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Section 7 Lecture 1:Supersonic Flow Over
Flat Plates at Angle of Attack

e Anderson,
Chapter 4 pp.127-187

MAE 5420 - Compressible Fluid Flow

g




UtahState NMechanicollElierospace)
U N I V E R S l T Y Engineering

Review: Oblique Shock Wave Angle
e Collect terms

2tan(ﬁ){[Mlsin(ﬁ):|2—1} _ 2{Mlzsin2(ﬁ)—l}
tanz(ﬁ)[2+Mlz[}/+cos(2ﬁ)]] tan(ﬁ)[2+M12[y+cos(2ﬁ)]]

* “Wedge Angle” Given explicitly as
function of shock angle and freestream
Mach number

tan(0) =

* Two Solutions “weak” and “strong”
shock wave ... in reality weak shock
typically occurs; strong only occurs
under very Specialized circumstances
.€.g near stagnation point for a detached
Shock (Anderson, pp. 138-139, 165,166)
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Prandtl-Meyer Expansion Waves

0<0 .. We get an expansion wave (Prandtl-Meyer)
® Flow accelerates around corner

e Continuous flow region ...
sometimes called
“expansion fan”

e Each mach wave is infinitesimally
weak
isentropic flow region

e Flow stream lines are curved and
smooth through fan

O=V(M,)-V(M,)—> V(M) = v+ tan”' {\/y—_l(M2 - 1)}— tan” VM’ -1
y—1 y+1
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Supersonic Flow Over Flat Plate

e At Zero Incidence Angle

—
/ e(wedge angle) = O s/

<
N :
tan(@) 0 Z{M1 sin ([3)—1} R

T tamgj M [y +cos(2B)]]
1

M/?sin’(B)—1=0— B=sin" [ﬁ} — "Mach..Line"
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Supersonic Flow Over Flat Plate

(cont’d)

e But at non-zero incidence angle o (angle-of-attack)

‘ ~
v 7 s e -~ g

* Free Stream Flow sees Both “wedge” and “expansion”
corners, ... shocks have finite strength ... no longer Mach waves

e Need components of both Oblique shock and expansion wave
Theory to analyze flow properties

MAE 5420 - Compressible Fluid Flow
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Supersonic Flow Over Flat Plate

(cont’d)

e [Look at Lower Surface first
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1) Flow sees compression corner first ... wedge angle o
i1) Flow sees expansion corner next ... expansion angle o
111) Pressure on Lower surface > p_,

1v) Mach on Lower Surface < M_

MAE 5420 - Compressible Fluid Flow
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Supersonic Flow Over Flat Plate

(cont’d)

e Look at Upper Surface Next

Moo Poo 75/\
- p »-
) -
M\ -

W
§\

~ -
WA

1) Flow sees expansion corner first ... expansion angle o

11) Flow sees compression corner next ... wedge angle o

111) Pressure on Upper surface < p,,
1v) Mach on Lower Surface > M_,

MAE 5420 - Compressible Fluid Flow
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Supersonic Flow Over Flat Plate

(cont’d)

e Look at Upper Surface Next

P, < P, ... net pressure force on plate ... produces Lift and Drag

MAE 5420 - Compressible Fluid Flow
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Supersonic Flow Over Flat Plate

(cont’d)

e Forces Acting on Lift  Fp
Plate o
o
/j/// : A7 -
,-:, e
s -~ -
» s
Moo Poo /{,{’7"‘?‘7\
N ——

& p o
u
N rag /
N N
M\
NN

 For Inviscid flow, pressure force can be resolved into
Lift and Drag Forces

Y oYy

MAE 5420 - Compressible Fluid Flow
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Supersonic Flow Over Flat Plate

(cont’d)

Engineering

FP :[pl _pu]Aplate E[pl _pu]ébz[pl _pu]S

Lift -
Liftszcosa:[p,—pu]Scosa%CL: " i = E/pl p”] cos
—p VIS |Lp.M.’
(2”“) (2”“ ) /
D —
DmgzFpsinoc:[pl—pu]Ssinoc%CD= 7 s [p, p”] sin o
(pe)s (Gram)
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Supersonic Flow Over Flat Plate

(cont’d)

Engineering

e Calculate Pressures on Upper and Lower Surfaces

11
MAE 5420 - Compressible Fluid Flow
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Lower Surface o I

>0 e Corner 1: Corner Compression

e Solve fgr Shock Angle
Using Solver

2{ ? sin” 1}
tan(ﬁ)[2 + M [7 +Cos Zﬁ)]]

tan(o) =

Example:

=10 M_=2= [=39.31"

MAE 5420 - Compressible Fluid Flow 12
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LOWCI’ Surface (continued)

e Case 1: o >0 ¢ Corner 1: Corner Compression

e Compute Pressure
Ratio Behind Shock

=10 M_=2= [=39.31"

p (Yzzl)((M“ sinf) ~1)=

. 2
4 214 ((ZSin(l39.3139)) —1J
14 +1 180

=1.7066

MAE 5420 - Compressible Fluid Flow B
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LOWCI’ Surface (continued)

>0 e Corner 1: Corner Compression

M_ =M_sinf3= 12671  *Or Use Normal Shock
z Solver with M_n as input

1438359

1. 705466

e 126710 1170127

e 0.984650

0203211

2609355

MAE 5420 - Compressible Fluid Flow ke
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LOWCI’ Surface (continued)

e >0 e Compute Mach number behind shock

M,n=0.803211

1. 705466
oo

Vr: 21

(& o)

M =M_ COSﬁ — 1.5474
!

1170127

02584650

‘/th — Vootz ’}/RgT‘x’ — M°°t2

0203211

M, =(M,*+M,>* > M, *= = =
: ‘/ 2 H o YRT, YRT.YRT, T,IT,

1.54742jo'5
1.1701

2

M
M,=|M,’+— = 2
2 \/ 2 /T [0.803211 +

2609355

— 1 . 6405 2 15
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Upper Surface
Moo Poo
e >0 e Corner 1: Expansion

e Use Prandtl-Meyer Solver

VIM ))=a+V(M )=

10—~ +046041 =0.63494
180

VIM,))=o+V(M_)—

+1 1 .
V(M )= 7;_1tan {\/;:_I_l( - )}—tan JM \

(1.4+1)- atan[(1.4—1 2 _1)) j—atan((Z —1) =0.46041
14-1 14 +1

MAE 5420 - Compressible Fluid Flow o
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Upper Surface (cont’d)

e >0 e Solve for mach number on upper surface

VIM ))=a+V(M )=

10— +0.46041 =0.63494

180

e Use 1terative solver

o . e M =2.3849
 Flow is isentropic
) 7 ] 7
P. 1+t %{Z}H 1+—_1MM2 i
Fo 7L 2 o P 2 _
P - . p - y-1. ., -
p. 1+7/T_1MM2T_1 M
=0.54796

MAE 5420 - Compressible Fluid Flow
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Compute Lift and Drag Coetficients

[pl_ pu}
— 1.7066 — 0.54796 T _
CL: E/pl pu] COSOl = p; P COS Ol = 4, COS(@IO) —04075

7 M 2 LM 2 — (29)

(2” = ) (2 - ) 2

pl _ pu
p—p.] b b 1.7066 —0.54796 ( o o)
—— = T Jsing = 180

Layee
2 =0.07186

L/D=5.671 .... Computed L/D of plate without knowing
The dimensions of the plate!

18
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Look at exit Conditions

e [Look at exit conditions

M Poo

19
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Lower Surface (corner 2)

e x>0

e Corner 2: Expansion  a=10",M_=2= M, =1.64052

M., Po

y+1 | |y—1 _
V(M,)= /y_ltan 1{\/E(M22—1)}—tan 1\/Mmz—l =

0.5 _ 0.5
(1'4+1) atan(((l'4 1)(1.640522—1)) }—atan((1.640522—1))0'5
141 14 +1

=0.280266

MAE 5420 - Compressible Fluid Flow 20
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Lower Surface (corner2) o
>0

 Corner 2: Expansion =~ «=10"M_=2= M, =1.64052

V(M

)=0+V(M,)= (&) 10) +0.2872 = 0.454799

e Use iterative solver /
e M _.=1.98835

uexit—

exit

MAE 5420 - Compressible Fluid Flow 2l
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Lower Surface (corner2) o

e Compute Pressure Ratio

e From earlier, behind oblique shock on Lo/vwcr Surface

7

pLexit _ pL pLexit

=
Py et — — | =
M 4 — | Do P Pr
. o -

From Earlier X = 0587517066 =1.0026
P, /p..=1.7066 -
Pressure 1s Higher!

» And since expansion wave is isentropic

_ -7 1.4
7/__1 2 |7 1+1'4_1 . 14—1 /
L Gl : 0.5875
Py HT_IML'Q 1+1'42_1 . e

22
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Lower Surface (corner2) o
e Compute Temperature Ratio

* Look at Temperature behind oblique shock
(Lol l From Earlier T,/T.=1.170151

TL

(o]

T T
\\\ L, :( Lexnj(;L):(l17015)(085925)

=1.0052
. 1+ 77 | [ 2240522
L it — ; 21 — 2 =O.859
T - -
Lo M, * || 1147 0ggs?

23
MAE 5420 - Compressible Fluid Flow




UtahState INiechanicsllcdresospac e
U N I V E R S l T Y Engineering

Lower Surface (corner2) o

e Compute Velocity ratio

L
/j//// —_
Vg = -
//// -
P
M, p 7
Py -
) —>

NG =

A\

M I
N

Vi _ My [Trn 19883 goees  .9967
v. M_\T. 2 |

Velocity 1s Lower!

MAE 5420 - Compressible Fluid Flow o




Mech aniCallGdre oS hac e
Engineering

v
Upper Surface (corner 2)

ea>0
* Corner 2: Compression a=10"M =2—= M, =2.3849
’ oo 2 :

My Poo
B=33.211°

Y V¢

M,n = 1.306267

e Solve for Shock Angle
Using Solver M,...n =0.7828

tan(or) = 2{M22 sin” (.32)—1}
tan(ﬁz )[2 +M,’ [7, + cos(ZﬁZ)H

E M = 1.9861796

uexit

MAE 5420 - Compressible Fluid Flow
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Upper Surface (corner2) s

* Now look at pressure ratio across oblique shock

o0=10"°,M_=2= M, =2.3849

M., Po

_ 7.824449 — 0.547962
14.27929 A

e Across first expansion wave M, =2.3849 = o _ 1427929
Dy

oy
e And M., =23849= ; 14.27929

p, 7.824449
b 1427929

=0.547962 >

MAE 5420 - Compressible Fluid Flow 26
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M., Po

Upper Surface (corner2) s

e Compute Pressure

* M,n =1.306267 ... normal shock code

p, exit p, exit

_ 1.824052 = = Pu PO 54796.1.824052
P, Pos P D,

=(0.99951 ... Here Pressure is Lower

MAE 5420 - Compressible Fluid Flow

27
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Upper Surface (corner2) s

* Jook at temperature ratio across expansion wave
00 =10",M_=2= M, =2.3849

/'//
~ -
7, ///

-
-
-

Moo . ////}/ :///:/,/ —~
pu -
) \\\ —:
LA _
N -
e for 1sentropic flow
L y—1 ] 14—1 5
T . = e 0.84209
T. y-1. 141 —
=M, 1s . 2.3849>

28
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Upper Surface (corner2) s

e Now look at temperature ratio across oblique shock

o0=10"°,M_=2= M, =2.3849

M., Po

T
e Use Oblique Shock Solver <« —1,194835

u

L =[T) T |=(1.194935)(0.84200) = 1.0062

MAE 5420 - Compressible Fluid Flow 2




UtahState sl & e

UNIVERSITY

Upper Surface (corner2) s

e Compute Velocity ratio

Moo poo //,,//7/,?\
P -

Velocity is Lower

V. M _|T. 19862
_ 1.986 J1.0062 = 0.9962

So What is happening?

30
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Shock-Expansion analysis of flat plate flow
e Summary (M_, =2, a=10°)

L

M =2.0000 T s
/;_ // - - -
£ =1.0000 7 e ™
e T M =2.3849

,’:*’///'*’

77 P —0.5480 X
Mc:o Poo /{:’*"77@\1%0 M =1.9862
-
P -0.9995
; *:q
M =2.0000 7,
P —1.0000 M =1.6405 \&C}\\ = L
- pL = 1.7066 \@ Alf =1.9884
. . w S~ 2 =1.0026
So What is happening? AN

eVertical Pressure Gradient at exit

e Conservation of Momentum not satisfied

31
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Shock-Expansion analysis of flat plate flow

(cont’d)

e Flow cannot exit “straight back” from plate

 Pressure Gradient “deflects” flow upward until
gradient is relieved ... exit angle @

2
MAE 5420 - Compressible Fluid Flow :
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Shock-Expansion analysis of flat plate flow
* Pressure gradient =0 when ®=0.0277°

M =2.0000 //' s
/ -
— P ~1.0000 el T
p Pt
My Poo M =1.9850
- L =1.0018
M =2.0000 M =1.9894

L —1.0000

oo

M =1.6405 W @ p£:1.0018

pL:1.7066\‘\—\&\_‘\:;‘\
. ) > N\
* Almost straight back .. But not quite N

» Unequal velocity above and below exit center stream line called
“slip line” .. Region of unequal entropy ... another flow discontinuity

33
MAE 5420 - Compressible Fluid Flow



Stephen Whitmore



UtahState e
Far Field Flow Conditions

e What happens in “far field”

Shock and expansion waves interact to produce net
down wash (we’ll get to this later)

* Momentum defects caused by lift and drag of plate

34

MAE 5420 - Compressible Fluid Flow
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Far Field

Return to Integral Momentum Equation

For 1-D flow

D:—F; :|:I’}’lc><,‘/c><> +p°°A°°i|_|:me‘/e —|—peAe:|:

A

A, fpoo (1 + yMooz ) = D exit (1 T yMexitz)

e

35
MAE 5420 - Compressible Fluid Flow
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Far Field Flow Conditions
* What happens 1n “far field”

Shock and expansion waves interact to produce net
down wash (we’ll get to this later)

* Momentum defects caused by lift and drag of plate

C = Drag _ I: 1+7’M :I |:bJ.{|: 1+}/M (y) dy}/A
’ A, jz/pmez 72/pr°°2

C = Drag _ |:bj{|:pbot (y)(l + J/Mb(,f(y))]}dx} — [bj{[pwp (y)(l + },Mmpz(y))}}de
L A672/ M A LM

| AL

e Not quite ready to
do this integral yet A,

MAE 5420 - Compressible Fluid Flow
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Compute Pitching Moment

* At some distance x, from the leading edge, the incremental

aero moment 18
dM = [(pL - pu)bdx]x = dF, = (pL — pu)bdx

Fp

C
M = bj(pL — pu)xdx
0

MAE 5420 - Compressible Fluid Flow V7
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Pitching Moment onco

* Defining Pitching Moment Coefficient as

M

I/£

‘—.»—
><
=

C, =

2

p.V. (bc)c —pooVoo 0

1 2
—p V.7 (b
2Poooo(C)C 5P

Letting u=x/c ---> du = dx/c ---> substituting gives

j pu udu
_poo ' c0

e For a flat plate ( P, — D, ) 1s constant along the plate ...

(po=p)t, . _(=p)uw _1|(P.=p)

1 2 1 2 2|1_5 1 2
—p V<o —p V —p V

C, =

MAE 5420 - Compressible Fluid Flow
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Pitching Moment onco

* For a Flat Plate, the C,; about the leading edge 1s

C, = (fL _p”)cosoc = C, = (fL _p”)sinoc
- 2 - 2
zpwVw 2POOV00
\/CL2 +C,° = (II?L _p”)\/coszoc+sin2a = (II?L ~n.)

—p V? —p V?
2PM 2PM

1
C, =—+/C2+C,’

MLE _5

3
MAE 5420 - Compressible Fluid Flow ’
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Aerodynamic Center

* The Aerodynamic Center is the point on the wing about which all
changes in lift effectively act. In other words when the angle of attack
is increased or decreased the total lift and center of pressure move.
But, the net effect is as though the change in lift happens at the ac.

e For a cambered airfoil aecrodynamic center (a/c) is the point
on the wing about which the coefficient of pitching moment is
Independent of angle-of-attack

» For a symmetrical airfoil, the pitching moment is zero at the aerodynamic
center

4
MAE 5420 - Compressible Fluid Flow !
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Aerodynamic Center conra)

* C,, 1s independent of angle of attack
(zero for symmetric airfoil)

1 1
C, ==C.>+C,} =

MLE _5

(.- p.)

= (p, - p.)=f(@)

1
- V2
ZPWOO

* Using the moment transfer theorem .. At some other point on
the wing

Cy=C, —|C,cosa+C,sincr|=

MAE 5420 - Compressible Fluid Flow
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Aerodynamic Center conra)
e But Lift and Drag Coefficient are

CL=(11?L_p”)cosa:>CD=(fL_p”)sinocU

_ 2 -t 2

zm% zm%
Cy=Cy —[C, cosa+C, sinoc]fz Cy — (fL _p”)coszoc+ (ll?L _p”)sinza d

c 2 2 c
_poovoo _pooVoo
| 2 2 i
e Simplifying
CM:CM _(pL_pu)le\/CLZ_*_CDZ_\/CL2+CD2£:\/CL2+CD2|:1_£:|
" lp V2 C 2 C 2 C
5 PV

42
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Aerodynamic Center conra)
e But Lift and Drag Coefficient are

CL=(11?L_p”)cosa:>CD=(fL_p”)sinocU

_ 2 -t 2

zm% zm%
Cy=Cy —[C, cosa+C, sinoc]fz Cy — (fL _p”)coszoc+ (ll?L _p”)sinza d

c 2 2 c
_poovoo _pooVoo
| 2 2 i
e Simplifying
CM:CM _(pL_pu)le\/CLZ_*_CDZ_\/CL2+CD2£:\/CL2+CD2|:1_£:|
" lp V2 C 2 C 2 C
5 PV

43
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Aerodynamic Center conra)

* At the aerodynamic center C,, 18
independent of angle of attack (zero for symmetric airfoil)

A4

>
1
|

0=,/C,2+C,>

* Supersonically, the mean aerodynamic center 1s at the
half-chord point

44
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Aerodynamic Center conra)

. Th
Aerodynamic Center Moves Back This Result makes Complete sense

In Supersonic Flight

e Half-chord is the balance
& m Point for the pressure distribution
In subsonic flight the aerodynamic center is at
the 25% chord point.

AP
Vi v ~
/ f/' ~ . -~
e /4/—/7’";5/ >
e
‘ — | Yy
de’
In supersonic flight the aerodynamic center is i — //}/"’ pu
the 50% chord point. - _ ] é E-':s
Lrd

LR N Pi o
\ \‘(\&/

co poo \

M

MAE 5420 - Compressible Fluid Flow >
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Aerodynamic Center conra)
e Verify Result Numerically for Our Example

e Moment about leading edge

1 xdx xdx 1.7066—0.54796 ¢ x dx
CM: 1 J(pL—pu)__:J(CPL_CPu)_ = 14 — =
_p V 2 0 C C 0 C C '_(22) 0 C C
Pt 2
0.41381 L[ = 2 . =[0.2069
. o\e )| = Check!
0
1 2 2 1 2 2
=C, =5\/CL +C, :5\/[0.4075 +0.07186> | = [0.2069

46

MAE 5420 - Compressible Fluid Flow




UtahState . @
universiTY  Aerodynamic Center cona)

e Verify Result Numerically for Our Example

* Plot Moment about leading edge and about center chord x/c=1/2 ... for our example

03— |
0.2069
X Moment about L.E
°* momen \
about c¢/2 \
integrates to zero _
2 0.00
=
"~ Mofnent about Center chord
. I:I!I:I I:I!1 I:I!Z I:I!E I:I!-'-i- }I{:Il:rﬁc III!E- I:I!T I:I!E I:I!'E' 1!'3
47
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Aerodynamic Center conra)
 Contrast this result with a subsonic Wing

e You learned about this in
Aerodynamic Center Moves Back MAE 5500: Aerodynamics

In Supersonic Flight

>

In subsonic flight the aerodynamic center is at

In supersonic flight the aerodynamic center is at
the 50% chord point.

48
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e Verify Result Numerically for Subsonic Wing
* Plot Moment about leading edge and about center chord x/c=0.27 ... NACA 12

0.z-

e moment Moment about L.E
about 0.27 ¢ \\ 0.29
integrates to \
Zero g

MOMENT

MAE 5420 - Compressible Fluid Flow »
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“Mach Tuck” Revisited

* Driven by Combat Needs in WWII, Aircraft airspeeds became
increasingly faster.

e P-51s, Spitfires and other types were reaching speeds close to that of
sound, especially in dives to catch, or escape from, the enemy.

* Pilots began to report control difficulties and unexpected problems,
including a strong nose down pitch and a loss of pitch control authority.
Often took all of pilot’s strength to correct. Some did not make it and dove
into the ground, or broke up, as their aircraft exceeded the maximum design
speed.

MAE 5420 - Compressible Fluid Flow >0
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“Mach Tuck” Revisitedioncs

* Nose down pitching moment was a result of Localized Supersonic
Flow and Air Compressibility

» At low speeds airfoils have an aerodynamic center that is

Approximately at the 25% chord point.

In subsonic flight the aerodynamic center is at
the 25% chord point.

* However, as the aircraft moves into supersonic flight the
induced wash ahead of the wing disappears ...

... As aresult the aerodynamic center moves

back to the 50% chord point.

Now we know why! \ 2 ‘

Credit: Selkirk College Professional Aviation Program In supersonic flight the aerodynamic center is at
the 50% chord point.
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Next: Supersonic Flow on
Finite Thickness Wings

Yvy

\/

53

MAE 5420 - Compressible Fluid Flow




