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Orbital Mechanics:

Conservation of Angular Momentum
and the In-plane Velocity vector

Kepler's Second & Third Laws

Sutton and Biblarz: Chapter 4
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Kepler's Second Law

Kepler’s Second Law: /n a two body universe,
radius vector from the sun (Earth) to the planet
(satellite) sweeps out equal areas in equal times
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Incremental Area Swept Out

by Radius vector

Am-mglez%bh

"almost" a triangle
h=r

b=>rdoO

Incremental Area Swept out by an arc
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Area Swept out by

an Elliptical Arc

/o /

A%

\( ' True anomaly")

ot

focus Incremental Area of Ellipse
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Area Swept out by

an Elliptical Arc «conco

A o = Iw' [ % 1 (v)-d v] -

arc

A in J[%[fl :IE c_oesgg v ]jrd V]:

%[8[1-63]]2 J[ [1+e clos(\')]zdv]

"very difficult" integral
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UNIVERSITY Area Swept out by
an Elliptical Arc oo
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Total area
integral

Is a “Pretty
Nice™

form
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Total Area of an Elliptical Orbit
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Mathematical Representation
of Kepler's Second Law

S0

40+

T--> i
Orbital period | |
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Area Swept from Perapsis

T = “orbit period”
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A, =A, rat m1-e b2
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Time-Of-Flight Graphs
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Time of Fllght Graphs (cont'd)
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Propogation of Orbital Position

Kelper's Second Law, Normalized Time vs. true anomaly, elliptical orbit

1.0

- | Better form of the "Area Plots" f
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UNIVERSITY Time of Flight ~

Time of flight

Final position

Propogation of Orbital Position

Kelper's Second Law, Normalized Time vs. true anomaly, elliptical orbit

1.0 -
- | | | (
- | Better form of the "Area Plots" | / f /
0.8 //
0.6 time from perapsis . Vl 5 Vl 5
Torbit : l-¢ dv - l-¢ dv
0.4 | 1 + e cos(v) 1 + e cos(v)
. ety 2 Jo 0
I ﬁtz—tl /// ;:::=g§ "_l e
o.2f+—"7 4‘// e T 2n ¥ |1 -€?
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Orbit Propagation ... Kepler’s Equation

1 - e 1 -e?
{ —t f [1+ec§s(v)]zdv—f [1+ec<(:s(v)]adv
2 1=
T ‘lf | -€ |
Solving this numerical integral for time of flight ... given initial
And final positions 1s “doable”

ie. given..{v,,v,,T}—> solve for transit time — {t, —t, }

.. but the inverse problem 1s numerically unstable ....

and while TOF charts are good for illustrative purposes ...
they are impractical for orbit propagation calculations ...

Fortunately .... 17" century mathematicians developed a better way
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Eccentric Anomaly

UNIVERSITY

I Reference Circle

Central
Body

MhﬁT-##

MAE 5540 - Propulsion Systems

Periapsis
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 Define the angle obtained by
drawing an auxiliary circle of
around the ellipse, and
drawing a line perpendicular
to the semi-major axis and
intersecting it at Point A

* The angle defined by the
center radius ‘“a’ is called the
“eccentric anomaly” E

I Reference Circle
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Eccentric Anomaly

° e Calculating the projections
Along the semi major axis

c N (=a¢c

[ cos(v]= acosE=c=

acosE-ae=a[cosE- ¢

Anomaly: True and Eccentric
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Eccentric Anomaly (conta)

r=af1-ecsk

* Relationship of r
(distance from planet

to satellite) with respect
to £ (Eccentric anomaly)
Anomaly: True and Eccentric With a, e as parameters
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Eccentric Anomaly (conta)

MechanicCallGdre oS phac: e,
Engiineering

* Solving for E gives
[1-ecos(E)]cos(v)= cos(E)- e=

cos(v) +e= cos (E)+e cos (E) cos(v)=

. cos(v) +e
cos (E) [1+e cos(v)]
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Eccentric Anomaly (conta)

* Thus we get the relationships
cos (E)- e

cos (V) = [1-ecos(E)]

cos (v) +e
[1+e cos(v)]

* These equations can be unified into
a single equation by performing
additional geometry

cos (E) =

MAE 5540 - Propulsion Systems
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True and Eccentric

After some REALLY
Anomaly (concluded)

Messy algebra ...

* Or the final expression for the "true Anomaly" In terms
of the "eccentric anomaly"

g T

* Not even CLOSE! to finished yet .....

e OK, lets hang onto this ... we'll come back to it later
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“KEPLER'S EQUATION”

And after some even Messier algebra the “area integral” reduces to

2 = M;.o={E-¢ sin (B

“M” — Mean Anomaly - Normalized
Orbit Period Fraction
tO is the time of perapsis passage and

q | Dssmonss e |
tan[l] ] v +e B w2
2 | -¢ 12

t- 1,
T

* Where......
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Using Mean Anomaly to

Propagate the Orbital Position

e Kepler's Equation defines the swept area from perapsis to
the current position ...

e Adapted to an arbitrary starting point by performing
following transformation

’
s
{.
4

//////// ,

T T T
%[,_n[t—tl} = Mtl_[] — Mt-U

T T T
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UNIVERSITY Using Mean Anomaly to

Propagate the Orbital Position

(cont'd)

* Substituting into Kepler's equation

M o={E-¢sin(E = ZT“[t-tl] + Mo

Accounting for the fact that f may be large enough that
multiple orbits may have passed during the time from {1 to {

M; o={E-e¢ sin (E)}:zT—n[t—tl -kT]+ M, 0

where k= INT (integer number of periods elapsed since t; )

T .
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Using Mean Anomaly to

Engiineering

Propagate the Orbital Position

(cont'd)

* The time increment term can be further simplified by noting that

T

ZAM¢ g -KT]

_2n
T

t-t; - INT

ot

LT

%Modulus [( t- tl) : T]

"Remainder function”

x| |=

1.e. Modulus[31, 7] =31-mt[31/7] x7=3
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Propagate the Orbital Position

(concluded)

* And the working form of Kepler's equation results
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UNIVERSITY The Propagation

Algorithm

- Given the orbit parameters (8, €) and an Initial Starting
Time and Position

t1 ,Vv1

1) Compute Starting Eccentric Anomaly (work in radians!)

Fi= 2tan’

MAE 5540 - Propulsion Systems
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Propagation Algorithm

(continued)

2) Now ComputeCurrent Mean Anomaly (work in radians!)

Mt1-0: { El - SN El

)

—

}
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Propagation Algorithm

(continued)

3) Compute the orbit Period

T=2m

a3/ 2 .
Kepler’s third law
o v We still need to derive this!

4) and the future mean anomaly(at ime p

Mt-(): 2;11—75M0du1us [(t' tl] , T]+ Mtl_()

MAE 5540 - Propulsion Systems
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UNIVERSITY Propagati()n Algorithm

(continued)
5) Now Solve Kepler's Equation for the New Eccentric Anomaly

Mt—(): { Et' C SlIl (Et) }

......... Use your Newton Solver! ................

True Mean Anomaly

Iteration index
Curvent estimate of mean anomaly

M - [E?- e sin (EY) ]
1 -ecos(EY

Current estimate Steepest descent

E"= E”+

Refined estimate

MAE 5540 - Propulsion Systems
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UNIVERSITY Propagation Algorithm
(concluded)

6) Compute the NEW true anomaly

'\, t 2 ta I l 1 e ta I l t Figure 5: Sample Orbit Calculation using Kepler's Equation
2 00
Orbital Path
S e h

N

1.50 =

1.00 —

7) Finally compute the new radius vector y
050 - ;f “sf"t:IIite

d [1 - 62] - L
rt — . -0.50 l":“
1 + € cos (v

* At this point you have propagated the ‘
orbit fOI' exacuy one time point -250 -150 -100 -050 000 0S50 100 150
x/
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Kepler's Second Law (Alternate form)
What 1s the physical Interpretation?

Reconsider the “Swept Area” Integral

tz_tl
T

A, =A, +a*-mNl-e*-

Let’s look at this integral in differential form ...

MAE 5540 - Propulsion Systems
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Kepler's Second Law (Alternate form)

What 1s the physical Interpretation?

 Let:[t) =>t1] = tg-t]=dt |

Then: At2 4= d A(t) .||

SdA()=[a’n T & ]dT

\

*But | dA(t) = ,_71'3 dv

and

dAQ _[#aE ] FdV gy
dt T dt 2 dt

MAE 5540 - Propulsion Systems
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Mathematical Representation of
Kepler's Second Law conineo

X d A@) x Lotal Area afic Angular momentiun
2 P 2 It’en'.od Specific Angid timn
2dv _ 2[a2Jw1-;Z]E ]
dt / T Prove This!|
"Constant"
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UNIVERSITY Torque Acting on

Orbiting Space Craft

“rate of change of angular momentum"

\\ 0
=4

"Gravity
Produces No
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UtahState e = 2
UNIVERSITY Angular Momentum of

An Orbiting Spacecraft

L=m|rx

I g—irxiﬁrx[mxr] =m| rx[oxr]]
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UNIVERSITY Angular Momentum of

An Orbiting Spacecraft coo
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UNIVERSITY Angular Momentum of

An Orbiting Spacecraft e

:&:
T o 0

"Gravity
Produces No
Torque”

%E 7: (1) 1'2 l_ /( = (1) 1'2 — l (SP€CiﬁC (mgu/af momentim )
— "Constant"
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Alternate Statement of of Kepler’s
Second law:

L
m

7: () 12 1— F=> W 12 = [ (specific angular momentum)

"The angular momentum of an orbiting object is constant”
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The Veloc1ty Vector :

y 4

e for a while we have

Apply the "Chain Rule" Only worried ab()ut
/Q position

.. NOW revisit
»x | velocity

H sin[v]
+] COS[ }J

=fi+r }g—[ i cos

l_'l—l

iy +1 [—i sin |V
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The velocity vector:

V, =

Vextemal

Veloeity 1elat1ve
to external world

d_
dt

Ry|= i+ r|-i sin[v]+] cos[v] |+

 Or In more general terms

Velocity _ Position vector
relative to center Angular velocity of cross relative o CEntEx
of coordinates spacecraft product of coordinates
SR .

ot

MAE 5540 - Propulsion Systems
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The velocity vector: ..
V, = 4|Ry|= fi; + r|-i sin[v]+j cos[v]|v

=7l + 7T Vi
I ,{\
o =%
W = ot
VZ%+[@X§]:
_l—r{v{k_
or . or » .
Elr‘k 0O 0 w|— Elr+wrlv
'r 0 0

MAE 5540 - Propulsion Systems
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Velocity Vector, Elliptical orbit

* The polar form of the ellipse equation

I'=

a|l - e2]

[1+e cos(v)]

i #0




UtahState INiechasnicSladhenospace,
U N l V E R S | T Y Engineering

Velocity Vector, cipica om

V =471 =4[] 1, + v o 1,
\

\ f:[ a[1-e? ]

1 + € cosiv)

all-e?] || -all-e? o
“(v —d — - V| dv—
by LT+ecosv]] [1+ecosiv]P -esinif]g

S|l

all-¢2 [esmnfv] | [ esn(v)
' 11 ] i 1+ ¢ cosiv]

1 +ecosiv][1 +ecosiv
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Ve I OCity VeCtO r, Elliptical Orbit

(concluded)

V =4f =4t +1vimi

Mechanicalcy

Engiineering

\

- | e sin(v)]

4] = 1v) [

1 + e cos(v)]

V:r(v)(ﬂ- [eSin(V)] i +1
[1+ecos(v)] "

MAE 5540 - Propulsion Systems
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Angular Velocity of Spacecraft

o= 2 aZTFI,“ b |

Kepler's Second Law

I2
=u=I= Jyual|1-]

a1
J
e R
' u=G-Mg

MAE 5540 - Propulsion Systems
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Kepler's third law

Kepler's

Iet ZMIMLZ [a® wi1-& ]}3 dat 721 -] Later we’ll show
W = I~ = T -~ T _ | This is the same
all-e?] all - e?] a1l - €]

-G-M
da4 m21- €] ‘u S
T= _|4a3 2

all - e?] T

: | 27
I = constant = 4a3 w2 T = _a3f2

. H= a [1 : 62] - T2 \/;

—_—

e Kepler’s Third Law: In a two body universe, square of the
period of any object revolving about the sun (Earth) is in the
same ratio as the cube of its mean distance

MAE 5540 - Propulsion Systems
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Angular Velocity of Spacecraft ..

I - /Jl.l a[l-ez] :1‘%(1) — (D:/\/l'l al:gl-ez:l
Kepler's Second Law g
Circle:
ypall-0] ~p—
®= 2 P
Ellipse:
_pe
W= Juall ¢ — il [1 +e Cosivi]?
[a[l-€9)/[1 +eCosivi]F [a[l -€?|F* -

MAE 5540 - Propulsion Systems
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Angular Velocity of Spacecraft ..

Circle:

_AR 2 wadl _
ol =g xTm =2

T Constant!

Ellipse:

AU
[a[l-e]P"
5 [1+ e Cos(v]]*
[ [1-e2]]7" Not ! Constant

w IT'=

2 2 ma _
[1+ e Cos|vi]* x ?;T =

MAE 5540 - Propulsion Systems
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Elliptical Orbit, Normalized Angular Velocity

radians [ e= 0:? '. /
T - f -
e _J. L —
. e = U U - — — : ' A
o _____——_-:f

e I 32 21
V. radiarns
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Orbital Speed -- Magnitude of the Velocity
Vector (cont'd)

* Taking the Magnitude of the Velocity Vector
to get Orbital Speed

[ esin V)] T-+f]
[1+ecosiv)] *

N

<

Wt =t | |1 ssons]] H

Vp = 1gvi 0

MAE 5540 - Propulsion Systems
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Orbital Speed -- Eriptical Orbit (ontq

2[32313!'1—&’ ]
T

U
[1v) @] = [ri}v) m LF [oof [iT

Itv) r2(v)

i _2 //

» | [ esin(V] P
VF = 1] | |1 +ecos(v] tl

/

- But from Kelper's 2w =
second law (angular
momentum form)

MAE 5540 - Propulsion Systems
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Orbital Speed -- Eliiptical Orbit onta)
- Expanding squares and collecting terms

TP w { [ 2 sirivi+[1 + e cosiviP] ]

1 +e cos[w]2

{’}z {62 sinfivi+ 1 + 2 e cosivi+ e coszlwl

1+ ecosivif—

et s,

Pt i e s

MAE 5540 - Propulsion Systems
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Orbital Speed -- Elliptical Orbit (conta)

- Substituting in the "radius" equation

2

I

1+ e cos(v

I | ]

a [1 . 63]_: 1+ ¢ cosiv]

MAE 5540 - Propulsion Systems
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Il 11 +ecos(v) [1+ecosiv]?
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* Collecting like terms inr

]

-

1

.

2

IMiechSnicalledrenospIce)

Engiineering

Orbital Speed -- Eliptical Orbit onra)

|

l-eq

2

L
a

2

‘V F_ 1 e2] [ ]

ult-4

MAE 5540 - Propulsion Systems
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Later we’ll show
This is the same
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Kepler’s Second and Third Law Summary

* Kepler’s Second Law: /n a two body universe,
radius vector from the sun (Earth) to the planet
(satellite) sweeps out equal areas in equal times

- Derives from constant angular momentum

* Swept Area Rule : » Angular Momentum :
dA(t) a’mNl—¢e 1 ,dv  w-r’ - L , -
— = -7 — l = —=Ww-r -1
dt T 2 dt 2 m "

* Gravitational Torque :

—rxF =0——==const

grav grav

MAE 5540 - Propulsion Systems




UtahState INiechanicsllcdresospace,
U N I V E R S l T Y Engineering

Kepler’s Second and Third Law Summary (2

e Kepler’s Third Law: In a two body universe, square of the
period of any object revolving about the sun (Earth) is in the
same ratio as the cube of its mean distance

- Corollary to Second law
12

{l,a,e — const} — define constant p = - .(1 - 82)
\ a’m\l1—e’ _ £_>T:2-a277\/1— 2-a’m\l—¢€’ B 2_ 43
T 2 / \/u-a- ) Ji
T — 27 a3
JH

MAE 5540 - Propulsion Systems
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Kepler’s Second and Third Law Summary )
* Angular Velocity :

1 2a°T\1—¢€’
- T
* Velocity Vector :

w

. l—e
e-Ssinv - r:a.l
= rew: i —e-cosV
V = l+e-cosv " |—
o T 1 2a°mV1—¢’
"y W=
1%
. e T

» Normalized Angular Velocity :

B 2a°m\1—¢€° 2a°m1—e¢’ <1+e-cosy)2

w-T = = =27

7'2 [a. 1_82 ]2 (1_62)3/2

1—ecosv

MAE 5540 - Propulsion Systems
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Kepler’s Second and Third Law Summary @)

» Normalized Angular Velocity :

_ 2a°mV1—¢é’ 2a*m\l—¢° (1+e-cosy)2

p— :2.7“'.

7'2 [a. 1_82 ]2 (1_62)3/2

w-T

1—ecosv

wT,

radiang | ®=

L"-‘.
— o s g —
N;—q_t_—__—_ J_?.::‘:":f

e T Jnle 211

MAE 5540 -Prc_ ..., ._..._ V, radians
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» Kepler’s Second and Third Law Summary )

*Orbital Speed

(
e-sinv

\

I

2 2 2
:]/' .w .[

\

2
+1
1+e-cosy] )

14

S 2.
|- 22 -

4}
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Linear Velocity of Spacecraft

e Just an alternate Form of the Energy Equation

2
1

o P 211
‘VF_ a[l—ez}-r a & a
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Orbital Energy

* To Understand that ... we'll first have to show that
the orbital dynamics are a result of the balance between
kenetic and potential energy

- Specifically
L lv F o
2a 7 r_
Total Specific Specific
Specific Kinetic Potential
Energy Energy Energy

» Next Isaac Newton and His Apple!

MAE 5540 - Propulsion Systems
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Isaac Newton, (1642-1727)
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Linear Velocity of Spacecraft

u=GM = planetary
gravitational parameter

Mearh = G M= 6.672 x 10 Ntm® 5074 5 1024g =

ke

3.98565 x 10 Nt-m® _ 3 986 101 -m°_— 1 4076 x 10 £t

secz

ke

secz

Umoon = 4.903 x 10° 7
Se€Cc~

Usun = 1.327 x 10%° IIl3
sec?

UMars = 4.269 x 107 lIl3
sec?

MAE 5540 - Propulsion Systems
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