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Coordinate Transformations:(cont;d)
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• A Matrix "trick" for
  coordinate transform in 2-D
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• The Runge-Kutta Method was developed by two German men Carl Runge (1856-
1927), and Martin Kutta (1867- 1944) in 1901. These numerical methods are still 
used today. 

• Carl Runge developed numerical methods for solving the differential equations that 
arose in his study of atomic spectra. 

• He used so much mathematics in his research that physicists thought he was a 
mathematician, and he did so much physics that mathematicians thought he was a 
physicist.

• Today his name is associated with the Runge-Kutta methods to numerically solve 
differential equations. 

• Kutta, another German applied mathematician, is also remembered for his 
contribution to the differential equations-based Kutta-Joukowski theory of airfoil lift 
in aerodynamics.

• Runge–Kutta method is an effective and widely used method for solving the initial-
value problems of differential equations. Runge–Kutta method can be used to 
construct high order accurate numerical method by functions' self without needing 
the high order derivatives of functions.

Karl	Runge

Martin	Kutta
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Parameter Value
Fvac (Nt) 311,800.0
F sl (Nt) 264,745.3
Isp (sec) 239

Vexit (m/sec) 2200
M�����(kg) 4008

Mpropellant (kg) 8797
GTOW (kg-f) 12805

Payload weight
(warhead) (kg-f)

1043.56
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Worked Example (cont'd)
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Big Advantages
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Benefits of Electric Propulsion

Chemical Electric
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25%

Structure
Bus
Propellant
Payload
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32%

6%

47%

Structure
Bus
Propellant
Payload
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Major Project 1  …!

10 Nt!

2000Nt!
270 Isp!

Assume 270 Isp!
For Apogee Kick !
Motor!

+ propellant mass!

8530 km ! !!
- aLEO = 8530km, aMEO = 13,200 km!
-Thrust (electric) ~ 10 Nt, Isp (electric) = 2000 sec!
- Kick motor Isp = 270 sec Fkick= 2000 Nt, !

• For continuous thrust problem .. assume final Orbit insertion !V is 
delivered impulsively with Apogee Kick Motor Isp = 270 sec ….. 
Ignore atmospheric drag!
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• Calculate Mass Consumed Including Kick!

Part a)!
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Part a)!
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Part a) Continuous Small Thrust!

… Implement both Trapezoidal and Runge-Kutta !
Integration schemes !

… Assume continuous thrust transfer to transfer orbit 
apogee using EP device, final orbit insertion using high 
thrust kick motor!

… compare algorithm performance as!
Time interval !T becomes progressively larger!

… Is there a point where algorithm blows up?!
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Part b) Continuous Large Thrust Analysis!
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• Part b, Hohmann Transfer Calculations!
MEO!
Orbit!

Hohmann Transfer: !
Isp=270 sec!
Fthrust=2000 Nt!

• Impulsive Burn !
Calculations!

• Calculate Mass Consumed Including Kick!
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• Part c … Bonus (1 point) .. Work continuous large!
Thrust problem with non-impulsive burns at both ends !

Hohmann Transfer: !
Isp=270 sec!
Fthrust=2000 Nt!

• Non-Impulsive Burn !
Calculations!

• Continuous Thrust!
Burn Calculations!
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Position within initial orbit:
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Angular velocity within initial orbit:
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#
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Project Hints (1) 



Linear Velocity within initial orbit:
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Instantaneous (no-nonconservative foreces acting)  Keplerian orbit ! given :
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Project Hints (3) 
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4_"*B31'-.'8+$26"#<'X'!"#$%&'62'81=+#*'
4"<6&'I<"$,71<'?<@+6'K8I?M
1st Stage � TU-903
2nd Stage � SR-119 
3rd Stage � SR-120
4th Stage � Star 48B long 
5th Stage � Star 27 with 25-30% propellant offload
(depending on final payload mass)
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�	�������������������400+ kg payload delivery 
to 19,000 km altitude MEO orbit without 6th stage

Star 27
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`"33+,6+%'6<"J1%62<)

01'-2-3%H*M-'&?*M"(:-8%

���-Degree of freedom Launch simulation used to optimize pitch profile for 
maximum stage IV mass to MTO
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