relationship

24
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Entropy Change across normal shock wave

(cont’d)

S, =8 =Cpln

- ln_[1+ 2)/- (Mf—l)H(ZJr(y_l)Mlz)}'

MAE 5420 - Compressible Fluid Flow 2
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Entropy Change across normal shock wave
2 (cont’d)
. Factorlng out v +1
(1) [(+05 )]
2 [(y+1 , Y 2 1
S,—s=C,lIn +y(M,” -1 -
P [(y+1)[ 2 Y( )” (y+1)M12
2
1 +(}’—1) 2 1
- [YMZ_(y—l)T (1 2 Ml) (2 Vi 2\
2 [ml)r , \\G+0) LGr+)
2

c,In [ny r 1)};

MAE 5420 - Compressible Fluid Flow 26
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Entropy Change across normal shock wave

e Since In[x]

S, -8 =-C,In

~ ln[i] (cont’d)
- {(V +1)TM2
2 ) ' 1 2 1
(V"'l) _ % ( (V‘l) )
[VM12_<},2 1)] l\1+ > M, /I

MAE 5420 - Compressible Fluid Flow
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Entropy Change across normal shock wave

(cont’d)

e But from previous derivation for stagnation pressure ratio

(v

\
( (},H)Mll \\r-1)
By _ 2 2
F,, B % _I_Y_l 2
}’+1)()’M2 ) \(1 2 Ml)

e Taki r-l
aKing /Poz\ »

vy

MAE 5420 - Compressible Fluid Flow 28
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Entropy Change across normal shock wave

(cont’d)

e Then
(7 ) =
. / ( (VH)M 2 \L)’—l)\
(ﬁ)i 2 [ 2 } _
PO1 ) _ ﬁ +}/—1 2 B
(v +1)(}’M12—YT1)) (1 2 Ml)
- [(V”)Mr
[ 2 ) 1 2 !
L(y+1)) S PR el S
( 2 ()/—1)\9’ 1+ M,
kVMl - > /l ( 2 )

MAE 5420 - Compressible Fluid Flow 2
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Entropy Change across normal shock wave

(cont’d)

e Comparing

(r-1) -(y+1)2 2
Ss=—Cln/2\y m 2 v
) ) Th1e =40

|:)/M12_ 5 2 IJ
" - / (r+1),, T
(i)T_( 2 )r 1 M
w) o Ae)) (y=1)yr (147" may
k}/Ml _T) ( 2 )

MAE 5420 - Compressible Fluid Flow 30
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Entropy Change across normal shock wave

(cont’d)

* substituting

V_ P _q
Y -1 P C P
S, =5, =-Cp,In / =—pr In| —*|=-C,——In| —*|=
k y | B, ¢ | R,
CV
P P
—(Cp—C)ln 02 =-R, In 02
k, K,
-P - P _/Sz—sl)
— 02 02 _ Rg
S2—S1——Rghl P_ — P——e
| Lo | 01

31
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Entropy Change across normal shock wave
] (cont’d) .
e Entropy always increases. ... stagnation pressure always
drops across shock wave ... stagnation pressure drop is
a measure of the irreversibility of the process

32
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Can Mach ever increase across a

normal shock wave?
e Revisit mach number relationship

28-

26-

24-

2.2 S e e I

2.0- ( , (}/—1)
1.8- M.© —
. \ky LT
5 il | |
fEEEizse: | M,<M, for M,>1
0.8- M2>M1 for M1<1

e But 1s this physically
: 1. 1. ! : / : 4. 4. ! .
0.5 0 ) 20 25MI30 3.5 0 ) 2.0 POSSlble?

33
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Can Mach ever increase across a

normal shock wave? «ona

* From General 1-D momentum equation

YD1 (2 Y P
V:o=p, +
}/Rg]-vl 1 p2 )/R T2

pl + /)1V12 =D, + p2V22 =p,+ Vz2

8

2 2 14 1+VM2
p,—-pi=YpM -yp,M, = ;?=1+)/M:2

e And since 1S isentropic on either side of the shock
v -
y—-1__,Tr-t [, yv-1__,7r1
I)Oz _ P I+ M, _ I+ M, 1+)/M12
R, pi|1,r "1y At S Y 1+yM,’
2 2

34
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Can Mach ever increase across a
normal shock wave? «ona

e Second law:

e Momentum:

y-1_ .,
P()2 I+ 9 M2 1+VM12
K

-1
1 1+)/ ]\412

35
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Can Mach ever increase across a

normal shock wave? cona

* Plot Stagnation pressure ratio versus M, :

24-

Po,< Po, for M, >1

P02> POI for M1<1 1.6~

P02/PO1
o
|

MAE 5420 - Compressible Fluid Flow
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Can Mach ever increase across a
normal shock wave? cona

* Plot Stagnation pressure ratio versus M, :

Po,< Po, for M, >1 (5, —s5;)
P | R

Po,> Po, for M<I 02 ¢ R
I,

e But when

P

0, 0 \:Imphes
£ Sy <5

1

* Entropy always increases. ... not physically possible!

What happens when M <1? 3

MAE 5420 - Compressible Fluid Flow
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Normal Shock Plots: Mach Number

* Nothing! .. Trivial flow solution... M;=M,

Mi>1 M < 1

M2

1.0-

0.8-

0.7-

06—

0.5-

0.4-

0.3-

0.2-

0.1-

0.0} 1 1 1 1 1 1 1 ] 1 1
0.0 05 1.0 1.5 20 25 30 35 4.0 45 S0
M1

e Mach Number across an (adiabatic) Normal shock wave

MAE 5420 - Compressible Fluid Flow
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Normal Shock Plots: Density

* Density across an (adiabatic) Normal shock wave

Density Ratio
5.0-

P> (V + 1)M12 - 3 3
o) R

Rho2/Rhol
oo
o (4}
| |

N
w
|

Mi>1 M2 <1

39
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Normal Shock Plots: Pressure

e Pressure across an (adiabatic) Normal shock wave

Mi>1 M < 1

MAE 5420 - Compressible Fluid Flow

P2/P1

30.0-

28.0-
26.0-
24.0-
22.0-
20.0-
18.0-
16.0-
14.0-
12.0-
10.0-

8.0-

6.0-

4.0-

2.0-

0.0- I I 1 1 1 1 1 1 I I
0.0 05 1.0 15 20 25 30 35 40 45 S50

M1
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» Temperature across an (adiabatic) Normal shock wave

a rra

Temperatuceratio ...

T2/T1

Mi>1 M < 1

MAE 5420 - Compressible Fluid Flow

6.0-

55-
5.0-
45-
4.0-
35-
3.0-
25-
2.0-
15-

1.0-)
0.0

05 10 15 20 25

M1

30 35 40 45 50
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Normal Shock Plots: Stagnation Pressure

e Stagnation pressure across an (adiabatic) Normal shock wave
(v )

( [()/ +), r Vo=

2 1

t A AN P Y e -

Tétagnation-?uessureratio
1.0-

0.9-

08-

(7=

06—

0.5-

Mi>1 M < 1 e

P02/P01

0.3-

0.2-

0.1-

0.0-) 1 1 1 1 1 1 1
0.0 05 1.0 1.5 2.0 25 30 2D 4.0 4.5 S.0
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