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Section 8, Lecture 1, Supplemental
Effect of Pressure Gradients on Boundary layer
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Displacement and Momentum Thickness
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* Fluid sticks to wall .. Creating boundary layer
e L.ocal thickness is a function of downstream distance

e Local effects (at each x)

-- External streamlines are displaced (displacement thickness, o)
-- Momentum is list to friction (momentum thickness, ®)
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Displacement Thickness

 How are external streamlines displaced by boundary layer?
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Displacement Thickness (2)

e How are external streamlines (ﬁﬂh]ﬂ(‘yﬁd hv hmmdﬂry ]ayer?
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Displacement Thickness (3)

 How are external streamlines displaced by boundary layer?
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Constant a1e2 _._l_j_...,
pressure gned’ o~
@ O u‘s'\‘d'e ,/ |
Stfeam““ ey
u Yo S~ Contro! -
—-—-»ﬂr" volume = ! Bagy
: | uly)
' y Drag force D Flat
U ﬂ‘_ —t i —a_ Plate No-stip
r ————————————
0 e x —
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Displacement Thickness (4)

 How are external streamlines displaced by boundary layer?

Constant v
pressure

e Simplifying ...

(v, = ¥0) = f[u(y)—U]dy—> Y= Yo = I[ —M}dy
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Displacement Thickness (35)

 How are external streamlines displaced by boundary layer?

Yx
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o Defining . 0% = Y- Yo @ yx:5 ... edge of the boundary layer

(. =x)= f[u(y)—U]dy—> 5 = j{ —%}dy

“Displacement Thickness”

MAE 5420 - Compressible Fluid Flow ’




UtahState INtechanicalledrenospac e,
U N I V E R S I T Y Engineering

Momentum Thickness
* Look at the flow near the aft end of a flat plate with span, b

Start with incompressible flow for now ( p = const ) U
— —>

e Mass flow into the small segment

m(y) = p(y)u(y)bdy

y

W o o o P s

e Momentum defect from freestream across
segment dy:

oM,,,.. =m)[U-u®)]
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Momentum Thickness ¢

e Assuming no pressure gradient along plate

Drag = loss in momentum F = 9rm ]
at_ omentum
U »
u(y)» _—_dy % T
. f O
0D =m[U —u(y)|= p|bOy|u(»)|U - u(y)] >|' l

* Integrating across the depth of the boundary layer
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Momentum Thickness g

* Integrating across the depth of the boundary layer

D= pUbj”(y){ “g)}z -

5 N
1 u(y)’d—Y§ T
u(y){ u(y)}dyzsz[%é)[ u(é)} d .

U U

eSSy s AL

D, =%pU2b-(2-®)—> séj”@[ u(ﬂ dg

fric

“momentum thickness”
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Displacement and Momentum Thickness (2)

e Displacement Thickness ...
-- How far external streamlines are displaced by local boundary layer ()

5*=5j[ ug’:)}dé—>|é‘ ;

e Momentum Thickness ...
-- Momentum Loss in Boundary Layer from front of plate to local station, x (®)

5[“@ NG)
U

dg
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Displacement and Momentum Thickness (3)
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Displacement and Momentum Thickness (3)
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e Useful parameter ...

“Shape Parameter”

— Y
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Coordinate normal to the wall
1
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e More on H = = - 0 S H>1 "always"
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LLocal Skin Friction Coetficient and
Total Skin-Drag Coetficient

e Per Earlier Discussion

o Start with Wall Shear Stress

ou
o= u(y)>
w— H
?,
Yy=0
“dynamic viscosity” .
0Dy,
" bdx
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Local Skin Friction Coefficient and
Total Skin-Drag Coefficient (2)

of-rom Earlier derivation of momentum thickness

1 1 ®

D, =—pU’bcC, =—pU°bc2—= pU’b®
fric 2 P D, 2 P C P U -
8D ric 8®
" — pU*h—
Ox Ox u(y)* dTy
“equate and collect” y
0®
7, =pU" — T :aDﬁic
Ox Y box
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I"ocal Skin Friction Coefficient and

Total Skin-Drag Coefficient (3)

*Von Karman Momentum law for boundary layer

T, Ble) T, 50  Valid for flat
b7 2=b.2a_> T T Plate with no
T U _ pU .
2 P 2 pressure gradient

c; — "local skin friction coefficient”

e Contrast with u(y)*>

“Total Plate Skin Drag Coefficient”

D,
fric
CDﬁic = 1 =2

—pU?*-c-b
2P

0(c)
C

L L

Plate length “c”
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Local Skin Friction Coefficient and
Total Skin-Drag Coefficient (4)

c; = =2——1|....c; —"local skin friction coefficient"

1
2  Valid for flat Plate with no

pressure gradient
“Total Plate Skin Drag Coefficient”

D 0() Plate length “c
Cppic = 1 e =2. Cp e = "total skin drag coefficient "
~pU?-c-b ¢
2
L 2 ¢ 0O
... logically ... Cppric = Z_([Cfxdx =; 0 adx
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Local Skin Friction Coefficient and
Total Skin-Drag Coefficient (5)

] Uu@){l_@}dm_d —%(I”,(f){l—@}dﬂ 5(0)
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Local Skin Friction Coefficient and
Total Skin-Drag Coefficient (6)

a® C[u(é)[ u(é)} Vo5 4 o6

ox 15 ox l
: ( ) ( |
Laminar Flow 05 o { 498 J: o) 498 o 1 498 1 249
- ox ox I:Rex :IE Oox |:,DU:|2 2 |:pUT [x]? I:Rex ]E
| u / K

Uy _ 2_(ij
v, |5 \&/ l

_498.x [ 405 4 249 _ 0664
R, T 150x 15 [Rex]; [Rex];

e Similar process for turbulent flow
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Incompressible Flat Plate Summary

Laminar

Uy _ 2_@)2

U i o) o
1.328

CDfric = 1

Turbulent
1
u n
Velocity profile —9 _ (Xj
U o
0.32n
Total Skin (n 4 1)(n N 2)
Drag Coefficient C D = 1
R, J
Local Skin

032n }

‘. [n—lﬂ(nﬂ)(mz)
R

For most applications n =7

Friction Coefficient

MAE 5420 - Compressible Fluid Flow
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Incompressible Flat Plate Summary (2)

Laminar Turbulent
498 -x X
o(x) = —— 1 Boundary Layer Thickness o(x)=0.16 "
[Rex :|2 [Rex ];
; X . 016 x
0 (x)=1.721 [Rex]% Displacement Thickness 0 = [n n 1] [Rex ],11
X 0.16n X
O(x) = 0.664 1 Momentum Thickness Ox) = {( } 1
1 n+1)(n+2) "
[Rex ]2 |:Rex :|
n+2
H=2.592 Shape Parameter H = p
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What Happens when pressure (or velocity)
along plate 1s not constant?

e Modified Von-Karman Momentum Equation

-- Flat Plate (no gradient)

% _¢
OX 2

X

-- with pressure (velocity) gradient

a—®+(2+H)
Ox

®oU ¢
U Ox 2

X
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What Happens when pressure (or velocity)

along plate 1s not constant? (2)

e Write in terms of pressure gradient

I op oU

...Bernoulli .., Pt5pU"=const— - ==pU— =
@_U__Q\(@_p)
Ox kpUJ Ox

8@ (1+H) @ [8p]_6‘fx
OX 2 pU2 OX 2

1
2

MAE 5420 - Compressible Fluid Flow
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What Happens when pressure (or velocity)
along plate 1s not constant? (3)

e Express in terms of local skin friction coefficient

->let B= 7 -

24
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What Happens when pressure (or velocity)
along plate 1s not constant? (4)

* Collect Terms, solve for ¢,

00 1 1 C
=, {5+(H+Ejﬁ}:%|:1+(2H+l)ﬂ:|

With Pressure gradient Flat Plate (no pressure gradient)

0O
% o 00
¢, = ¢, =2—
[1+(2H +1)B ] Ox

MAE 5420 - Compressible Fluid Flow 2
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What Happens when pressure (or velocity)
along plate 1s not constant? (5)

* Apply to Diamond -wedge airfoil P "
00 e | e
ox y
Cc. = D — 4
P [1+(2H +1) 8] <7777
\\ N
op B-0 \\\ \\\\\ \\\\\\\\\\\\
Along lower surface ox T Pro N, NS
ox _p — ﬁ =0 N\
/ |
\
1 c 1 2(-) c/2(+) c
Cp pic =—jcfxdx:— I c; dx+ j c; dx+ j c; dx
¢ 0 ¢ 0 c/2(-) c/2(+)
26
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Apply to Diamond Airfoil

e Along lower surface o
/// s // ﬂ - 1 U2 a
a@ /// ////// /// ///// Ep Cf
ox VA 4
Y 4
C; ‘

[1+(2H +1)8] ~z777%

vy

/’
Z
y/,
7
i
vy

N\ NN\ \ ~
0 AN ~C N
_p = ﬁ = O ap \\ h \\ \\\\
ox Pro >, N
Ox S P _pg_og O
X

1% 00
Cope =7 J 2o J [1+QH+1)B] 3. ox

27
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Apply to Diamond Airfoil (2)

* Evaluate Integrals o
/ / ﬂ = 1 a_
a@ /// ///// /// s 7PU2 "Cr, g
22— ///////// //////////
Ox i A
Y ——
C ¥ .

[1+(2H +1)8] ST

™,
YY Vvy

5p \ N N\ NN
_:ﬁ:O ap N \\ O
Ox —x¢0 N o N
/ az& N
1 c/2(+) 2;)
C.. ==|20 X dx+(20 —-20
Dfic = 2oy T /2{ )[1+(2H+1)ﬂ:| x""( ¢ c/2(+))
28 ~
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Apply to Diamond Airfoil (3)

e Distance from c/2(-) to ¢/2(+) .. Almost infinitesimal

| 1 c/2 288_? ’
Come = S Come ¢ 20t | oy e +(20.-20,) = 70,

* Which is exactly the flat plate formula ... !

* So we see that the pressure gradient due to
The expansion wave has negligible effect on the skin
drag coefficient for this airfoil!

MAE 5420 - Compressible Fluid Flow 2
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Apply to Diamond Airfoil (4)

e Calculate ®. for lower surface, Turbulent flow

2
Cp i 0. @ (x) = 0.16n X

C e )0 2) g 7,

* To “map” to flat plate we
base calculation on
“run length” along surface ....

/ / e
// v / o
7 /// / ////
/ /// S
77 Y
7z z
4
Xpyn = €/COS(Opegge) ~

)

o)
/
/
{/
/
Ay
/
A
/
vy

C”eﬁective” = ¢/ COS(5wedge)

h \ 30
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Apply to Diamond Airfoil (5)

* To calculate drag we apply to BOTH upper and lower surfaces

2 - 0.16n | «x

CDfric ~ ®c @(.x) — 1

C"eﬁ‘ective" (n + 1)(}1 + 2) .

- AR,
* To “map” to flat plate we
base calculation on Xpun = €/COS(Oypeqge)
“run length” along surface .... .~ s
/ s 7 f/‘_f;ff_! |
L7 :

o)
/
/
{/
/
N4
/
/
vy

h \ 31
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e Calculate ®. for lower surface, Turbulent flow

2 - 0.16
~ 16n X
CDfric ~ C ®c @(_x) = 7
" effective" (n + 1)(n + 2) ;
- R, ]
* To account for angle / x
Of attack we use only Xyun = C1COS(Bypige)
Velocity component s Py
Along wing centerline y p
U sinfe) e 7

/ : N

YvY Vvvy

U ~ freestream \ 3
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Apply to Diamond Airfoil (7)

* We have to account for BOTH sides of the wing

p-(Ucosa)- (c / cos(5wedge))
)

Xrun = c/ COS(5wedge) Rec -

2
Drie c/cos(0,.)

2 0.16n 1 COS(8,p40e) 5 0.16n 1
¢/co8(8,,4.)| (n+1)(n+2) [R ]:l T (n+1)(n+2) R ]’11

Yo )
| cos((;wedge ) J " Lb | Cos(gwedge)J

_ Y
Dﬁic :CDﬁic 'Q'Awet :CDfric q- Lb

upper lower |
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e Normalize by planform area (b x c)

o ( L ) +( L )
D , Aw o q L C0S(5wedge )J L C0S(5wedge )J ]
C | ) _ fric _ C . e _ i upper ower | _
( D fric Aptan _ D fric Al B
q" Ay - gb-c
Seon). - 2:Cope [ 4 \{ 0.16n } 1
Dfiic )y . cos(é'wedge) cos(5wedge) (n+1)(n+2) [Rec]%

* Apply compressibility correction
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Summary for Turbulent Flow, n=7

7
(Come)= 1
225:[R.. |’
2. CD fric 14
C ic = =
( o )Aplan Cos(awedge) 225 * COS(5wedge) . [Rec ]%

Referenced
To planform

|: Dypic :|incompressible

|:CDfric lompressibze T ( . \5/2 (T

r.,) (1+c

T ~T. 1+2(y—_1M002)
g 9\ 2

)

+CS\

1
7

— C, =120°K for air
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