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Section 6 Lecture 2:Prandtl-Meyer Expansion
Waves

e Anderson,
Chapter 4 pp.167-190
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What Happens when
M, =30,p;=latm,Y =14,T1=288°KO  =0.00001°

* Explicit Solver for ﬁ

A=\/(M12—1)2—3[1+y7_1M12][1 y'z”M] 2(9) =8.0

MAE 5420 - Compressible Fluid Flow
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What Happens when o)

M, =30,p=latm,y =14,TI=288°K§  =0.00001°
(4n5+cos‘1()()\

(M12—1)+27Lcosk 3 J
tan(ﬁ): 3 >
3{1+2M12}tan(9)
180 . 4| 1 | )
B =1947° > ‘u—TSIH {E}—IQZW

¢

e “mach line”

MAE 5420 - Compressible Fluid Flow
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What Happens when o)

M, =3.0,p;=latm,Y =14,T1=288°K§  =0.00001°

280 Normal Component of Free stream mach Number

Mnl — M1 smﬁ — 1.0000

(Mn?-1) =10 (NO COMPRESSION!)

MAE 5420 - Compressible Fluid Flow
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| Expansion Waves
* Soif

9 >0 .. Compression around corner

9 =0 ... no compression across shock

MAE 5420 - Compressible Fluid Flow
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Expansion Waves onciudes

* Then it follows that
9 <0 .. We get an expansion wave (Prandtl-Meyer)

® Flow accelerates around corner

* Continuous flow region ...
sometimes called
“expansion fan”

e Each mach wave is infinitesimally
weak
isentropic flow region

e Flow stream lines are curved and
smooth through fan

MAE 5420 - Compressible Fluid Flow
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis

* Consider flow expansion around an infinitesimal corner

Mach Wave

Infinitesimal Expansion Fan Flow Geometry

MAE 5420 - Compressible Fluid Flow

e From Law of Sines
| %4 V+dV

T T
n| —— —d@j '[+ j
sm[2 u sin . u
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
e Using the trigonometric 1dentities

sm(g ) = sm( jcos(u)+sin(u)cos[§] = cos(u)
( j = sm( )cos(u)—sin(u)cos[gj = cos(u)

sin

e And ...

sin(g o d9) = sin(g - u) cos(dO)— cos(g — uj sin(d6) =
cos(u)cos(d@) — {cos[%} cos(u) + sin(,u)sin(gj }sin(d@) =

cos(u)cos(dB)— sin(u)sin(d0)

MAE 5420 - Compressible Fluid Flow




UtahState

UNIVERSITY

Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

MechanicallG e oS pac e,
Engimeering

 Substitution gives

V - V+dV X
cos( u)cos(dB)—sin(u)sin(d0) - cos(u)
o, av cos(u)
V. cos(u)cos(d)— sin(p)sin(d6)
e Since dO is considered to be infinitesimal
cos(d@) =1
sin(d@) = do 9

MAE 5420 - Compressible Fluid Flow
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

 and the equation reduces to

- dv _ cos( ) _ 1

V Cos(y) — sin(u)(d@) 1-— tan(u)(d@)

* Exploiting the form of the power series (expanded about x=0)

(1_;)2 ] =1 (X—0)+....0(x2)_)

1
o (1=x),_ —

MAE 5420 - Compressible Fluid Flow 10
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

e Then
(dv?)
1 =1+ : > [dV—Oj+O d—V
1 d_V [ dV] % LV J
— 1_—
vV V /) av

e Since dV 1s infinitesimal ... truncate after first order term

1 dVv 1 1

~ 1+ > ~
v v _dV  1-tan(u)(d6)

V Vv

MAE 5420 - Compressible Fluid Flow H
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)
* Solve ford@ interms of dV/V

1 dv 1 1

~ 1+ > =
l_d_V 4 1_d_V 1 - tan(u)(d6)
V V
dV 1 dV
1- df)=1————dO =
tan(u)( ) V ~ tan(u) Vv

e Since disturbance 1s infinitesimal (mach wave)

1

sin(,u) = v

MAE 5420 - Compressible Fluid Flow 12
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

e Performing some algebraic and trigonometric voodoo

. 1 . 1 sin®(u)+cos*(u
Slﬂ(#)=ﬁ—>sm2(ﬂ)=ﬁ= ()Mz ()—>
2 2
2g2 _ Sl (u.)-:COS () _ ;. L, 1
sin® (1) tan®(u)  tan’(p)
1 \/ >
=VM*" -1
tan (1)
eand ....
| do-—2 WV _ 14
e Valid for tan( ﬂ) V V
Real and 1deal gas

MAE 5420 - Compressible Fluid Flow B
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

e For a finite deflection the O.D.E is integrated over the
complete expansion fan

M,
9=j\/M2 fid
M, 14

e Write in terms of mach by ...

V=Mxc—>dV=dM xc+ M xdc—>

dV_dec+M><dc_dM+dc

V M x ¢ M C

MAE 5420 - Compressible Fluid Flow k4
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
 Substituting in

o~ "j’ i ’T a1 4e)

M C

* For a calorically perfect adiabatic gas flow

YyRT, - [C_O] = [E] _ \/[1 Lr-l Mz) And T, is constant

MAE 5420 - Compressible Fluid Flow 15
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
* Solving for ¢, differentiating, and normalizing by ¢

: : (y —DM(dM)

(_2) J(1+7;1M2) (yz—l)M(dM)

¢ \/(1+}’_1sz (1+7_—1M2)
2 2

MAE 5420 - Compressible Fluid Flow o
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)
 Returning to the integral for 9

( (y —1) )

M, M M dM
0= [ VMm*- 1—_j\/M2—1 a2 1( )
i M [HY;Mz]

2 Y,

\

MAE 5420 - Compressible Fluid Flow 1
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

e Simplification gives

(

(}'—l)Mz \

2

M,
9=I\/M2—1dﬂ 14—
M, M

((l+y—_1

dM 2

(1+y
\

o

sz
2 y

2

_(y—l)Mz\ (mjﬂ;\

Ml \

MAE 5420 - Compressible Fluid Flow

M (1+—_1M2)
2

I (1+;1M2)
J M\ 2 y,

18
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
e Evaluate integral by performing substitution

1M o
M )M[M]Eue{ﬁzdu,M2=e2“}

J—=
[”T)

NI i

J y —1 | y-1,
(Hz ) (H 2 eu)

MAE 5420 - Compressible Fluid Flow 19
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
e Standard Integral Table Form

\/ez“—l \/e”“—l

I du—)j du
[1+y_162u) (1+be )
2
e From tables (CRC math handbook)
2.(b+l)tan_1\/(ﬁ).(em_l) ,
m o1 _
I1+b e Jb+1-b _(Z)tan ‘

| %}an—‘ (G e

MAE 5420 - Compressible Fluid Flow 20




UtahState

UNIVERSITY

Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)
e Proof by Josh Hodson and Jorge Gonzalez

MechianiCcCallGdrenosSpac e
Engimeering

I 1% i I (1+5 (::x)_?ﬁd" i I (""z:;i;))“\(/l;%m )dx i
o (eebee) (ebee) | [0 @emper
_I(1+b-em)-m (1+b-e"“)-\/e”“7—1_dx__'[(1+b-e"“)-\/m e"“—l_dx

— Partl :
3 ="
| (+8)-€" 4 Tlag=m-e dx— =42 1 49
(1+b.emr). emx_l m:-e m 19

MAE 5420 - Compressible Fluid Flow 21
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Prandtl-Meyer Expansion Fan: Mathematical

Analysis cora)

— substitute.... (1+b) e = (l+b). Y l . Q = l (l+b) d3s
(1+b-e’"")-«/e”"‘—l (1+b-8):v3-1 m & m (1+b-9)-V9
v=v3-159=v*+1
bstitute...
By %‘% 5d9=2-v-dv
_’I (1+b)-e™ e Il (1+2b) gy 2 .[ dv
(1+5-e™) Ve -1 (l+b-(v +1))- m (H(lbbj "ZJ
+

MAE 5420 - Compressible Fluid Flow

22
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

From previous slide

. (1+b)-e™ B (1+b) vedye 2. v
J.(1+b.e"“f).\/ei_ I; (1+b (v +l)) 2ved jz I(H(Eb) VZJ

el 2

J‘ (1+b)-e™ _2 b+ dw

(1+b-e ) \/_ (1+W)

— substitute...

MAE 5420 - Compressible Fluid Flow 2
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MY Prandtl-Meyer Expansion Fan: Mathematlcal
AnalySIS (cont’d)

\/( b ) , b
w= || — |V = ||— |V
1+b/ 1+b
aw = L -dv = dw- m
1+b) V b
—>I (1+b)-e"“ iy 2 fb+ dw
(1+b-e””‘)- e™ —1 m (1+W)
_)J‘ (1+b) e™ fb+ _1( ,b+ ( sz
(1+b- ) \/(Hb]
2 [b+l an—{/iLi.m]z 2 Etanl(/(L’m]
m b 1+b m b 1+5b

— substitute...

MAE 5420 - Compressible Fluid Flow 24
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MY Prandtl-Meyer Expansion Fan: Mathematlcal
AnaIYSIS (cont’d)

— Part?2 :
9 =e™
f S NN d9 1 d9
Je™ —1 d9=m-e™ -dx - dx =
m-e™ m 9
v=vJI3-1—o>93=v+1
1 1 1 d9
dx = — =2.v.
J g 9\/— S|dv=_ = d9 =2 v dv

_ 1
I«/e I v +l m (v2+1) m
=£tan"1 9—1=£tan"1\/e"“—1
m

m

MAE 5420 - Compressible Fluid Flow 2
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

—> collect parts 1 and 2

I i [(—j II..0ED!
I : ldx=£- %tan"l[ % -\/e”"‘—lJ—tan‘l e™ —1 Q
+

1+b-e™ m

MAE 5420 - Compressible Fluid Flow 26
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis cora)

e Substituting {m: ypt -1 o _ Mz}
b 2 9

de= | \/Mz—l M _

p— 2 -
e
2 2 tan”’ Z -(Mz—l)—tan“I\/Mz—l -
2 V }’—1 y_1+]_
AN \1\ 2 ) _

( Y—“Lﬂtan“ Y—H-(Mz—l)—tan"\/Mz—l
.

MAE 5420 - Compressible Fluid Flow 21
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Prandtl-Meyer Expansion Fan: Mathematical
AnaIYSiS (cont’d)

e Collected Equations

0 =
o] tan—l{\/;_:(M;_l)}_tan—l WH AT {\/;_:(Mlz_l)}_m—l \/ﬁ}
e Or moie simply
0= viM,)—vM,) -\ vim) = [T an- {\/7—_1(M2 _ 1)}— tan~' /M2 —1
y —1 vy +1

“Prandtl-Meyer Function”

Implicit function ... more Newton!

MAE 5420 - Compressible Fluid Flow 28
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Prandtl-Meyer Expansion Fan: Mathematical
AnaIYSiS (cont’d)

e And we already know the derivative

1 JM?*-1

ﬁ[V(M)]= M (1+ YT_IW]

MAE 5420 - Compressible Fluid Flow 2
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Newton Solver Algorithm

O0=v(M,)-Vv(M,)—>V(M,)=0+V(M,)

e Expand in Taylor’s series

oV
0+ V(M,) = V(M,)= V(M,,)+ [‘W)(;) (M, = M)+ OM,)+ .

* Truncate after first order terms and solve for My,

0+ V(M,)-V(M,) |

M 2(19 ( oV ) + My,
(;)

e Note: use radians! oM

MAE 5420 - Compressible Fluid Flow 30
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UNIVERSITY 60+v(M)— "Right running" characteristic line Sngineering

Shadow Graph Showing Supersonic
Characteristic Lines (Prantl-Meyer Lines)

0 —v(M)=K, > "Left running" characteristic line

0+ v(M)= K, — "Right running" characteristic line

MAE 5420 - Compressible Fluid Flow !
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%\/ersus M,, 0

35.0-

30.0-

25.0-

20.0-

M2

15.0-

10.0-

2.0-

MAE 5420 - Compressible Fluid Flow 32
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Pressure and Temperature Change

Across Expansion Fan

* Because each mach wave
1s infinitesimal, expansion

1s isentropic

MAE 5420 - Compressible Fluid Flow

* Po, = Py,
.TOZ =T01
_ -
1+ == m;
P2:P01x P, _ 2
p p Po 1+L_1M22
i 2 |
y=1 5]
r,_To T, | M
T, T To, 1+7—1M22
i 2 il

33
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Numerical Example

e M,=1.5,p,=81.4 kPa, T1=2556°K, ¥ =14,0 =20°

MAE 5420 - Compressible Fluid Flow o
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® Mlzl 5 >
Corner entrance mach angle
. 1 1Y 180
u =sin'| — |= asin(—) 2 =4181°
M | 15 =
v,y = 7L tant \/7—_1(1\43 ~1) p—tan™ \[M,* ~ 1
y —1 N7y +1 /
14+1)0% ( 14-1, o 0-5) ) .05
atan 1.5 -1 —atan ( (1.5 -1
(1.4—1) (1.4+1 ( )) ({ )
Prandtl-Meyer Function =0.207785 radians

MAE 5420 - Compressible Fluid Flow

35
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Numerical Example conra)

e Compute V (M,)

VIM,)=0+V(M,) = 20~ +0207785 =0.5569

180 /'

e Use Iterative Solver to Compute M,

0+V(M,) V(Mz(j))}
M2(j+1) = +M
\Y

2(j) M,=2.2067

MAE 5420 - Compressible Fluid Flow 30
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Numerical Example conra)

e Pressure

* Because each mach wave
is infinitesimal, expansion
1S 1sentropic

- P02 — POI
-T02 :TOl

P> = P

(o 14-1, 5 )

1+

1_|_y—_1
2

M/

1_|_y—_1
2

152

14-1

1+

2
2.2067 )

M)

)

14-1
814 =27.655kPa

MAE 5420 - Compressible Fluid Flow

37
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Numerical Example conra)

* Temperature

Engimeering

* Because each mach wave
is infinitesimal, expansion
1S 1sentropic

- P02 — POI
-T02 :TOl

p

1+

1+

7/ 2_ M12

1+

7/_

14-1 5 )

2

1.5

1+
\

14-1

2

2M2

2.20672/

2

255.6

=187.76°K

MAE 5420 - Compressible Fluid Flow

38
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Numerical Example conra)

e Exit Mach Angle
_ | _
=sin”"'| — |- 0=
H M,
1 180
asin ( : 20 =6.947°
220677 m

MAE 5420 - Compressible Fluid Flow 5
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Numerical Example conciuded

M
.
s

‘M, =15 ‘

p, = 81.4kPa ‘M, =22067
1T =255.56°K | p, = 27.655kPa
o =4181° |7, =187.76°k |

W, =6.947°

.

MAE 5420 - Compressible Fluid Flow 40
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Maximum Turning Angle

-7
y—1

1+Z——1M2
2

p, p, Po, 1+7’—1M22 p,>0->M,>x

V()= 0,,+ VM) =t Q =V(c0)—V(M,)

6 = Y_H_l e Y_Htan—l Y—_I(Mlz—l) —tan"' (JM,* -1
Y —1 2 Y—1 Y +1

MAE 5420 - Compressible Fluid Flow H
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Maximum Turning Angle .o,

e Plottingasa @ ., function of Mach number

I I I I I [
1.0 20 30 4.0 2.0 6.0 7.0 8.0 2.0 100

Mach Number

42

MAE 5420 - Compressible Fluid Flow
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Maximum Turning Angle

F-117 Stealth Fighter
Subsonic Vehicle with Supersonic Features

43

MAE 5420 - Compressible Fluid Flow
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Maximum Turning Angle oninued)

« In Reality Viscous Effects
Dominate and Flow Separates
around steep corner before

pressure expands to vacuum

44

MAE 5420 - Compressible Fluid Flow
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Maximum Turning Angle .,.cudeq)

Engineering

MAE 5420 - Compressible Fluid Flow 45
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Blunt Wedge Examp le(continued)

' " fs M, ~2.599 M =375
M, ~2.96 WL AN

£ 3 . » : '{
o’ . -
2upper ¢ & . .

2175

28.6

« In Reality Viscous Effects
Dominate and Flow Separates
around steep corner before

pressure expands to vacuum

™

J = " Bt ot
> i ‘.4_-_1']_« .

—
5
!
’
H . < ."
‘,’_’1 : ¥ »
;I‘ .‘l ) '
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Blunt W€dge Example( continued)

90.0- ==

85.0-
80.0-|g
75.0-
70.0-
65.0-
60.0-
SN
50.0-
45.0-

Beta, deg.

40.0-
35.0-
30.0-
25.0- )
20.0-|EBESCaul
15.0- Do
10.0- SN

5.0-

0.0-)

MAE 5420 - Compressible Fluid Flow

1 1 1 I I I ] [ ] [ I ] I ] [ ] [ [ ] [ [
00 25 50 75 10.0 125 15.0 175 20.0 225 25.0 275 30.0 325 35.0 375 40.0 425 45.0 475 50.0 525

theta, deg.
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UNIVERSITY Concluding Example Weak, Strong, and Detached

Shockwaves

Beta, deg.

2060 e
~50 ™ : » ‘l 3 . .
Sy

1 il
T -
= { il V
- e
—
E
|

00 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500 525

What 1s the approximate
Free stream Mach Number?

theta, deg.
|

48
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Concluding Example, Shock Diamonds and Shock-Expansion
Wave Theory

MAE 5420 - Compressible Fluid Flow
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UtahState INtechanicsledhienospace,

UNIVERSITY  Qection 6: Home Work #7 e

Assigned Wednesday November 3, Due Friday November 12
e M,=4, p,=0.01 atm, T,=217°K, y =125, 0,=15°, 0,=15°

e Compute conditions after each corner

- Entry and exit Mach wave angles or shock angles

- Mach number l — !

- static & total pressure
- temperature P g g

M

>
BN W
: - \ / f
» 15

MAE 5420 - Compressible Fluid Flow >0
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90.0-
85. 0-'
80.0-
75.0-
70.0-
65.0-
60.0-
SN
50.0-
45.0-

Beta, deg.

40.0-
35.0-
30.0-
25.0-
20.0-
15.0-

10,0 SEN

SRl

0.0-)
0

INTechanicSfGdrRenospace)

Engineering

Section 6: Home Work #7

: contmued )

e |

—

h--=---=-
==------H--
-i

0 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500 525

theta, deg.

MAE 5420 - Compressible Fluid Flow
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Section 6: Home Work #7

_continued)

Prandtl Meyer Function
6_

l @
.y
L i s e g

D
5-

; AR --%g ‘
Z 3.5.gma V=140 i
| R

-; vy = 1 tanl{\/

7—_1(M2 ~1)p—tan" VM? -1

; y +1
=_“Prandtl-Meyer Function” |

40 50 60 70 80 90 100 110 120 130 140
Prandtl Meyer Function, Angle v(M) , deg.

\__v_/

0 10 20 30

MAE 5420 - Compressible Fluid Flow
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UtahState INtechanicsladhienospIce,

UNIVERSITY

Section 6;: Home Work #7 pac

A ramjet operates at an altitude of 10,000 m (7, = 223 K. p = 0.26 atm,
y = 1.4) at a Mach number of 1.7. The external diffusion is based on an
oblique shock and on a normal shock, as described in the shown figure.

Normal Shockwave B— f(M_,0)
. F,
M,=1.7 Hint — P—'aMl — f(M_.P)
[ O
P
P =026 amm 02—>f<M>
P 1
F, !
) - POz B)z 0,
= X
LA R
Calculate p  Plot 2 e

0

o]

« Stagnation pressure recovery, ?2?
« At what Mach number does the oblique shock become detached?

 What is the distance x, from the cone tip to the outer inlet lip, for the

condition described in the figure? { M =1760=1 50}
 What is the best turning angle 0 in terms of highest pressure ratio,
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