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Appendix : Rigorous Derivation of Realizable
Launch Inclination
e [aunch Initial Conditions North

e Position: A, Latitude |
2, Longitude (Inertial)
h, Altitude

Greenwich Meridian

Launch meridian

Equator

Vernal e o
Equinox
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What Happens at Launch?

Phases of Launch Vehicle Ascent. During ascent a launch vehicle goes :
through four phases—vertical ascent, pitch over, gravity turn, and vacuum. Gravity-turn maneuver of an ascending Delta Il rocket with
Messenger spacecraft on August 3, 2004.
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What Happens at Launch?
* Velocity and Position at Burnout Determine Orbit
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Final Stage Burnout

Geocentric latitude longiutude plot
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What Happens on Launch?

- Example

Kennedy Space Center (KSC)
Due-East Launch

28.5° Inclination Orbit
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What Happens on Launch? .o
« Example

Kennedy Space Center (KSC)

Due South (from east )Launch Direction

90°  Orbit Inclination
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What Happens on Launch? o

+ Example

Kennedy Space Center (KSC)

30° North (from east)Launch Direction

40.4° Orbit Inclination Huh?
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What Happens on Launch? .

- Example

Kennedy Space Center (KSC)

30° South (from east)Launch Direction

Huh?

40.44° Orbit Inclination
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Achieved Orbit Inclinations

0° Launch Angle 286" Inclination

90" Launch Angle ~~ 90° Inclmation
30° Launch Angle — 40.44° Inclination
-30° Launch Angle 404" Inclination

What?! Doesn't add up ...
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Kennedy Space Center (KSC)

30° North (from east)Launch Direction
. Non-Et_u_:Iidian Space === 40.44° Orbit Inclination
Addition Doesn't
Exist! in this
Abstract Space

¢ — launch angle
A —— launch latitude
1 — inclination angle

AT, W
:;&E.r.'.El.llr:'l.l.:'l.l}:r:ﬂ. .. |||||||||||||
ey T T

] [] []
-------
--------

]
------
------

----------
o o o
--------------------
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. “fixed earth
- Non-Euclidian Space ... : C
Addition Doesn't approximation

Exist! in this

Abstract Space COS (1) = COS ((I)) COS (}\,)

¢ —— launch angle

A — launch latitude
T — inclinati Launch Angle sometimes expressed as
! inclination angle "azimuth" ... angle from local true north

- 90° - ¢ = degrees |

% - ¢ = radians

cos(i) = cos(A)-sin(Az)

then a mlracle occurs

10
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Direct Launch Inclination Angle

I8 - .

i=TCOS'1_COS 30° A T x 005 28.6° L o _- 40 44°
180" - .

| i=TCOS'1_COS 30° 1 T X 0 286"1800 _-40.44 |
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Achievable Direct-Launch
Inclination Angles

160 Orbit Inclination Angle, °

* No way to get directly

e to Equatorial orbit from KSC

o

120 — *28.6° inclination is
lower limit

100 —

Retrograde Orbit

80 —

60 —

Orbit Inclination,

40 - KSC Launch Polar orbit
Latitude, 28.6°

20 — | | | | |
-200 -100 0 100 200

Launch Angle (Counterclockwise ° from due east)
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Achievable Direct-Launch
Inclination Angles
160 \ Orbit Inclination Angle, ° 7

o

Almost can Achieve
120 — Direct launch to
Equatorial orbit

80 - Retrograde Orbit

40 —

Orbit Inclination,

French Guyana (Ariane) Polar orbit

Launch Latitude, 5.3°

I
0-) I | I I I
-200 -100 0 100 200

Launch Angle (Counterclockwise ° from due east)

1
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See following slides for
rigorous calculation

e Physically Impossible to Launch Directly into an orbit with a
Lower inclination Angle than the Launch latitude

*Physically Possible to launch directly into any
orbit with an inclination angle greater than or equal to

launch latitude
MAE 5540 - Propulsion Systems aunch latitud 14
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e Launch Initial Conditions

Greenwich Meridian|

Launch meridian

e Launch Initial Conditions
(Inertial Coordinates)  Fauator

X1] | [Reartt ho] cos[ A,] cos[<0] |
Y1 |= [Reaﬂthho]cos[}\O] sin[ 0]
_ZI_O | [Rearnthy ]sin[A]

Vernal . ~
QO - 60 + eg Equinox
Sidereal hour angle

MAE 5540 - Propulsion Systems 15
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As the world turns! ===~ Meidian'
MRotation = Eq“a‘m'“\ %
cos[0g] -sin[f] 0
sin[f;] cos [B;] ¢
0 0 f 1

Greenwich Sidereal T
(Hour) Angle Vernal

Equinox \.\\_\e -
(Mean)

Ignore for now!

16
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y OG Historically Expressed in Hours
.. Sometimes referred to as Greenwich

Mean Sidereal Time ... but we are going to
treat it as an angle

0= Ot X | Tonsr - Tao

- Sidereal time is a measure of the Earth's
rotation with respect to distant celestial objects.
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e Earth Radius

e Earth radius as Function of Latitude

B dequitorial
Rearth - ,) ) :

/\/1+ ea”h sin A i
| -¢?

L earth -

bp Rearth

olar

dequitorial = 0378.13649 km “

bpolar = 0356.7515 km

Cearth = /\/ I - bpolar
dequitorial — Qequitorial >

MAE 5540 - Propulsion Systems 18
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UNIVERSITY * Initial Velocity Vector

after the rocket “turns the corner”

e Launch Initial Conditions ~>
* Velocity: V, (earth relative vel.) 4

(flight path angle) &%

I Stlalght-Up" to
¢ (launch azimuth) minimize Drag

—l--
Direction of Earth Rotation

MAE 5540 - Propulsion Systems
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arbit altitude)

(earth)
boost
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after the rocket “turns the corner”

e [Launch Initial Conditions

Vo cos(q)) cos (y)
I Vnorth |
Veast | =| Vo sin(q)) cos ()
| Vdown i
- -Vpsin(y)

+ rotational velocity
of earth

V, (earth relative vel.)
v (flight path angle)
¢ (launch azimuth)

MAE 5540 - Propulsion Systems

Equator

Vernal e
Equinox

Engineering

Greenwich Meridian

Launch meridian

20
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e Earth “Boost”

)\ 0= geocentric latitude

)

launch
o o Earth Rotates Under the Orbit
e [ .aunch Initial Conditions ,
Fixed in
(earth) Inertial Space

V oost acts due east

21
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e Angular Velocity of Earth

Angular Velocity of the Earth
1 Solar Day = 23 hrs 56 min 4.1 seconds = 86164. 1 seconds

360°
Qearth

= Iad
36164 1 seconds 180° =.00007292115 Lad

Earth Rotates Under the Orbit

e Launch Initial Conditions
Fixed in
(earth) Inertial Space

. acts due east

v

boos
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after the rocket “turns the corner”

e [Launch Initial Conditions

i Vo cos(q)) cos (y)
I Vnorth ]
Veast =1 Vo sin(q)) cos (V) + [Reann+ ho] [ Q carn COS[ Aol ]
I Vdown 1o lanunch
 -Vpsin(y) -

"

launch azimuth (from due north)
geocentric latitude

MAE 5540 - Propulsion Systems 2
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Inertial Velocity anitial condition)
. z

Rotate Through Latitude First .4
2-rotation \)l /2

] \ X

* Clock-wise rotation

i cos[ %+ l] 0 -Sil{ 1'52-+ l] | / Z
| My, = 0 ] 0 =

- Sil{ g—+ 7&] 0 cos{ %+ 7»] _

sl L]0 -cos[ 1]
0 ‘\\1\ 0 y - : PR « -
cos[ 4]0 sin] A] | | 1T H 70T ol M-S % [sinf A= s 3]
\-\\.

No 1 (X-axis) rotation T
Needed Why? z* already points
Towards center of earth

MAE 5540 - Propulsion Systems W 24

IS ¥ =co{ B ) s o )=o)




UtahState , , Pl & e
UNIVERSITY Inertial VGIOCIty (Initial condition)

Rotate Through Longitude Next

] _ - Clock-wise rotation

cos[ <] —Sm[Q()] 0
Ms=| sin[%] cos[20] 0
0 0 ]

25
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Inertial VeIOCity (Initial condition)

_ Vz - Inertial

_cos[Qu]sifre]  -sin[Qg]  -cos[Qg] cos o]
-sin[ Q] sinAo] cos[Qy]  -sin[Qg]cos o]
cos [7\0] 0 -Sin [}\0] |

A\ cos|:¢:I cos (y)

Vo sinl:q)] cos (y) + [Reanh+/lo] Qearm COS [:}»0:]
-Vo siny)

2
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Initial Conditions In Inertial Coordinates

Ry Rearth+ hy] cos[ Ay cos[d,]
Ry | = :Realth+ hO cos| }\O] Siﬂ[a()]
R, J Tnertial L [Realﬂ1+h0 ]SiIl[ }‘()] _

F VL
Vy =
L V2 | Inertial

. COS[QO] ;;ill[lo] -sin[QO] -COS[QO] cos [7\0] | Vo cosI:dp:I cos (y)

-sin[ Q] sinho) cOS[C2] sin[Qp]eos [ho] || Vo sinl) cos (y) + [Reartirtho] Qearn cos (ko)
cos [7\0] 0 -sin [}*0] _ -Va sin.(Y)

2
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[=RxV

cos (1) = (li p

_ L
a :

|
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Launch Site Info

Latitude (deq)
:; 2250

Longitude (deg)
';j -52.00

Launch Altitude, h (kn
'_:;; 25.00

Launch Azimuth, ¢ (d
) 0.00

Rocket Info

This VI calculates Launch |nitial Conditions
from user inputs for launch site and rocket data.

Meets | aunch Initial Conditions

Fule

— xeerurech Dlenden
,/ ) Dienden

Vemal

T, —

Cquncx

Inertial Coordinates Launch Velocities Inertial Velocities

Vnorth (km/s

779.497397 W
Veast (km/s)

lo408426
Vdown (km/s

MAE 5540 - Propulsion Systems
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Launch Site Info This VI calculates Launch Initial Conditions

1 28.50
v,
Mot

Longitude (deq) Pole

o -82.00 | /
o 4 Fd

Launch Altitude, h (kn b T

:l 25.00
N

Launch Azimuth, ¢ (d

1 60.00
-

/— Fenweh Mendan
']

Rocket Info

Equnez g —

Vnorth (km/s

13.900000

Veast (km/s
|1.1 63424

Vdown (km/s

3041.051386 I-0.000I 35

Inertial Coordinates [aunch Velocities

L atitude (deq) from user inputs for launch site and rocket data.

Launch Initial Conditions

6373.24E£562

Inertial Velocities

Vr
0.00
Vnu
8.1¢

2.839646

3.427452




Launch Site Info This VI calculates Launch Initial Conditions
Latitude (deg) from user inputs for launch site and rocket data.

_f) 28.50
i Nk Launch Initial Condition:
Longitude (deaq) o
:) -22 00 l ’/- v wrnren Mavkr
Launch Altitude, h (kn | y4 lnecs secion
&) 25.00 | "ﬂ- kA /

Launch Azimuth, ¢ (d

f.') 20.00

Rocket Info

Inertial Coordinates Launch Velocities Inertial Velocities

Vr
Vnorth (km/s 0.00
10200002
Veast (km/s s
-5546 4121 33 |8 208420 '-
J-0.001 32




Launch Site Info
Latitude (deqg)
’3) 28 50
Longitude (deg)

3
,) -£2 00

Launch Altitude, h (kn

:) 23.00

Launch Azimuth, ¢ (d:

.') 120.00

779.497392

-5546.412129

2041.0512¢
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Inertial Coordinates

J Fezsch Meridian

o~ Lamrh vevidan

Launch Velocities

Vnorth (km/s
I-3.900000

Veast (km/s

I? 163424

I-O 000128

Launch |nitial Conditions

Inertial Velocities

Vr

000

Vnu

IS.IB
32




Launch Site Info

Latitude (deg)
E) 28.70
Longitude (deq)
i) -82.00
Launch Altitude, h (kn
;) 25.00
Launch Azimuth, ¢ (d
") 12000
Rocket Info

This VI calculates Launch |nitial Conditions

from user inputs for launch site and rocket data.

ot
Tale
l

19497392

-5546 412139

3041.051386
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Inertial Coordinates |aunch Velocities

Launch Initial Conditions

7~ (Feemarch Mendin
']

I-S.ODJUDD

|0.409426

Vdown (km/s
I-0.00JMD

0.935729

-7 030470

Inertial Velocities
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