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Appendix to Section 3: A brief overview of
Geodetics

Equator
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Geodesy

- Navigation Geeks do
Calculations in
Geocentric (spherical)
Coordinates

- Map Makers Give

Surface Data in Terms Mercator Conﬁgrma Projection earth—
of Geodetic (elliptical) L] paRTaiksEn
Coordinates Pl /'Zw"\ o\ Ve dla P e ant ey ¥
N TR TV s [P TP T ﬁc{/

Al ol
AEHUNDNRY

- Need to have O’:%ﬁbég\u\ 4 ST 2
some idea how to 774D ?%“*x\7;\‘§ ;{7” hZang”

relate one to another T T TR S
7 i h»*‘"\a\%#” ]

- science of geodesy Hopblololoidi ol
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Engineering

university How Does the Earth Radius
Vary with Latitude?

REarth = J % 17+ 22

r

Ellipse: 'Y”T
it
q Reqvl B e%arth
"q" "p" ane.Merldlan
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How Does the Earth Radius
vary with Latitude?

Re TR
I

1 - €Ban] 12+ 22=RZ; [1 - €Furmn)

U
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How Does the Earth Radius
vary with Latitude?

RZ, , tan’ Al }
= 1 =
Rearth > [}L] " [1 - e%arth]
{ [1 - €Rar| cOs2 [A] +sin? Al } ~
[1 - e%larth] -

Inverting ....

cos2[A] + sin¥ A] - €fum COS2[A] 1 - fae cOS2 [A]

[1 - e%larth] [1 - e%larth]
Reart()) _ /

Req M I - e%arth
| - €fyn COS? [
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Earth Radius vs
Geocentric Latitude

Rearttf) _ M Polar Radius: 6356.75170 km

Req L - s Equatorial Radius: 6378.13649 km
1 - € OS2 A

ez 1-[8F =/ -

V[6378.136492 - 6378.136492
6378.13649)

=0.08181939
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Geocentrlc LatltUde (concluded)

6380. —

6375.—

6370. —
Radius,
Km

6365.—

6360.—

-100
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Earth Radius ... alternate formula

e Earth radius as Function of Latitude

B dequitorial
Rea rth —

. e: i COA
,\/ | + —=tl_ gip? )
- Cearth

dequitorial = 0378.13649 km

bpolar = 0356.7515 km

Cearth = /\/ |- I:)]Ju::ular
dequitorial — Qequitbrial ™
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What 1s the mean radius of the earth?

Rg = Req
dA=T1]| RE cosz( N ’ | - €
1 - € COS2[A]

. - RE COS(A
 JAU Convention:  COS

Based on Y s v ) ‘ i

Earth's Volume / /4 A \ fRE & Cos (V)

Sphere Volume:

r R3 —VE

3 Emean

2
dV=m [ RE COS(}L) ] X REkdk cos (L)
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What is the Earth's Mean Radius?

(continued)

- Earth's (ellipsoid) Volume

VE = f TC [ REK COS (7\.1)] 3d7\. =

T

2

1 - et COS

R, f T { 1 - eﬁanhz [k]] 32 cos3 (AJdA =

2
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What is the Earth's Mean Radius?

(continued)

« Based on Volume

Ellipsord Vol ume 2T \/7 R3

W

4m R3

Sphere Volume: 3 R e

[1 0.081819362 }”6 6378.13649 =|6371.0002 km

R
sphere fmed

- Mean Radius we have been using is for a Sphere
with same volume as the Earth

MEg =pE VE

"gravitational radius"
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Geocentrlc LatltUde (concluded)

“Gaussian Surface”

6380. —

6375.—

6370. —
Radius,
Km

6365.—

6360.—

-100
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Geocentric vs Geodetic
Coordinates

A Mean
North (Celestial)
Pole

- Map makers
define a new

latitude which is Mean

the angle that Creenwich
normal to the

Earth's surface

makes with the Geocenter

respect to the
equatorial plane

- Geodetic IatitudAe/L/ Equator

WIAL 99494V = rTOpUISIUII OQYSLeIiS |




UtahState Geocentric vs Geodatic ===
COO rd i n ates (contined)

Mean

Since the Earth is North (Celestial)
Elliptical only along the Pole
z-axis ... geodetic
and geocentric
longitude are
identical Mean
Nigsdin R

- Altitude is an

extension of the

line of latitude Geocenter

geodetic)

Reg
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COOrdlnateS (contined)

-Complex nonlinear

equations describe A Noah (Celestial)
relationship between Pole

geocentric and
geodetic latitude

Req V1 -

Mean

 Derivation requires  Greenwich
Extensive Meridian
Knowledge of /
Spherical
Trigonometry Geocenter

Req

Equator
MAE 5540 - Propulsion Sy
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UNTVERSITY Geocentric vs Geodetic
COOrdinateS (contined)

Geocentric Cartesian Coordinates
* I
Ktarget = [R' " +h] COS (7\') COS(I6<) targe% A

h

Ytarget = [R' X +h] COS (7\') sm(6)

_ 2 °
Ztarget — [R'}\" [1 = eearth] +h] Sln ('}\u'()
= Req 4
Moo J1-e? sin? (1) P e %\;
ca — Ltarget
7\ )
* We would be here all week

if I try to derive this "Radius of Curvature" Req

. Whitmore, Stephen A., and Haering, Edward A., Jr., FORTRAN Program for the Analysis of
- Ground Based Range Tracking Data--Usage and Derivations, NASA TM 104201, December, 1992

R,
R
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oniversity  Geocentric vs Geodetic
COOrdlnateS (contined)

Geocentric Polar Coordinates
T targem A
Rtarget — vXtarget2 " Ytarget2 * Ztarget2

h

Starget — tan—l {Ytarget}

Xtarget

1 Ztarget
ktarget =tan [ . g S
v Xtarget™ *Ytarget

: “Radius of Curvature” _Req
MAE 5540 - Propulsion Systems




NSRS Geocentric vs Ge6détic ™ =
COO rd I n ates (concluded)

Inverse Relationships, non-linear no direct solution

VXtarget2 * }’target2 ,
h= et R
cos (] A
_ 1| Ytarget
6talrget = tan Xtarget}
}L't = Ltarget ) i | |
arget = tan 5 5 R'
\/Xtarget *Ytarget [ -2 A\
eal‘th R' h
) u target
. Whitmore, Stephen A., and Haering, Edward A., Jr., FORTRAN Program for the Analysis of —

- Ground Based Range Tracking Data--Usage and Derivations, NASA TM 104201, December, 1992




UtahState n = e lnanicallog
oniversity  Pulling it all togethér

- Given geodetic coordinates --
compute geocentric

i) Compute geocedtric cartesian coordinates

Range, runway threshholds, radar antennae, beacon ....

Xtarget = [R’ N +h} cos (A'] cos(0)
Yrget = R',, +h | cos (A') sin(3)

Ziarget = [R‘ N {1 - ¢’ ] +h] sin (M)

earth

R Req

W JT-e s (V)

MAE 5540 - Pr_, earth
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Pulling it all together continueq)

- Given geodetic coordinates -- compute geocentric

i) Compute Geocentric polar coordinates next

—_ ) ) 2
Rtarget — vXtarget * Ytarget” * Ztarget

B = tan’ 22

Xtarget

B Ztarpet
}V[arget — tan 5 S 5 :|
+
VXtarget Ytarget

MAE 5540 - Propulsion Systems
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UNIVERSITY Pulllng |t a" together (concluded)E"q"Wqu
- Given geocentric (usually x,y,z) coordinates --

/‘ compute geodetic R — Req
Mo /1-e2 sin? (W)
GPS, INS, TLE's .... earth
No explicit solution: 5 5
. X +
requires h = VXiarget” * Yiargel” R'.
1) series expansion solution, cos (A) A
2) numerical iteration,
3) or a special solution Starger = tan" [itarget}
called "Ferrari's method"** target
) Ztarget - -
Ntarget = tan’’ = X 1 ,
\/X 2 +y 2 R |
target target 1 - egarth A
i R+ htarget_

**NASA Technical Paper 3430, Whitmore and Haering,
FORTRAN Program forAnalyzing Ground-Based

Tracking Data: Usage and Derivations, Version 6.2,
1995

MAE JIGUV = F1TOPUIDIVIT OYyDLelTD> |
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Numerical Example

- Edwards Air Force Base, Radar Site #34
A =  34.96081°
0 =-117.91150°

h 2563.200 ft

* Find corresponding geocentric cartesian
and polar coordinates

MAE 5540 - Propulsion Systems
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Numerical Example (contq)

- Compute Local Radius of Curvature

— Req
booJ1-e st (A)

earth

6378.13649 km _
V L - [0.08181939 sin (3496081 x T )

R|

6392.187109 km

MAE 5540 - Propulsion Systems
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Numerical Example (contq)

- Compute X and Y (geocentric)
rtarget — {R'w +hj| COS (}\./") —

4 _
6392.1871 +(2536.2 x 3. 048 x 104] | cOS 3496081 x T =

5239.3131 km

Xtarget = Trarget €08(0) = Yiarget = Farget $IN(0) =

52393131 km x cOS (11791150 % & _ || 5216.0074 km x §in 11791150 &) =

22452 5602 km -4629.83218 km

MAE 5540 - Propulsion Systems
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Numerical Example (ontq)

- Compute z (geocentric)

Ztarget = {R' , {1 ¢’ ] +h] sin (A) =

earth

6392.1871km || - 008181939 | +(2536.23.048 x 107 | sin 3496081 x 2 i

3638.7480 km

MAE 5540 - Propulsion Systems
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Numerical Exampie:

- Compute Geocentric Polar Coordinates

Ruger = 12452.5602% + 4629.83218% + 36387480 =

6378.94104km
Blurser = tan” |32 =

180 11-4629.83218 | _ _ 0

0 tan” | =-1179113

MAE 5540 - Propu

Z
Marget = tan’ [ target } _

2 2
v Xtarget *Ytarget

& -1 36387480 — o)
r <tan [5239.3131] 34.7803
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UNIVERSITY Numerlcal Examp e (contdsqwm

- Compute Local Earth Radius and
Geocentric Distance Above Geoid

Rg. = Re —
EA q\/ 1 - e%arth
1 - ey COS2 | A

6378.13649 km
1 - 0.081819392
I - 0.08181939” cOs2 347083 x T

6364.23 km

Dgeoid= Rtarget - RE;L =
6378.94104 - 6364.23 km = 14.7 km = 48228.25 ft

MAE 5540 - Propulsion-Systems
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N u merical Exam ple (concluded)

- Comparison

Geodetic Geocentric
A= 34.96081° =—— A = 34.7803°
0 =-117.91150° o =-117.91150°

h = 2563200 ft - Dgeoid — 4822825 ft

- Earth Oblateness is NOT trivial, and in the REAL
World -- it must be accounted for

MAE 5540 - Propulsion Systems
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Appendix II: Rigorous Derivation of
Realizable LLaunch Inclination
e [Launch Initial Conditions North

e Position: A, Latitude |
(2, Longitude (Inertial)
h, Altitude

Greenwich Meridian

Launch meridian

Equator

Vernal e s
Equinox 0y —

5
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e [Launch Initial Conditions

Greenwich Meridian|

Launch meridian

* Launch Initial Conditions
(Inertial Coordinates)  Eauator

X [Rearth Dy ] cos[ A ]
Y1 |= [Remh+h0]cos[?\0] sin| <o)
_ZI_O_ [Rearth+hy ]sin[2 ]

Vernal _ ‘x.ﬁ__- e s
QO — ﬁ[] + Bg Equinox . 0 —
Sidereal hour angle

MAE 5540 - Propulsion Systems %
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As the world turns/!

MRotation = Fauators,
cos[0;] -sin[6;] O
sinff;] cos (5] O
U 0 f 1

Greenwich Sidereal T
(Hour) Angle Vernal

Equinox e
(Mean) O

Ignore for now!

MAE 5540 - Propulsion Systems 7




UtahState . e henicSledienospace
UNIVERSITY Computing the Hour Angle

y BG Historically Expressed in Hours
.. Sometimes referred to as Greenwich

Mean Sidereal Time ... but we are going to
freat it as an angle

N
0= Ot X | Tonst~ Tomoong

« Sidereal time is a measure of the Earth's
rotation with respect to distant celestial objects.

8
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