U N | V E R S I T Y Engineering

Introduction to Orbital Mechanics:
AV, the Conic Sections, and Kepler’s First
Law

“its where you are AND
how fast you are going”

Isp=400sec
Isp=300sec
AV
Isp=200sec
m,/m;
Sutton and Biblarz, Chapter 4 Taylor Chapter 2
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“ its where you are AND
how fast you are going”흝
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Example 1:

Isaac Newton explains how to launch a Satellite

NEWTON'S PITCH TO ORBIT

ACTUAL ILLUSTRATION FROM ISAAC NEWTON'S
BOOK "SYSTEM OF THE WORLD", PUBLISHED IN
1687.

HIGHER SPEED CARRIES A BODY FURTHER
BEFORE IT FALLS TO THE GROUND. IF THE SPEED
IS GREAT ENOUGH, IT WILL NOT FALL AT ALL.
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Example 2:
Sub Orbital Launch

MAE 5540 - Propulsion Systems
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e Still “in orbit”
Around earth center

e What is velocity
At apogee 1s
Zero?

* Do we still need
AV?
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How Much Delta-V do you need?
- AVOrbi

AV,

required t

L K4

: + AVgl’avily + AVdrag
Thrust, Weight, Lift, Drag

Local

Local ¢ o
Horizon R ) [90° — (c + 9)] orizon
D"O \‘
cg = center-of-gravity
cp = center-of-pressure Free-body Diagram
a = angle of attack
¢ = flight path angle
\j
T/( AV
ourn
5" 0 Isp

Yes! —
M, fuel = [M dry +M payluad}

+ oxidizer
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Rocket Design 101

.... How Much AV do you need to accomplish
the mission?

AVrequired — AVOrbit T Angvily T AVdmg
lﬁvburn] |
80 L
M +-::r;:3ud?fzer B [M dry +M paylﬂad} i C -1 i

e Obviously we have a LOT! To learn about AV!
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Gravitational PhyS|cs

- Now a bit of "gravitational physics"

"Inverse-square”
law "potential®
field

Isaac Newton, (1642-1727)
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Orbital Velocity

* Object in orbit is actually in "free-fall"

that is ... the object is literally falling around
the Earth (or Planet)

 When the Centrifugal Force of the "free-fall"
counters the Gravitational Force ... the object s/ Feentrifugal

1s said to have achieved Orbital Velocity

Ingnoring Drag ... for a Circular orbit
S
grav J.Ln;:t3111'_1'1fugal __:__ ‘7 ) \Y
GM =m0 r]=m| s
o 3
I
V = GM
r
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The "n-Body" Problem

* If effects of Sun, Moon, earth, and Satellite mass
are simultaneously modeled, gravitational
interactions are extremely complex

Satellite The-"n-body" problem
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Gravitational Attraction on a
10,000 kg Spacecraft

100
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Orbital Altitude, kilometers
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Gravitational Attraction of
Earth Relative to Sun

* Low Earth Orbit (LEO)
-- Gearth approximately 2000 times greater than Gsun

* Geosychronous Earth Orbit (GEO)

oo -- Gearth approximately 37.5 times greater than Gsun
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g earth """
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Gravitational Attraction of
Earth Relative to Moon

* Low Earth Orbit (LEO)
-- Gearth approximately 27,000 times greater than Gmoon

* Geosychronous Earth Orbit (GEO)
- Gearth approximately 5000 times greater than Gmoon

100400 20000 30000 40000

Orbital Altitude, kilometers
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The Two-Body Problem
* For earth orbit, since the Earth's gravitational
attraction is so much stronger than the Sun and Moon
e Can approximate most orbital dynamics by considering
only the effects of the Earth on the satellite
(Clearly the effect of the satellite on the e&rtii::)g’(gib]c)
e The-so called restricted two-body universe

 Gravitational attractions of sun and moon are considered
as perturbations to the two-body problem

e In the two-body universe ... if the effect of drag ignored
the motions of the satellite are exactly described by
Kepler's Laws
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Kepler's laws:

* Root of orbital mechanics traced back
to laws of planetary motion for posed by

Johannes Kepler, Imperial Mathematician
to the Holy Roman Emperor, (1609 and 1619)

e Kepler's laws are a reasonable approximation of
the dynamics of a small body orbiting around a
much larger body in a 2-body universe

* Interesting to note that Kepler derived his laws
of planetary motion by observation only.

e He did not have calculus available to assist
him.That had to wait almost 100 years for
Sir Isaac Newton!
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Kepler's Iaws: o

* Kepler’s First Law: In a two body universe,
orbit of a satellite is a conic section with the Earth
centered at one of the focii

e Kepler’s Second Law: In a two body universe,
radius vector from the E::Irrh to the satellite
sweeps out equal ai 2 equal times

e Kepler’s Third Law: In a two body univer
square of the period of any object revolving
about the Earth is in the same ratio as the
citbe of its mean distance

* Later We
First Principles Using Newrtm s Laws

MAE 5540 - Propulsion Systems



Stephen Whitmore



UtahState piecloSnic Sl

Kepler's First Law:
Conic Sections* ...

* 4 Possible orbital paths:

Circle:

Ellipse:

Parabola: _—
Hyperbola: ECF

MAE 5540 - Propulsion Systems |




UtahState INtechsnicSledrenospIce,

rcular Orbits:

Constant radius, a

AV

for earth orbit

Xc, Ye={00]
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Circular Orbits:...

‘ Position vector: Rs=Xsi +Ys] = {H
8

* Unit vectors {i,j} always

»y Stay pointed in same direction
x=I COS [ y] / /

Re=ai= %I |,
He

Polar form:

v =tan’’ ES—S]

MAE 5540 - Propulsion Systems
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UNIVERSITY Eengineering
Circular Orbits

Polar (rotating) Reference Frame

. Unit vectors {ir \ iv} are fixed to the spacecraft

. ir points along radial direction

- Iv is perpendicular to ir

=
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UNIVERSITY Elliptical Orbits: Engineering
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What is an Ellipse? ¢

semi-minor axis

apfocus

/ray

(= a
(-¢,0) / /

- = c
"line of apsides" /
semi-major axis perifocus

Geometry of an Elli‘pme/

|ra|+|l"p| =2 a

MAE 5540 - Propulsion Systems
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Ellipse Equation: Earth

Centered at origin

!

C
(-2¢,0) (-¢,0) /

Earth (perifocyz) centered at origin:

X ;zCF . [i—f _

MAE 5540 - Propulsion Systems



Stephen Whitmore



UtahState INiechanicsladhenospace)
U N I V E R S I T Y E”ql"pp' oy

Polar-Form of the
Ellipse Equation

b+l=2a = Jx + 2P +y2 + /X F+y2 =2a

J
A

X+C

X+2C

[

i
“(2c.0) r_(-c,o)
- ¢ < ¢

Geometry of an Ellipse
(Earth Centered at perifocus)
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Polar-Form of the
Ellipse Equation ..

L +[r|=22a = A (X + 2(:)2 +y%+ VX ]|2 +yt=2a

J
Jx+2cf+y2=2a-/[x P+
J
xX!+4cx+4ct+yl=4al-dav(x P +y? +(x P+
J
c[x+cd=al- avix}+y? =>a-%[x+c}:«/(x)2+y2

MAE 5540 - Propulsion Systems
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Polar-Form of Ellipse Equation ..

a- =[x+ J=AIx F+y* =1,

A

— C —
X=TI,C08 [V)=>a- <1, c0s [v)+ ¢|=r,
4 X+C
x+2c
2
*(2c,0)
- ¢ - |

¢ ¢
Geometry of an Ellipse
(Earth Centered at perifocus)

MAE 5540 - Propulsion Systems
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Polar-Form of Ellipse Equation ...,

+ Substituting and simplifyiing

I'p(}r;) —a —%[l‘p(x) Cos |-V + ¢ ] =>1‘P(};)[ 1+ %cms Ry ]]: a _%

u

)
4 [1+ l—icms[-v]]
2
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Polar-Form of the
Ellipse Equation

(concluded)

- Defining the elliptical eccentricity as

 The polar form of the ellipse equation reduces to

“[1+e cos(v ¥

MAE 5540 - Propulsion Systems
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Parameters of the

Elliptical Orbit

a semi-major axis:

b: semi-minor axis: b* = & [ 1 - €] /_

/

e: orbital eccentricity=¢e = ‘V 1- ‘—g- i

c: perifocus = c= a 1—[|i —ae

Fler'aspatz:e

Engineering

d

MAE

AN

(v): orbital radius=r(v) =

v: true anomaly=> Angle from
perapsis to satellite

3[1-62]
[1+e cos|v]]

-
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Fundamental Elliptical Orbit Definitions

3
apogee
Ra RP
T . . perigee Zb
Line of Apsides
v
< 24 >
a -- Semi-major axis
b -- Semi-minor axis e — 411 [b
a

e -- Orbital eccentricity

MAE 5540 - Propulsion Systems
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Fundamental Elliptical Orbit Definitions

R,

perigee

= 2d -

Orbit Apogee and Perigee (closest and farthest approaches)
... semi major axis and eccentricity related to apogee and perigee radius

MAE 5540 - Propulsion Systems
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Fundamental Elliptical Orbit Definitions

perigee

2b

- 24

Location within an Orbit: “true anomaly” v

MAE 5540 - Propulsion Systems
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Coordinate Transformations:

{1, 1} fixed 1n space

Transform = polar | inertial

Transform = inertial T polar

MAE 5540 - Propulsion Systems
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Coordinate Transformations: ...

e A Matrix "trick" for
coordinate transform in 2-D

. Transform = polar 1 inertial

| | Transform = inertial 1 polar
Ir _ [ cos[v] sin[v] || 1|
i | L -sin[v] cos[v] i

C[e[abd ST wb el

L |

MAE 5540 - Propulsion Systems ‘
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Orbital Velocity

Velocity 1s the derivative of position ....

~ a(l—ez) -~ {a,e} = constant

' 1+e-cos(v) " parameters of the orbit

, 1-¢) | - 1-¢’ .

V:i(f):d a( e) Qi+ a( e) -d(i,,)
dt dt| 1+ e-cos(v) 1+e-cos(v) dt

MAE 5540 - Propulsion Systems
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Orbital Velocity 2)

Differentiate r

;( af1-¢) ]:{ af1-¢) 2]_(_6.Sin(v).(v,))=

1+€'COS(V) |:1+e-cos(v):|
a(l—e2) ]( e-sin(v) ] p _[ e-sin(v) ) v
[[1+e-cos(v)] |:1+e-cos(v)] V)= [1+e-cos(v)] (r-v)

Differentiate i

d\_dg- L o . L
Z(Z)ZE( i -cos(v)+j-sin(v) ):( -i -sin(v)+ j-cos(v) )~v:v-zv

MAE 5540 - Propulsion Systems
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Orbital Velocity (3)

- e-sin(Vv) (o7 a(l—ez) o
V_{:1+e.cos(v):|( )] ' (1+e.cos(v)] -

(r-\'/)[ e.sin(v) ]Zﬁ"l:

[ 1+e-cos(v)]

Need Kepler’s Second Law to get

V=

MAE 5540 - Propulsion Systems
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Parabolic

AVisc = [ﬁ - 1] Veire

pMechanrc: s

Engineering

Trajectories:

 [f we increase the current circular orbit "V"
by a factor of vZ; then the velocity becomes
too great for the planet to contain the orbit

» Satellite escapes the planet on a parabolic
trajectory

MAE 5540 - Propulsion Systems
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What is a Parabola?

2= 2 p+xJ

e Cartesian form of the equation

\ Directrix

. 12 = X2 4 y?

2p+xf=x2+y2 | f>v</
J R

0,0)

y2=4p[X+p]

—X

—

» A parabola is the locus of all points
equidistant from a fixed point (focus)
and a line (Directrix)

MAE 5540 - Propulsion Systems
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Parabola Equation

y =T sin (V)

X =-T €OS (V)

Use quadratic formula

to solve \

Polar Form

Y2 = 4p|p+x]
U

rsin(v[F=4p [ p -I COS (v)]

J

Sin? (v) 12 + [ 4 p cos (V)] -4 p2 =0

MAE 5540 - Propulsion Systems
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Parabola Equation

Polar Form (cont'd)

* Solve for r using quadratic formula
b+ W -das

2a

alE+br+e=0=r=

I 4 p cos (v) = ¥ 16 p? cos? (v) + 16 p? sin? (v)

2 sin® (v)

* Use some trig identities to sim plify

cos? jvi+ sin’vi=1

sin® vi=1 - cos? (vi=[1 - cos {vi][1+ cos [v]]

-2 p cos(v)=1]
1 - cos(v) |1+ cos (V)]

o

MAE 5540 - Propulsion Systems
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Parabola Equation
Polar FOrm e

e r must be > 0, therefore pick - sign

-2 p| cos (V)= 1] -2 p|cos(v)-1]

= 1-cos(v)]|1+cos(v) - 1-cos(v)][1+cos(v)
2p
=|| |1 +cos (V)|
Hioue @ v =2}, [1+§°1:mn 221;3?1)] - P = Im N
ttin @ v =0}, j1+c01: 0] [T+ %]1): P e

MAE 5540 - Propulsion Systems H
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Hyperbolic Trajectories:

"Excess Hyperbolic Velocity" approach/departure” Voo >0

Parabolic approach/departure"” Ve =0

Muma -.-..'.-.-':-.-'.- n gyt
e e £

*If "V " >0 ,then probe will approach and
depart along a hyperbolic trajectory

MAE 5540 - Propulsion Systems
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Whakt is a Hyperbola?

Cartesian Equation

[X'CF _ y2 -1

az b2
left focus
(apfocus) (2¢,0)
(0,0) right focus
(perifocus)

* A Hyperbola is the locus of all points whose
difference from two fixed points is constant

MAE 5540 - Propulsion Systems
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Hyperbolic Equation:

polar form

fx+2cf+y -/ ry=2a
I
[x+2cF+y2 =[2a+ Ty
I
(2c,0) |[x+2cF+y=4 32143‘.,."}_;2+_}r2_+};2+},2
lond oL e
I
%[x+c]—azm

MAE 5540 - Propulsion Systems
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Hyperbolic Equation:

polar form (cont'd)

Clcrcosiv)]-a =1

I a
* From earlier analysis ~U'
C _ ¢?-a?
%[}i—c]—a: KL-—|_}IL:I' r|:1+ECOS(V)i|— a
U
2
X = -1 cosV) c2-a2 _ |2 D7-a22_ 1
d d d
J
L b2 1

MAE 5540 - Propulsion Systems
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Hyperbolic Equation:

polar form (concluded)

* Defining the "hyperbolic eccentricity"

) 2
eh},p:\/1+% = % =a| efy, - 1|

e2 _a‘+ b2 C_
hyp — b2 b2

pd
g

7

|
d [ Chyp -

LT 1+ €hyp cos(v) |

MAE 5540 - Propulsion Systems
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Hyperbolic Asymptotes

* What is the behavior of a Hyperbola at "infinity"
i.e. along away from earth

lim [[X-CF R 1] . lim {[K_C]z _ E_; },2_32:0}

X,V = a2 b2 X,y > 0

b

asymptotes

xef 2

MAE 5540 - Propulsion Systems
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Hyperbolic Behavior at «

asymprotes
U | )
= rsin(v)=x2[-rcos(v)-c]
y ==L [x]
sin(v)+[:ahc03(v)}:_iah% i
= sin (*vm) + [_ — cos (vm) } =0
ImTr -> 00

departure: v, = 7 - Em'l [4.# et - 1 \

arrival: v, = T+ tan’l [ et - 1

MAE 5540 - Propulsion Systems
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Kepler’s First Law
(Summary)

Circle: [r=a

[ afi-e
Ellipse: r_[1+e cos (V1]
Ao 2p
Parabola: | r= T+ cos (V)]

e @ [‘31213*11 ) 1]
Hyperbola: | r = T+ 6y, G050 ]

MAE 5540 - Propulsion Systems




UtahState INiechanicsladhenospace)
U N I V E R S I T Y E"’ql"'pp' oy

3
Homework 2

¢ Enterprise

Compound Circular Orbits:

MAE 5540 - Propulsion Systems
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Homework : Compound Orbits

(cont'd)

e Starship Enterprise orbits alien moon
Tralfamador in a circular orbit of radius as

e Moon orbits alien planet Strangelove
in circular orbit with radius ap

e Alien GPS system orbiting moon
gives position relative to Tralfamadorian
-fixed coordinate system.

* Due to gravitational damping Tralfamador,
always keeps the same face directed towards
Strangelove

MAE 5540 - Propulsion Systems
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JRIVERSITY Homework:Compound Orbits

(cont'd)

e Compute the position vector of the Enterprise
relative to Strangelove ... in the Strangeloveian
-fixed coordinate system -- g

* Solution should have as, a,, 0, 0, as parameters

Is= 11 ‘_:'planet

Hint 1 :

js = ( Io :|p|anet

cos| a+b|= cos [a]cos [b]- sin [a] sin [b]
sin | a+b|= sin [a]cos b]+ cos [a] sin [b]

Hint 2 :

Hint3 : Ry =Ry + R,

MAE 5541
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Coordinate Transformations:

{1, 1} fixed 1n space

Transform = polar | inertial

Transform = inertial T polar

MAE 5540 - Propulsion Systems
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Homework : Circular Orbits

(concluded)

e Compute the velocity vector of the Enterprise
relative to Strangelove ... in the Strangeloveian
-fixed coordinate system.

V=1 Eﬂp] :%r ]

il

Hint 4 -

W = %[95] W)

MAE 5540 - Propulsion Systems




