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Max Deflection (“Wedge™) Angle and
Detached Shockwaves conra)

Mechanicalcg

Engineering

* from Obligue Shock relations

 2ms(p)-1)
_tan(,B)[2 + M2y + cos(2ﬁ)]]

\
* Necessary condition for maximum: \

0 =tan™’

\ —_

o 2{m2sin’ (5)-1} \
20 L _tan(,B)[2+M1 l:y +cos(2[3)]]_J
_:O:> =0
op op

MAE 5420 - Compressible Fluid Flow
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves oo

. or 1 (&)
e Ch le —|t =
inrule Zplan U = @y o)
1 o)
1+(f®) [5/3] )
1 ( 2| M,*sin® (B)[ 1+ cos(2B) ]+ M > (2cos(2B) +y —1)+2 |
1{ 2{M?sin*(B)-1} }L sin” (B)[ 2+ M, [y +cos(28)]]
tan(B)| 2+ M,* [y +cos(2) ] K

/
I

2| M,*sin*(B)[1+7 cos(2B) ]+ M*(2cos(28) +7 -1)+2]( 1 )
(tan(ﬁ)[Z + M2y + cos(2,8):|])2 + (2{M12 sin’(B) - 1})2 LCOSZ (.B)J

MAE 5420 - Compressible Fluid Flow
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves oo

* Necessary condition for maximum:

2[M14 sin” (ﬂ)[l +y cos(2ﬁ)]+ M12(2003(2ﬁ)+ Y — 1)+ 2]( 1
(tan(ﬁ)[Z + My + cos(Zﬂ):l:)2 +(2{M12 sin’(B) - 1})2 LCOSZ (B)

= 2| M,*sin*(B)[1+7 cos(2B) |+ M* (2cos(2B) +y —1)+2 ] =0

)
J=O

—
m—
—
——
—
=
—
—
—
e
—
Ay
==
—

* Plug in and simplify

MAE 5420 - Compressible Fluid Flow
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves oo

* Necessary condition for maximum:

4 2 1 2 ) 2
_%Ml [cos(2,3):| +5M1 (M1 (y—l)+4)cos(2ﬁ)+|:2+M1 (y—l)]zO

e Second Order Equation Solve for cos(2[) /
I
(M2 D) +4)-\16(7 +D+8M P (y* 1)+ M (v +1)°

cos(2fB) =
( ﬁ)l ’l 2}’]‘412
(M2 —D+4)+16( + D +8M (> 1)+ M, (v +17
cos(2p), = Ve
YM,
Which Root?

MAE 5420 - Compressible Fluid Flow 8
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves (cont'd)

Root 1

%13‘
e . =12
2 ~\_a%EH_%11 7

y—l 05 pesungg

=
.
| .. ‘ i |

—
.

MP(y —1D+4)-J16(y +D)+8M*(y* - 1)+ M, (y +1)°
COS(Zﬂ)I:( ! ) \/ yzyMz ! !

| |
10 1.2 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52
Mach Number
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves oo

Root 2

(Mlz(y -+ 4)+ J16(y +1)+8M 2y — 1)+ M, (y +1)
27M12

ROOT 2

Root 1 1s Proper root

1.0-) 1 1 I 1 1 1 1 I 1 I I I I I I 1 I 1 1 1 [
10 1.2 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52

Mach Numb

ICos(2 Beto)ll must be < 1
MAE 5420 - Compressible Fluid Flow ( ) 10
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ﬁmax -

0

max

Max Detlection (“Wedge™) Angle and

Mechanicalcg

Detached Shockwaves coa

Engineering

1| (M2 -1)+4) = 160G + D+ 8M (¢ — 1)+ M (y +1)
ECOS 2)/M12
T 2 {M % sin” ( B, j— 1}

tan(,B,,m)[2 + M’ [7’ + Cos(zﬂmax)ﬂ

e Explicit Solution for maximum wedge angle

MAE 5420 - Compressible Fluid Flow
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Max Detlection (“Wedge™) Angle and
Detached Shockwaves o

Theta Max, deg.

2y M ?

O'O-l I I | I I I I I I 1 I I I I I I I I I I 1
10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52
Mach Number

12

MAE 5420 - Compressible Fluid Flow



Stephen Whitmore

Stephen Whitmore


Stephen Whitmore



Engineering

MechaniCallGdrien oS pac e,
Max Detlection (“Wedge”) Angle o

UtahState
UNIVERSITY

13

— - z.n
...
-
-- J f
f¥ \
| -
/
| N -~ O
3 ) ~ -
J) s B

2.0

theta, deg.




UtahState

UNIVERSITY

Criterion for Detached Shock Wave

e Maximum Wedge Angle, THETO .«

0

INTechSnicS)edrenos S ce)

Engineering

[ (2 -+ 4)-Ji6G + D+ 8M2G7 D+ MG+ 1)

2yM}?

2{M12 sin” (,Bmax) — 1}

_tan(,Bmax)[2 +M,’ [7 + cos(Zﬁmax):H

_MAE 5420 - Compressible Fluid Flow
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Flow Across Detached Shock Wave
/# >

> > > > > £ /[ e What Happens Behind

/ Vet Detached Shock Wave
: 9% e Mach 2.0

) > 15

MAE 5420 - Compressible F wuid Flow
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Criterion for Sonic Point Behind

Petached Shock
 from oblique shock theory
_ Mn, (1+(7 1)(M1 sinﬁ)z]
M, =— 2
in(p-0) Mo
\[y(Mlsinﬁ) - ]

e Along sonic line .... M,=1

/ (1+(7/2_1)(M1 S;I,B)z)

sin’(B-0)=
{y (M1 sin,B)2 — (7/2_1))

MAE 5420 - Compressible Fluid Flow 1
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Criterion for Sonic Point Behind
Detached Shock conra

e But from derivations of section 6 ....

an(p—0) (2+(r—1)[M,sin(p)])

Mechanicalcg

Engimeering

tan(B) ~  (y+1)[M,sin(B)]

(6 an(B)(2+(y 1) M,sin(8)] ) )

(}//drd)l_'Ml sin(ﬁ)]2
\ ¥ tan(ﬂ)(2+(y —1)[M1 sin(ﬁ)]z)

2

sin(8—0) = cos(B-0)

(y +1)[M1 sin(,B)]

MAE 5420 - Compressible Fluid Flow 8
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Criterion for Sonic Point Behind
Detached Shock conra

e Square both sides

sin’(8—0) = cos*(B-0)

sin’(B—0)=|1-sin’(B-0) |

e Solve for sin? (/3 — 9)

19

MAE 5420 - Compressible Fluid Flow
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Criterion for Sonic Point Behind
Detached Shock conra

» Solve for sin’ (ﬁ - 9)

Cwan(B)(2+(y )M, sin(8) ) |

_tan(ﬁ)(2+(y _1)|:M1 Sin(ﬂ)]z)

1+ >

(y +1)|:M1 sin(ﬁ)]

2

:((y 1)[M,sin(B)]') +]tan(p)

sin?(B-0) =

2

(y +1)|:M1 sin(ﬂ)]

[2 +(y-1)[ M, sin(ﬁ’)]z)ﬂsin2 (B-6)=

tan(B)(2+(r - 1)[ M, sin(8) )]

/_

[tan([})(2+(y ~1)[ M, sin(ﬁ)]zﬂz

sin®(B—0) =
|

(7 + D[ M,sin(B)T ) +| wan(p)(2+(y - 1) M, sin(,[)’)]z)T

2

MAE 5420 - Compressible Fluid Flow

20
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Criterion for Sonic Point Behind
Detached Shock conra

e Compare Equations

Sonic Point [ . (7/2—1) (M, sin 'B)zj
sinz(ﬂ—H):( -1
k)/ (M1 sin,B)2 — sz
General Oblique shock ,
' (5-0)- an(B)(2+(y ~1)[ M,sin(B)] )
[((y 1) Mysin(B)T ) +[ n(B)(2+(r 1) M, sin(ﬁ)f)ﬂ

MAE 5420 - Compressible Fluid Flow 21




Ptahdtate . | o
Criterion for Sonic Point Behind

Detached Shock oo

* Eliminate sin” ( p—-06 )

[ (y-1 L) e Implicit function for B at “sonic line”
k1+( > )(Mlsmﬁ)z)

( . 1)) 5 :

7(M,sin ) —(72) | OK ... LET’S SOLVE FOR B

2

[tan(ﬂ)(Z + (y — 1)[M1 sin(,B)jz )}
(w507 e+t 057 |

MAE 5420 - Compressible Fluid Flow 2
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Detached Shock oo

e factor out cos(f3) from tan([3)

(1 + (v 2— 1)(M1 sin/})2) l:((y +1)[M,sin(B)] )2 N [tan(ﬂ)(z (-1 M, sin(ﬁ)]z)T} _

2

[y (M, sin " - (y - 1)] [tan( ﬂ)(z +(y-1[M, sin(ﬂ)]Zﬂ >

2

2

(1 + @(Ml sinﬂ)zj [cos2 B)((y +1)[M,sin(B)] )2 + sin’ ([3)[(2 +(y -1 M, Sin(ﬂ):lz)ir:l _
i (8) 7 (s ) =) [(2r 1) m,sin(9)T ]

* But cos?(B) = 1 - sin?(P)

MAE 5420 - Compressible Fluid Flow 2
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Criterion for Sonic Point Behmd

Detached Shock conro
. Substituting in cos?(B) =1 - sin?(P)

2

(0 J[D—smz B+ 00msin(8)T ) +sin* ()] (2+ D[ msin()T )] |-

2

sinz(,B)Ly sinB)’ 2 J[( (y -1 M, s1n(ﬁ):|2)_

e Expand and Collect terms in sin?(3)

(o -1 sin® B) {75 a8y 477 - 1)on o sin® B+

M12{2(}/2 —y=2)+(y +1)° M, }(sm ﬁ)+2(y +1)=0

e CUBIC Polynomial in sin*([3)

MAE 5420 - Compressible Fluid Flow 24
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e 3-explicit solutions to polynomial

B 2
- . 2(ﬁ)- h (y_l)Mlz
sin

S G )M - 16y + (-3 M+ (r )M, T
< _sin (ﬁ)_2 = < 4yM 2 >

sin?(B) 1 2
- 3 (y—3)M12+(y+1)M14+\/16yM14+|:(}’—3)M12+(}'+1)M14:|

4y M’

* Which one 1s correct?

MAE 5420 - Compressible Fluid Flow 2
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Detached Shock oo

e Solution 1

2
V_I)Mlz

[sin2 (,B)]1 # :

e Mathematically impossible for real valued beta!

MAE 5420 - Compressible Fluid Flow 26
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Detached Shock onra)

e Solution 2

(7_3)M‘2+(7+1)M14_\/167M14+|:(7—3)M12+(y+1)M14:|2

[ sin?( ;3)]2 ? =

B 4 5
-0.1} M,

-0.2|
~0.3}

Root 2 | * Always <0
<( _0'4E

, 05| Still mathematically impossible

e Plotit fory=1.4| _g ¢} For real beta

-0.7

MAE 5420 - Compressible Fluid Flow 21
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e Solution 3

[sinz( ﬁ)l =

INTechSnicS)edrenos S ce)

Engimeering

Criterion for Sonic Point Behind

Detached Shock oo

(y =3)M+(y +1)M,* + \/16yM1“ +(r-3)M?>+(y +1)M* |

2

Root 3

e Plot it for y=1.4

MAE 5420 - Compressible Fluid . .

0.88}

0

0.9}

.86 |
.84 |

.82}

47’M14

e Obviously the “correct solution”

uw

2 3 4 2
V "

78
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e Sonic Line Solution

I
: 180 . \/(7 =3)M 7 +(y +1)M, +\/167M1“ [y -3)M+(y+ )M T
47M14

e Check Sﬁ()ck I\{elations
l [ r [ i L ' 7t l n\\
o] ct ’Y=1 ,4, M1=2_O !LJI MG 8 :L\\\\\\

ﬁ = 180 [((1'4_3) () + (14+1)2%) + (16:142% + ((14-3) (22) + (1.4+1)2“)2)0'5)0.5
somic 5 4.14.2°

=61.4854°

MAE 5420 - Compressible Fluid Flow 2
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Criterion for Sonic Point Behind
Detached Shock cora)

* Compute Wedge Angle
\

v
B .. =614854°

— — — — — — — — — — — — — — — — — — — — — — m— — — — — — — — — — — — — —

i tan(0 ) = i
: ( Sonic tan(ﬂ)[Z + Ml2 [y + cos(2,3)]] |
e e c e e e ——————— Somiz_ _ _i

( 2 .o T A
. 2(2* (sin (@ 614854)) - 1)
— atan =22.706
S (tan (ﬁ) 614854) ) (2 +2>(14 + cos (2%) 614854) ) ) )

MAE 5420 - Compressible Fluid Flow 30
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Criterion for Sonic Point Behind
D@taChEd ShOCk (cont’d)

* Compute Mn,

ﬁsonic = 61.4854° (1 N (}' 2_ 1)(M1 Sinﬁ)2]

( 1+1'42_1 ((Z(Sin (%)61.4854)))1 1
U-“((z(Sin (i61.4854)))2j _{4-n

180 >

I
I
=
A
(O
o)\
(O

MAE 5420 - Compressible Fluid Flow !
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Criterion for Sonic Point Behind

Detached Shock oo

e Compute M, Downstream of Shock

Boonic = 6148540 0 =22.706° Mn, =0.6263

0.62632
Mn,

N sin(8 - 6) " sin (ﬁ) (614854 —22.706) )

M,

=1.0000 check!

MAE 5420 - Compressible Fluid Flow 32
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Detached Shock (cont’d)

Beta, deq.

33

I I [ I
10.0 15.0 200 23.0 30.0

theta, deqg.
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IMechanicSlcdrerosSpace]

Engineering

luded
/ >(concu ed)

- >

MAE 5420 - Compressible Fluid Flow

— > > > > > > > P.g
o > /
ot ﬁ: Weak/Strong
: Shock Boundary
d e
b .... $$$ ........................................
%45 A et
s e
B b S s
Moo< M2<1 $$$ S\so.0-
e QL

0'O-I 1 I I I I I I I 1 I I I I I I I
00 25 S0 75 100 125 150 175 200 225 250 275 300 325 350 375 400

theta, deg.



Stephen Whitmore


UtahState e lasnicSlog
U N I V E R S I T Y Engineering

Detached Wave Standoff Distance
— > - » > > > > »6 / >— >
g
> > > > > £/
M:>1
d
> > > c-
byl
Y * Next piece of puzzle is the
Moo< M<1 “standoff distance”

Of shockwave

- >

MAE 5420 - Compressible Fluid Flow 3
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(cont’d)

e Complex Theory .. But simple approximations are possible

e Curve fit of N/S
equations

=P
P,

f(e)= 8[38+ 1.66”* —(3e)"* + 1]
o  f(e)

R 1-f(e)

* Ref: Hypersonic
Flow Theory
Hayes and Probstein,
Academic press, 1959 36
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Detached Wave Standoff Distance

(cont’d)

e Complex Theory .. But simple approximations are possible

o Circular cylinder

* Sphere

Sonic line
/s
~o 1

1 2 3 © 4 5 6
Free stream Mach number, M,

MAE 5420 - Compressible Fluid Flow

7

8

Data From:

Solomon, G. E., Shock Wave Detachment

Distances for Plane and Axially Symmetric
Flow, NACA Tech Note 3213 (1952)

Correlations by:

Billig, F., S., "Shock Wave Shapes
Around Spherical- and Cylindrical-
Nosed Bodies," Journal of Spacecraft
and Rockets, Vol 4., No. 6, June 1967,
pp 822-823.

Cylinder-Wedge,

T~

/Sphere -Cone, air

y=14

“Best simple correlation™ available

37
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2-D Shock Wave Shape
e Extending the Correlations by Billig

-- 2-D Shockwave (cylinder-wedge) tan(6) = 2{M;’sin’ (B) -1}

tan(ﬁ)[Z + M2y + cos(Zﬂ)ﬂ
Stand - Off - Distance /
4.67
........ S _0.193-¢"
D
Radius — of — Curvature
1.8
......... R o 0.693. 6"
D
Shape
( 2,2 A
)
1 R,
.......... x=—D+06-R :
2 tan” 3

MAE 5420 - Compressible Fluid Flow



Stephen Whitmore


UtahState INtechanicsladhienospIce,
U N I V E R S ' T Y Engineering

3-D Shock Wave Shape
» Extending the Correlations by Billig

-- 3-D Shockwave (sphere-cone)

Stand - Off - Distance

3.24
........ o _ 0.0715-e™
D

Radius — of — Curvature
0.54

MAE 5420 - Compressible Fluid Flow
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uNIvERSIT3_) Shock Wave Shape conra)

® 3-D Shockwave (sphere-cone) Correlations by Bllllg

FLUENY 7™M Fluent Inc

5.00e+00
5. 76e+00
5.:58e+00
5.4 e+00
§.23e+00
5.1)5e+00
4.:37 e+00
4.39e+00
4.:51e+00
4.33e+00
3. 15e+00
3.138e+00
3.30e+00
3.32e+00
3.%e+00
3.26e+00
3.)8e+00
231e+00
2.73e+00
2.:55e+00
2.37e+00
2.19e+00
2.)1e+00
1.24e+00
1.36e+00
1.48e+00
1.30e+00
1.12e+00
9.33e-01

7 .135e-01

5.36e-01

4.1)8e-01

2.2Qe.01

51)6e-02

Contours ot Mach Number

Nov 02, 2006
FLUENT 6.2 (3d, dp, coupled exp)

Engineering

e CEV Mach 6
Shock wave
image

40
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Collected Expressions for Detached Shockwave

* Boundary Between Strong and Weak Shock
(M2 -1 +4)-\16(7 + 1)+ 8M (> - 1)+ M *(y +1)
2}'M12

.
= —COS
B =

e Wave A—ngle at Sonic Line

B . = @Sm—l \/(}’ - 3)M12 +(y + l)Ml4 + \/16}’M14 + [(}’ - 3)M12 +(y N 1)M14 ]2
sonic ~ 4YM14

* Shock Wave Offset Distanc‘¢

\ 304

4.67 v ) .
5 2 i CpM,
_20.193.6Moo D =0.0715-¢

D 2-D 3-D

MAE 5420 - Compressible Fluid Flow H
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Collected Expressions for
Detached Shockwaves oo

* from Obligue Shock relations

0 =tan™ _ 2 {M12 sin” (ﬁ)— 1} _

-l i tan( m)[2 + M/’ [7 T COS@@)H

___________________________________________

. R . . . . R . . . R . . R . . — e — — — — . —

MAE 5420 - Compressible Fluid Flow
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Applies for both Beta_max and Beta_sonic

Stephen Whitmore
max
sonic
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max
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Surface Conditions behind
detached shock wave: sonic point

- .

g

R %

M2>1

P

AR AR A,
b/ w ;fj:_i:-}j-}.: /f$$$$$$$$$$
Al A R R

Mo< VIR ARARAR

SRR R AR
\\\\

#‘{{ﬁ

-y »>

LR
MAE 5420 - Compressible Fluid Flow

N,
4‘(“?’

PRI ARRR R

e Find Surface
Point where M=1

e Behind Shock at Sonic Point

e M=1.0

42
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detached shock wave: sonic point (cowa
e Example: Mach 4.0 flow across parabolic cylinder

(y -3)M>+(y +1)M* +\/16yM14 +|:(y -3IM +(y +1)M,* ]2 —
47M14

180 sin ((((14=3) (42) + (14 +1)4% + (16144 + ((14-3) (4%) + (14+1) 492" /a.14.4% 105)
T

= 65.256°

MAE 5420 - Compressible Fluid Flow -
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UNIVERSITY

Surface Conditions behind

detached shock wave: sonic point cona)
e Example: Mach 4.0 flow across parabolic cylinder

2{Msin*(B,,..) -1}

Engineering

tan (Hsonic ) -

2 (42 (sin? (%) 65256)) — 1)

(tan (%) 65256) ) (2 +47 (14 + cos (1% 65.256) ))

= 37.753°

MAE 5420 - Compressible Fluid Flow
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uNniversiTY  Qurface Conditions behind e

detached shock wave: sonic point (cowa
e Example: Mach 8.0 flow across parabolic cylinder

MAE 5420 - Compressible Fluid Flow 45
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Newtonian Flow Analysis

eNewton had an Often unrecognized original contribution to
Fluid Mechanics .... Propositions 34 and 35 in “Principia...”

* “Impact Theory” \

-V _-sinf
(a)

F

impact

\
= change in momentum =r-V_-sin0 "

=p, -V, (Asin@)-V, -sinf=p, -V, * A-sin° 0

46

— F

impact
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Engimeering

UNIVERSITY

Newtonian Flow Analysis ,,

F

impact

A

F

impact

=p,-V, -A-sin’0—|p(0)=

+p, :pw-sz -sin29+pw

Newton Ignores the random

motion of the molecules and

Considers only the linear or
translational motion

e et I 11 B S |

_ _poo.Vooz.Sinze—l_poo_poo_ « 2
CP(G)—1 V2_ : o =2-.5in° 6
5,000 0 EPOO .

MAE 5420 - Compressible Fluid Flow
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Newtonian Flow Analysis ,

C 9=p(9)_p°°=2-sin29
(0)= 207y
_pOO.VOO \
2 N
\A
\\ >

N\
What happens in Newtonian Model when

N\

9 = 90" ?Cp(900)=2-sin2(900)=2\\\
S
But for direct impact ... N .
p(900)=PO—>Cp(9OO)= b =P ;Cp !
lp .V2 o
27" 7 8

MAE 5420 - Compressible Fluid Flow
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Newtonian Flow Analysis 4,

Schematic of the Bow Shock near the Stagnation Point

/

c,(90°) = =P= =

1 2 P max Real Gas Effects Significant
~ P V. e
Po, T
Qu Pt _CpMax=% = f(Mw, T« Equlibrium Gas Energy, State Equations )
Mo>> 1
/ ” \\\\\\‘x -
e, B
Cp . (PO2_poo) _(P02_poo)_ 1 < ( 2 Moo 1\
max 1 o B (L\
I EPooVooz | %pooMoo2 %Moo2 ( 2}/ M 2 ()/ —I)NLY_IJ
r+)"" " (r+1)) |

MAE 5420 - Compressible Fluid Flow
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Newtonian Flow Analysis s,

B
1 [yzﬂszj a
Cpmax= 14 2< (1) -Ir
EMOO ( 2y M ) (y—l)\k}'—lJ
L (¥ +1) y+1)} J

|45

1.8-

C,(90°)= bh=r. _c

1.6-

1.5-

CpMax

z <2alwaysfor Y = 14

J I I I | | | | | |
00 05 10 15 20 25 30 35 40 45 50 50
Mi
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UNIVERSITY  “NNodified Newtonian Flow”

1.9-

1425

1B

EI?G‘I?PPI‘I-I

1 d==

1.5-

CpMax

1.4-

1.3-

1745

Lees, Cal Tech, GALCIT 1955.
1

I I [
oo 05 10 1.

N J.--.--.-
1.0-] I I I I I I I
S 2.0 Fal 3.0 395 4.0 45 S.0

M1

g
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Engineering

[
N

p (9) o poo « 2
C,(0)= T o =C, -sin°6
2 pOO o0
Often convenient to express model in terms of a Polar surface coordinate
®=90°-6
C,(®)= ”1(6) P=_c, sin*(90°-0)=
—p, - Voo2
2
C, -[sin(900) -cos (@) —sin(®)- cos (900 )T
p(®)-p.
=C,(0)= 1( ) : =C, -cos’(0)
5,000 Ve

MAE 5420 - Compressible Fluid Flow

52



Stephen Whitmore



UtahState o , rEEETiee] & A e e
university: Moditied Newtonian Flow 3

Expressed in terms of pressure ratio

c,©)-20P ¢ cor(e)= O P cos(e)
PV, Y p. M’
2 2
_p(®) :1+Z-MOO2 .C, -cos’(0)
Py 2 -

S
[
\

0O =90 -

53
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university: Moditied Newtonian Flow 4

INtechanicallEdAenospac e,

Engineering

r(®)-p,
:>Cp(®)= 1( ) ) =C
EPOO'VOO

. COS” (@)
V~

~

p max

S
9

“equivalent to infinite
Mach number
assumption”

e As derived 1n section 3

%_V(V_I)Mz

e 2

\

~
\

For Newtonian model ... Newton
Ignores the random motion of the
molecules and Considers only the linear
or translational motion

Mach number is a measure of the ratio of the fluid
Kinetic energy to the fluid internal energy (direct
motion To random thermal motion of gas
molecules) -- Fundamental Parameter of
Compressible Flow --

54
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UNIVERSITY Example 3

* Example: Cylindrically Blunted 2-D wedge, MOO:IO.O, 1-cm Radius

e Map conditions at three points along shock

M:>1
/ 1) Far field (g)... “tangent wedge”
/» /% >2) Sonic Point (d)

Lt AR
bj o ARARZS 3) Stagnation Point (a
sy Y S “

R AR R R R,

M SIS
R
LR R
2 LLLLAA
*-.,‘.‘.

- >

MAE 5420 - Compressible Fluid Flow
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Example 3 )

e Example Cylindrically - Blunted 2-D wedge, MOO=10.O I-cm Radius

e For far field point ok

. 5
Draw Shockwave using B

(€4 9 . ’ @&}‘/vﬁ&ﬁc t\ M o
tangent wedge” as guide - / 5950 e

L / on &g 0,\® st

P s e \ 0 3“’ -

f'ﬁ{a I ST

P Local deflection | f0F point &, with

| % sagle of Sariace deflection angle 6,
‘d—"‘\ 1/// -
///////// Actual body
-

C g\ i it

MAE 5420 - Compressible Fluid Flow >0
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UtahState e e B
UNIVERSITY Example 3 3)

e Example Cylindrically ' Blunted 2-D wedge, MOO=10.O I-cm Radius

e Draw Shockwave using “tangent wedge” as guide

/
Fiom oblique P 2wedge

sh?Ck wave theorj’/

. ﬂ corresponding to 10 deg wedge angle at Mach 10.0 e Assume ]/ =14
\

MAE 5420 - Compressible Fluid Flow o7
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Example 3: Sonic Point Surface Conditions
behind detached shock wave:

/F >

— > > > > > >®
[)

Sonic Point

2008

<
"

20
WSS

y
J Y ;
AR

MAE 5420 - Compressible Fluid Flow
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Example 3 )

e Compute Standofif Distance
4.67

—=0.193-e"~ = 1 752

4.67
) wz_ 2-1-0.193 exp(
D

) 0.4044 cm

e Compute Sonic Point on Shock

180 \/(y )M +(y +1)M,* + \/16yM4+|:y 3)M,? (y+1M]
ﬁ sonic = _Sm

4y M, 4
= 67.335 deg.

T

e Compute Sonic Point on Surface

) _ 2 {M12 sin” (ﬂsonic) B 1}

wonic ) = ( ﬁsom-c)[Z RpYE [y oo (2,3)]} = 44 428 deg.

MAE 5420 - Compressible Fluid Flow >
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UNIVERSITY Example 3 (conta)

( 2

[}/ +1|:M sm ﬂsonic):lz)( g

, €M

>
0.4044 cm
44 4285 deg

60
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Engimeering

Surface Conditions behind

detached shock wave

. stagnation pPoint (cowad

«’—"—’

AR f
AT A,
N 9599992227
4{%@’&"’?“"’#‘"

&5

{/

/f

AR
Il

;35:;-;:;-fiffzzj??

N
NS

N

SIS
RSINNS

ANNNS:

3

A8
AN

/

-y »>

MAE 5420 - Compressible Fluid Flow

A

SRR

e Treat as normal shockwave

e

POstag iy

Py

61
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UNIVERSITYP

INtechanicallEdAenospac e,

Engineering

lot Conditions along detached shock

MAE 5420 - Compressible Fluid Flow

summary A = 10.0
| Point beta, theta, 90° p
on deg deg theta L0
Shock ﬁ 9 @ D..
a 90° 90° 0° 129.21
d 67.34° 44.43° 45.57° 64.16
g 14.43°  10° 80° 6.075
62




UtahState o Pz > e
universiTY  Qurface Conditions behind

detached shock wave: Mach 10.0

130- | | | Modified Newtonian Theory
120-} Oblique Shock Wave Theory -
L e e e e e

90-} ] | LG)):1+Z-M002-Cp -cosz(®)
! ‘ poo 2 max

100~}

p/Pinf

50_ | 4 |
40- | ¢
Ay | Good agreement at
20- High Mach numbers! ®=90°-0
10-§ | : | |
0- 1 1 |
I | I I I I I I | I |
0 10 20 30 40 50 60 70 80 90 100

MAE 5420 - Compressible Fluid Flow 03
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UtahState INtechanicalledrenospac e,
U N I V E R S I T YR ngineering

epeat Oblique Shock Calculations at

M, =3
> > > > / S .
g Point beta, theta, 90 p
/ on deg deg  theta L0

. _ ty ‘ Shock ﬁ 9 @ D..

/ s | a 900 90° 00 1206

d 63.77° 34.01° 55.99° 5.8

g 27.38° 10° 80° 2.05

MAE 5420 - Compressible Fluid Flow o4
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Surface Conditions behind
detached shock wave: Mach 3.0

Modified Newtonian Theory
Oblique Shock Wave Theory -

13-

12-

11-

p/Pinf
T

+ ESfasmmssssssmssssssssssisst | ®=90°—-0
3-mmf Comparison is not nearly EEsaea== SE=s==s
2- as good? Why?

I I I I
0 10 20 30 40 50 60 70 80 90 100

THETA, deg
® 65

MAE 5420 - Compressible Fluid Flow
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@
CNIVERSITY  Surface Conditions behind

detached shock wave: Mach 3

13-

Modified Newtonian Theory
Oblique Shock Wave Theory -
11-1 , , ‘ | 'Calibrated' Nwtonin Theoy

10 | | | | |
8=O°OO

Po _1+Lm ¢y, | cos’ @+ &sin’ @ |
& V.. 2

12-

p/Pinf

T.. ... s o1 | — & = "calibration" =~ 0.074
.1 “calibrated” flow & mmmam | _ -
>4 With curve fit = -

¥

1-) 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
THETA, deg

MAE 5420 - Compressible Fluid Flow 06
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i ) el o I
Surface Conditions behind

detached shock wave: Surface plot

* In limit as M->infinity Modified Newtonian flow model 1s
A good descriptor of the local surface pressures

Po _ 1+ ZMooszMax cos’ @

Do 2

e At lower Mach numbers we include a “calibration” term

@ — 14 g M _*. C, -[cos2 (®)+8 . sin” (@)}
pOO

MAE 5420 - Compressible Fluid Flow o1
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UNIVERSITY

Modified Newtonian Flow, Concluded

e “Calibrated Newtonian Flow”
Semi-empirical model
Valid for very high speeds, 3-D
And 2-D blunt bodies ... accurate o

For both sonic and supersonic regions
Behind detached shock wave

MAE 5420 - Compressible Fluid Flow

Engineering

e Writing in terms of pressure coefficient
C,(©)=- O _¢  [cos?(@)+e-sin (@)]‘
2 Pa M, Cpmax -lcos2 O+ 5-(1 —cos’ @)l = Cpmax [(1 —8)-0082 @+8]
or. ‘ ‘
Cp (9) _ p(@) ~ Py _ Cpmx -[sinz (9) +&-cos? (9)] = Cpmax [(1 — 5) .sin” (0) + 5]
g. p. M.’ ‘

68
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Calibration Examples: 8-deg Cone

80

1.5 T T 1.5 . '
O Mach =0.40 0 Mach =0.40
O Mach = 0.90 O Mach = 0.90
1.04% & Mach=1.20 1 1.0 < Mach =1.20 -
A Mach = 3.50 A Mach = 3.50
St S5t
Cpc
0 i 0 L
-5t -5t
-1.0 : ' : ' : . . -1.0 : : . : : . .
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
0, deg 0, deg

MAE 5420 - Compressible Fluid Flow
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UtahState INtechsnicSledrienospace)
U NIVER S ITY Engineering

More Calibration Examples

Analytical

* Potential solutions: sphere, cylinder, arbitrary ellipsoid

Wmd Tunnel
8-deg sphere-cone, Rankine half-body, X-33 forebody (M=.3 - 4.75)

e 0,125, 18, and 45-deg sphere cones
e X-33
e X-34
e X-38
e Sphere

Flight Data
* F/A-18 SRA
e F-14

70
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UtahState INtechanicsledhienospace,

UNIVERSITY Engineering
Mach Eftect on Calibration (¢g):

—O— 8-deg cone m X-38
-0~ Rankine half-body A 12.5-degcone
—&— X-33 forebody ¢ 18-deg cone
—0— X-33 Vv 45-deg cone
—V— Hemispherical-capped cylinder 8 Sphere
—#8- 9-deg cone —— F/A-18 SRA
® X-34 / ---F-14
5 - .
_____ d—'"- Newtonian theory
0 -
Em -5¢
-1.0
N
\ I PR S B T B ! A P T R B
-1 1 10

MAE 5420 - Compressible Fluid Flow 71
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UtahState INiechanicsllcdrenospac e,
U N I V E R S I T Y Engineering

Bottom Line

e Even though flow across detached shock wave is
extremely complex and 1s difficult to model
theoretically, 1t turns out that simple engineering models
do a good job with the pressure distribution

e Allow the drag due to detached shock wave to be
estimated using very simple tools

MAE 5420 - Compressible Fluid Flow 7z
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Example Calculation, Blunt Edge Drag

e Consider a 2° angle (0) diamond-wedge wing, 2 meter chord (c),
With A spherically blunted leading edge with a 1 cm radius (R)

-, d=2°
/<1 cm

* Show that in general, the drag coefficient due to the
the blunt leading edge 1is:

MAE 5420 - Compressible Fluid Flow &
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Example Calculation, Blunt Edge Drag ., q

e Use the calibrated Newtonian Model

Cp(®) = Cpyyy | cos’(©) + &sin’*(©) | =C, |(1=¢)-cos’@ +¢

5=2°
1 cm
5=2°
... calculate the leading edge drag coefficient
at M= 3.0 (¢~0.074) AND M_=10.0 (¢~0.00)
e Compare to wave drag coefficient and
skin drag coefficient (referenced to plan area)
for the same conditions at 25 km altitude
74
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EXAMPLE Solution (cont’d)

* Drag Pressure drag on small increment of blunted nose

e Axial component of
pressure force on surface
increment

——

oD, =(p(@)—poo)xcos(@)x[blde@]% & -

ic, - D,y _ (p(@) - poo) x cos (@) x [b X Rd@] _ Cp(@)cos(@)ﬁd(%

c_]oox(bxc) c_loox(bxc) ¢

MAE 5420 - Compressible Fluid Flow 3
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UtahState INTechanicSlEdrRenospace)

EXAMPLE Solution (cont’d)

* Integrate from intersection of bottom surface to
intersection of top surface

P—— e 0=2°
L—_____________________________55;20
) ’

Cp, = [ Cp(@)cos(@);d@
)

MAE 5420 - Compressible Fluid Flow
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EXAMPLE Solution (cont’d)

* Plug in calibrated Newtonian Model

C, = 2f Cp,. [cosz(@)+ esin2(®)]cos(@)§d® =
'(%'
9
Cp,a = [ [cos2 (©)+ 8(1 ~ cos’ (@)))]cos(@))d@ =
=
)
Cp... » f [(1- £)cos’ (0) + 6005(@)]d@

£

MAE 5420 - Compressible Fluid Flow 3
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EXAMPLE Solution (cont’d)

e Evaluate integrals

3]
f cos(0©)dO = ZSin(% - 5) = 2cos(0)

G

; _o|2sin[Z )+ sin[ 38y | =2 !
f cOS (@)d®—2[4sm(2 5)+123m(3(2 5))] 2003(5) 6008(36)

 Substitute into original equation

MAE 5420 - Compressible Fluid Flow 30
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EXAMPLE Solution (cont’d)

eSimplify
3
Cp, =Crmn— [ [(- e)cos’(©) +ecos(©)]dO =
¢ T
(5-2)
Cpmaxﬁ(l — s)lécos(é) - lcos(3c3) +2¢ecos(d) = CpmaX£[3 te cos(d) + i 1003(35)]
c 2 6 c| 2 6
/
‘/
¥ R[3+¢ -1 '

CDLE=CpmaXC > cos(é)+ 7 cos(36)

MAE 5420 - Compressible Fluid Flow 37



EXAMPLE

Stephen Whitmore



UtahState INechanic3)edrenospace)

EXAMPLE Solution (cont’d)

* Compute Leading edge drag at Mach 3.0

e Cpypux = 175571, € =0.074, 8=2°, P=0.01 m, c=2.0 m

X -3+gcos(6)+ cos(35)-
c| 2

-1

CD LE = Cp max

1.75571 <O—§1> < 3 +(;O74) COS <%) 2) + 0'072 -1 COS <%}32>>

=0.012137

38
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UNIVERSITY Srammesring
EXAMPLE  Solution g
* Compute Wave Coefficient at Mach 3.0

* Wave Drag -- a =0

0.00173

e Wave Cp=
0.00173

39
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EXAMPLE Solution (cont’d)

|10.0037655-2

2.62815E+6

- ll - - V -
)| veloo
| E—
I[ -
][ -— - -
| -
I[ - -
I
.
E

=0.007531

|

I
L
-
|
|
I.
I

I

Iﬁ'

MAE 5420 - Compressible Fluid Flow 40
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UNIVERSITY
EXAMPLE Solution (cont’d)

* Compute Leading edge drag at Mach 10.0

e Cpypx = 1.83167, € =0.000, 8=2°, P=0.01 m, c=2.0 m

C, =Cp,.. Kl2xe cos(d) + - 1COS(3(S)-
LE C - 2 -
1.83167(0'—;)1> <(3 +2'OOO) cos (%}2) +O'002" L os <%}3-2))
= 0012211

41
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EXAMPLE Solution (cont’d)

e Comparison

e Mach 3.0
Cog = 0012137 —> 56.7%
Coyave = 0.001730
Copie = 0.007531

e Mach 10.0
Cog = 0012211 —> 56.9%
Coyave = 0.000500
Copie = 0.008769

“not negligible”

MAE 5420 - Compressible Fluid Flow 4
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