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Rocket Science 103:

How High will My Rocket Go?

Newton's Laws as
Applied to
"Rocket Science"

... its not just a job ... its an
adventure
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Example Energy Calculation for Suborbital Launch
(Ignore Drag)

himl 4

2 ~ Symmetric
T~ lrajectory

'

H

g0=9.81mlis2
(assumed constant

with height)
\ he
AI/b m :gO ']SP |:1n(1+me):|_gO .Sinelaunch .tburn \ ob

o : ?
P _ Mpropellam‘ .
"M, How High
N ina .
. g 0 Isp . mpropellamt MII my o oi
tburn o ROCket GO? o ( 4 .
thrust 1 |

xb xH x3 X x [m]

MAE 5540 - Propulsion Systems 2



Stephen Whitmore



UtahState INtechanicalledrenospac e,
U N I V E R S I T Y Engineering

Example Energy Calculation for Suborbital Launch o,

Assume 6, = constant, V, =0 — at time t :

—m-t

initial

dh : M. , ,
— E - V(t) . snlelaunch = (go . ]Sp ln( M mia;h .t } N gO . Slnelaunch | t) ) Slnelaunch

initial
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Example Energy Calculation for Suborbital Launch ¢

e After a Lot of Arithmetic (see appendix at end of section for
derivation)

% 3
In{1+ P 1
= g -sinf I -1 " ing
burnout g 0 S launch tburn ) Sp . o P o E 511 launch tburn (
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burnout
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Example Energy Calculation for Suborbital Launch
In the absence of dissipative (drag, etc) forces ... total mechanical energy of rocket
' ping motor burnout ]
— N “Apogee Point”
etic Energy h[m] ‘
2
H y Perfect parabola
4
¢g0=9.81m/s2
(assumed constant
with height)
“Motor Burnout” e
At Motor Burnout ... / N
2
(i) AN
_ burnout 6b
Emech T Mf inal 9 T 8o h burnout o N \ 4
At Apogee Point. ( )2
apogee
Emech — Mfinal 2 + gO ) h apogee
(3] i .
)
~ .o -h ] s
final g 0 apogee 0 b «H 3 X x [m]
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Example Energy Calculation for Suborbital Launch

Equating Total Energy at Burnout and Apogee

2 2
E E (V) (Ve
___mech_ — mech burnout _ apogee _
M - M 2 . * hburnout o 2 . + hapogee - hapogee
Jimal J prnous final apogee go go

Solving for h

apogee
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Example Energy Calculation for Suborbital Launch

How High Will my Rocket Go?

. In (1 +P, ) 1
hburnout =8 0 S elaunch ' tburn [sp ) 1 o P o 5 S Hlaunch ' Z‘burn
out mf out

Vburnout:gO.[sp.ln(1+me)_g0'Sin9 t

burn
out

launch )

out out out

1 . ? . In (1 +P, ) 1
hapogee = 5 g-0 ]sp ) ln(l + me ) — Sin Hlaunch ' tburn + gO S elaunch ' Z‘burn [Sp ' 1 o - 5 SIn Olaunch ) tbum

~
=

apogee
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UNIVERSITY Example Calculation oo

M 1K€
- - 2009 USLI Rocket

AMW L777 Motor

“Dry” vehicle mass : 11.2451 kg, Propellant mass: 1.7623 kg
Propellant I,: 181.49sec, Mean Motor Thrust: 774.475 Newtons

P = mpropellant _‘ 1.7623 =0.156717

Y Mg, |11.2451 —
9.8067-181.49-1.7623

propellamt

¢ :gO ]Sp M

" F s 77 4:475 I

=4.04993 sec
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SrvERSTY - Example Calculation

Pf — mpropellant —0.156717 tb _ gO ]Sp Mpropellamt =4 049973 gec

m urn
final thrust

L [m0en)) o,

mf
htbum o gO . tburn ) [Sp . P - o (=
\ \ Mf ) J
In (1+0.156717)\ 4.04993
9.8067-4.04933 (181.49 (1 - ) _ ) —
0156717 5 431.5 meters

V., =81, [ln(l T meﬂ_ 8o Lourn =

burn

9.8067-181.49 (In (1 +0.156717)) —9.8067-4.004993 = 2]19. 5 m/sec
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UNIVERSITY

Example Calculation

Calculate Apogee Altitude (above ground level)

_ Emech _ (V;)urnout )2 4 h —

apogee burnout
M final 4 0 2 g 0

219.5°
2.9.8067

+431.5 = 2888 meters
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UtahStat . .
UNIVERS'T@ompare to Stmulation Results

Analytical Solution
We will build this |h =2888.71 m => 2888 meters

apogee

simulation later v
b

=219.34 m/sec =219. 5 m/sec

urnout

Ignoring drag for now!

Altitude Velocity, m/sec

Max veloci /m/se e
219.353 '

Peak ALTITUDE

AGL, meters

Altitude, meters
Velocity, m/sec

Time, sec Time, sec

Better than 0.056%
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Compare to Simulation Results

apogee

Y,

urnout

h = 2888.71 m

Ignoring drag for now!

=219.34 m /sec

POTENTIAL ALTITUDE, agl

Peak potential
ALTITUDE
AGL, meters

H, P{OTENTIAL, m

Time, sec

Ignoring Drag During Burn (@ time ¢ :

ln minitial
t [ 1 minitial o m 't

h(t) - gO *Sin Hlaunch Ean sp m .t - 5 S elaunch Ly
initial -t
_ initial .
I/(t)_go.lsp.ln[ _mt _gO.Slnelaunch.t
initial
2
B _Tu.,

potential ()

- gO(minitial —I”h-t) 2’g0 ()
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UNIVERSITY Compare to Flght Data

Analytical, Zero Drag A V 5 | t -
_ dra
h,..=2888.71m AL = g _ p-V3dt
drag 2 2 ﬁ
Vymow = 219.34 m / sec / 8o g P |
3000 : ! ! :
~ 1 5 % error m / /Motox Bumout
_— p_e_ak. _a_l_t_t_tud_e - : _______ . U (— — — —
.4 Seco:nd Ail‘brake D:eploym:ent
B0 e sl 1 / ----- s i o
g - . MR L 7
% ] _. -_— -_— l;' -_— _l -_— _. -'I'- vr\‘:\“ - ' - . ; .
£ 1500 At S ' '
- : 2 _ .
g F irstf Ah‘bra:ké Depiloymenft
B 11 e B

1

Kalman Filter Estimate
RDAS Altitude

500~ W 5 :

the diffesrenzce? 5

Pyimarily .... Drag!| il dio %
0 : i 1 ] 1 h . o h _I_
0 2 4 6 8 10 1 2 14 16 18 20 22 pOtentml 2
Time (<) gO
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UNIVERSITY Compare tO Flght Data (2) nateorag
Why the difference? Drag!

2 M = \/2 g 0 h potential

(Ve )2 E, .. 2 E,
.

final

( Vapogee )calc ( Vapogee )ﬂighf . 100. =
( %

(Vo
( I/apogee )calc I/apogee flight
2

(2888.71-2-9.8067) " — (2500-2:9.8067)

(2888.71-2-9.8067)° + (2500-2-9.8067)%° = 72270
2

~ 7.2 % error in delivered apogee AV

MAE 5540 - Propulsion Systems 14




UtahState

UNIVERSITY

Mechanicalcg

Engineering

How Drag LLosses Effect Peak Altitude

g-h +

apogee

Conservation of Energy :

Potential + Kinetic Energy = Constant — Dissipated Energy

— hapogee — hburnout + (

tapogee 3
burnout J‘ p ) V dt

2 2
V apogee V
2 — "“burnout 2
2 2
V burnout apogee
2-g 2-g
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How Drag Losses Effect Peak Altitude (2)

|
t C A —pV2 -V t 3
ref .
dmg \/2j dt—VZJ D ]%4 dt:\/jp'gV dt
0 0
N e )
Ah,, =—2% = [p-v2ar
2-8, 28, B | 0 _
Check units! 3\
1 kg m sec’ m’ kg 1
- S€C = 3 > =m
m kg m’ sec m kg m sec
2 2
SCC m “Rule of thumb” ~ drag loss is about 5-

107 of delivered AV from motor

MAE 5540 - Propulsion Systems 16




UtahState POl & (I e e

UNIVERSITY . . .
Drag Coefficient 1s Configuration Dependent
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Figure 3-5. Drag Coefficient vs Mach Number—762-mm Rocket

el

Nl
" S But “Rules
RN

I1H|

| N
E 5 \\\ of Thumb”
S Apply

H

20 25 30 385 40
17

s 1.0 15
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rag

1
D, = Cody > pV:— AV

INTecihvanicallGdrAenospac e,

Engineering

Drag Losses

4 J - [

drag

Ft/sec

1,000

750 X A

A Shuttle Depending
ATitan IV On thrust to-weight
Off of the pad

drag losses

can be significant
During motor burn

Velocity Losses

500 L
250 \/ __ Drag As much as 12-15% of

L ~— Gravity Potential altitude
//A/
2 3 4 ... path dependent!
T/Wq

Must simulate trajectory

MAE 5540 - Propulsion Systems
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UNIVERSITY STS-114 Trajectory Example

Inertial Velocity, Accumulated Kinematic Delta V [nertial Altitude from Launch Site
Inertial Velocity
Total Accumulated Delta V
o
“ £
£
£ -
-~ £
>
0=y i I I i i i i i I I I I o i I I i o I I ¢
0 50 100 150 200 250 300 350 400 450 500 550 0 50 100 150 200 250 300 350 400 450 500 550 Retum to
Time, sec Time, sec . 99
Mach Number Dynamic Pressure Fllght
i
Launch parameters
f4aH
< 17.5-
[*}
z
L
o 12.5-
2
e
CEH
N 0= o o o o o
" 0 50 100 150 200 250 300 350 400 450 500 550 0 50 100 150 200 250 300 350 400 450 500 550
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STS-114 Trajectory Example oo

Acro Data Base Drag Coefficient Vehicle Mass Acceleration of Gravity

S
R
R
N

EHE A

0 50 100 150 200 250 300 350 400 450 500 550

Mach Number Time, sec
l'otal Vehicle Drag Pitch Angle

440~

420-

400-
o 380-
w

a
a 360-

Theta, deg

340-

320~

| | | | | | = | | | | | 1 | | | | | |
0 100 200 300 400 500 550 0 100 200 300 400 500 550 0 100 200 300 400 500 550
Time, sec ‘ Time, sec Time, sec
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UNIVERSITY STS_I 14 TrajectOI’y Example (concluded)

Calculated Accumulated Delta V's

DV, km/sec

| | | I | | I | |
0 50 100 150 200 250 300 350 400 450 500 550
Time, sec
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Questions??
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Appendix: Integration of the

Burnout Out Altitude Equation

[burnout
— hbumout = [ J‘ V (t) "SIn Olaunch ) dt] "Sim elaunch

0

Lburnout M
j (go ' Isp 11’1( M e . ) B g0 -sin Hlaunch . t] -sin elaunch dt
0 .

initial m-1
Simplifying —
tburnout M
— o1 . . initial _ .1 . . —
hburnout = S Hlaunch J g 0 [sp ln M . m .t g 0 Sin elaunch ! dt o
0 initial

2
— 8o .(Sinelaunch tburn)
sing,,.., &1, J [ln(Mim.ﬁal)—ln(M...al—m-t)]-dt— 5 =

2
Lpurnout g 0 ' (Sin Qlaunch | ZLbum )
Sin elaunch ' gO ' [sp ' {ln( Minitial) . th:n ) I: '[ I:ln( Minitial - m ) t):| ‘ dt]} ) 2 -
ou 0
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Evaluating the Integral —

launch gO ) ]sp

burnout 2

2
-| sin@ -t :
g() [ launch 1072;11 ) ( 2 . sm9
= +

2
go-(sinel A j :
ane oz;n + SIn elaunch ) g 0 ’
2 m

2
gO ’ (Sin Hlaunch ’ tburn ] :
. out + ( Sin elaunch ) gO )

burnout - 2
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Appendix: Integration of the
Burnout Out Altitude Equation .

M -t
initia urn M
Minilial ) ln = + m ) tburn ) 1 + ln
M. ot M
initial

Engineering

initial

initial out initial

o —m-t
initial burn M
out . initial
+m-t, | 1+In
urn .

1, M
1M i In
! M, M
sp ) . Minitia[ . ln(ﬂ} +m- tbum Jd1+ hl[ initial ]
Minitial Mﬁnal

-

initial m burn

out
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Appendix: Integration of the

Burnout Out Altitude Equation

Rearranging
2
‘| sin@, -t
go ( launch (lzz;‘n) . M Ml Ml
urnout 2 aunc P m M final oZ;n Mﬁnal
2
gO ) (Sin Olaun h tb j
’ ) L »
_ +|sin@, g -1 |-|In sl S, | =
2 ( e 50 sp)( [ fnal}[bt m ] bt]

2
gO ) (Sin Qlaunch ) ZLburn } M
— - +(sin0 g -1 )-t ln(1+P ) | — ——ditial 14 ]
launch 0 “sp loyzrn mf M

propellant
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Appendix: Integration of the

Burnout Out Altitude Equation

Substltul‘mg - M =1+ P and 1— M =1- Minitial — 1
" it~ t M P
final burn propellant mf

out

2
g 0 (Sin Hlaunch ' tburn ] M
- . initia _
hburnout = 2 +(Sln01aunch-gO.[sp)'tbum ln(1+me)[l_ Y tial ]+1 =

out propellant

launch g 0 “sp

2
g .£Sin9aunc .t M}"I’lj
) 0 launch. = bur +(Sin9 o )-tburn[l—ln(l+me)]
2 out P

mf
Rearranging

r In|1+ P 1 |
=g, sinb -t <Isp-[1— ( mf)]—zsint?launch-tbm

Vo

launch “burn
out

burnout

MAE 5540 - Propulsion Systems 26




