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Launch Dynamics II:
2-Dimensional Equations of Motion
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Taylor, Chapters 2, 3.
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Real World Launch Analysis

Pegasus User's Guide

Trajectory Design Optimization

Orbital designs a unique mission trajectory for ®
each Pegasus flight to maximize payload pegasus
performance while complying with the satellite
and launch vehicle constraints. Using the 3-Degree

ORBITAL SCIENCES CORPORATION

of Freedom Program for Optimization of e 6-DOF simulations
Simulation Trajectories(POST), a desired orbit is

specified and a set of optimization parameters and Costs 4 LOT! To run
constraints are designated. Appropriate data for mass And are typlcally

roperties, acrodynamics, and motor ballistics are input. .
IIZOST then selects values for the optimization parameters Not used for TI'&J CCtOI'y
that target the desired orbit with specified constraints desi gn'
on key parameters such as angle of attack, dynamic
loading, payload thermal, and ground track. After

POST has been used to determine the optimum e We are gOiIlg to develop
launch trajectory, a Pegasus-specific six degree of . +

Freedom simulation program is used to verify A SImple 27-D code
Trajectory acceptability with realistic attitude That works well

dynamics, including separation analysis on all stages. ..
: &P g ¢ For mission profile
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Orbital Energy

 In Ideal Keplerian World € (specific orbital
energy) is constant

B 2 aorbit

8 orbait —

e If a non-conservative force is performing
work on the satellite operarting within the orbit "a",
after a period of time 7, the new orbit energy level is

Energy
. L added
[Somn]t — - 220 - 2;_0 . + Im
o N satellite
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Kepler’s Laws

o Keple¥’d First Law: In a two body universe,
orbit of a plapet is a conic section with the sun
(Earth) cem‘.er%&t one of the focii

o Kepler’s Secon%w: In a two body universe,
radius vector from t 1 (Earth) to the planet

sweeps out equal are @%ual times

e Kepler’s Third Law: In adwp body universe,
square of the period of any ob evolving
about the sun (Earth) is in the a‘r}@

fi o as the
cube of its mean distance \}

MAE 5540 - Propulsion Systems
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Orbital Dynamics
* Must resort to Newton’s laws to describe

these orbits
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Coordinate Transformations:

v | . {1, j} fixed in space

_ _ i =i cos [V]-, sin[V]
Transform = polar T inertial

L - -

J = irsin[v]+1, cos [V]

r = I cos [v]+] sin [V]

Transform = inertial T polar

b s

, == sin [v]+] cos [V]

b s

I,
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Coordinate Transformations: ...

e A Matrix "trick" for

coordinate transform in 2-D
o i =iy cos [V]-i, sin [v]
. Transform = polar | inertial
J = ipsin[v]+i, cos [V]
s
IV v — -
) - _ _ r=1cos[v]+] sm [V]
| | Transform = inertial T polar| ,
I, =-1 sin [v]+] cos [V]
ir [ cos[v] sin[v] || |
i ~ | -sin[v] cos[V] i
l
i| [ cos[v] sin[v] [ _[ cos[v] -sin[v] ir
i ~ | -sin[v] cos[V] i ~| sin[v] cos[v] i
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Perifocal Coordinate System

Unit Vectors: i i

~»
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Perifocal Coordinate System
Sub-orbital Image

Engineering
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elocity vector

i iy i,
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Acceleration Vector

V oV - -
- ! A !
—3\/' . .

A="1oxV-= Vv Hl 0o 0 v [|I= Vv + vV,

dt
ViV 0 ’

* But from previous slide

I V; V.,
VT

0ol |0 Vy

i
=
U
I
<4
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Acceleration Vector coro

_ ”y -
v,

V. r

A=|v. |+| Y%
v 2

MAE 5540 - Propulsion Systems 10
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* Instantaneously

T md T x-k
F— EV —ﬁ

11>|

%%

3
° VoV,
Vil + -

=|les/
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Newton’s Second Law

Regrouping

V)
I

_F .
74 B IR 72
- 4 _
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Gravitational (conservative) Forces

"Inverse-square”
law "potential”
field

Isaac Newton, (1642-1727)

» Assume spherical earth .. Always acts 1n 1. direction
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Vehicle Mass

: K
mvehicle: ) gglrf::

Mt — MO _ 1:thrust

/ o o Lsp

Initial mass of vehicle

MAE 5540 - Propulsion Systems 14
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Non-Conservative Forces

£ | (Fcos() = Fy, sin(y)+ F,,, sin(6) )
m _ m

E 1 (Fysin()+ Fy cos(7) = B, c0s(6) )
m

V.
th v,

Vector Force Diagram 15
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Aerodynamic Forces

» Lift Force perpendicular to velocity vector

* Drag force directly opposes velocity vector
/—

~ | A, ... reference
o Area ... planform
Or diameter based

“Dynamic Pressure”

Fy,=C A>qoo =C A,,ef pooV

F

drag

=C Aref qoo =C Aref pooV

16
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Aerodynamic FOrces s | Air “sticks” to

Earth boundary

Airspeed
_ 1 , \ _ _ _ _ \4 _
q o — 5,000 Voo —> VOO — ‘ Vinertial - Vatmosphere — ‘ Vinertial — O eqrth X RH
-
Inertial Velocity
e
- Lower atmosphere:

Vatmosphere = Wearth X Tgatellite

MAE 5540 - Propulsion Systems v
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Aerodynamic Forces o

' Crogs Product”

Upper atmosphere:
4

See appendix 1 at end of slides

V asosster << Wearth X I‘satellite

,;"{'. ;’

- 1 \

Rarified Upper Atmosphere "Slips"
/ and is not " Attached" to the Earth

Vinertial — Vearth — Vwind

* Good Approximation:

Vo=

o0

MAE 5540 - Propulsion Systems '8
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table lookup

e Airspeed

Inertial

Vkm/sec

Aerodynamic Forces i
e Look at STS 114-aero example

--Typically implemented as

| |
300 400
Time, sec

I
500

--C,, Cp, typically function of Mach, o

I
600

Altitude

Mech aniCcallGdrie oS hac e
Engineering

-

Viotar 7 V,
o .

km

H,

| |
0 100 200 300 400 50019 600
Time, sec
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Aerodynamic Forces o

* Look at STS 114-aero example

Mach

Mach Number

| | | |
0 100 200 300 400
Time, sec

MAE 5540 - Propulsion Systems

I
500

I
600

Qbar

Qbar, K

I I I I I
0 100 200 300 400 500 600

20




UtahState &=

PRIVERSITY Aerodynamic Forces oo

* Look at STS 114-aero example Aref, M2

] 185.4
4

Lift Coefficient 2 Drag Coefficient 2

Mach Mach

21
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» Several Types of Drag Drag
Act on Flight Vehicles

— Simplest case

* Pressure drag

(form drag)
— Fore-body
Forebody
— Base Pressure
— Wave drag Drag
— Induced or 5 Base
) Total Drag —p —> Pressure
Compressive Drag
drag due to lift Fore-body
. Viscous
* Viscous drag Drag \l
— Fore-body ,
Drag due to lift

 Total drag

MAE 5540 - Propulsion Systems >
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Base Drag: What 1s 1t?

Boundary Separation u(y)
U, Layer /
—
Low Pressure
Separated Region
Wake
* Boundary Layer on Vehicle Base
Area Separates
* Low Pressure Separated Region Drag —p
Forms High

Low

e Low Pressure Causes a Large net Fressure Pressure

Pressure Difference

» Especially significant on Launch
vehicle after rocket burnout

23
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C.g

.8

L.7

Co,

CEVTY

L5

C.5

C.d4

INTechanicIfedlenospace)

Engineering

Base Drag conta)

Flight Reaulta, Effact of Fowbody Grit on LASRE Baas

“Corfrnes Referanced
oo LASRE B3¢ 4rea

Legead:

LASRE Base ORg
Corffaenc [ro Ge)

= LASREBas Omg
Coffaenc [Wich Gre)

3) Baze Drag
mr" :; '}u. =
........ -
—
s oS cr ¢z cs I 1 .2 13 e 15
Mach Nurmber

MAE 5540 - Propulsion Systems

(14 K1M"™)C,

Cp(M, Ky, Kyn) = ———— —
VIME=1 4 (1= /M2 =1))

Linear Aerospike Rocket Engine

(-)'f)
K>
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Collected Equations
-9 | VP Eucos(y) - E,sin(y)+ F,,,sin@) oy |
Vr r " m - 7"2
I./V |: V V lzft Sln(j/) + P:lrag COS(j/) thrust COS(&):|
v
m =tan"'| <~
’ |: Vv :|
| v,
r
v 7
F;hrust
- _
B N B gOISp _k

0

X = f|X.F,

thrust 2,

MAE 5540 - Propulsion Systems
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Vector Form of State Equations

X f[ >~ thrust® ]
- RS , B ©08(7) = Fyp SN + By $0(0) 1 ]
Vr 7 m r2
f/v A N Fysin(y)+F,,  cos(y)— F,,., cos(6)
r m
: =tan”' | =
X = f[XﬂF;hmsﬁe] % - ! |:Vv:|
, ' O=y+a
v B
7’;1 _ Ehmst
B - L gOISp ]
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Ballistic versus Non -Ballistic Trajectories

Y
« Non-ballistic trajectories sustain  »

significantly non -zero angles of attack
... lift is a factor in resulting trajectory
... S0 is induced drag

* Ballistic trajectories trim rocket at ~ 0"« (6=y)
... lift is a negligible factor in resulting trajectory

MAE 5540 - Propulsion Systems 27
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Example of Non-Ballistic Trajectory

Hyper-X Free Flight

— _—

o~ Power-Off Tare 4 secs
PID 10 secs

Power-On Test 7 secs

100
Altitude 45000 ft
(kft) Push-Over
-1.50's
Free Fiyer Staging
50 Booster Burm-Qut
Ascent-Accel /
Turning Descent
B-528B i o)
20,730 1t o to Desired Impact Area
170 psf
B
’ Mission
0 Complete
0 sec 5 sec ~B8 sec ~90 sec =130 sec g ~ 500 S8C
ONM 0.6 NM ~70 NM ~B80 NM ~700 NM

MAE 5540 - Propulsion Systems 28
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. On-Orbit
Legend Nominal Mission or ATO OMS Maneuvers
MECO = Main Engine Cutoff kit W
OMS = Orbital Maneuvering System
MECO/Separation
M
:})\y AOA
\ TN OMS N\ -_
MECO X \ Deorbit
MECO MECO/ \

Separation \

Entry Interface
400,000 Feet

\
RTLS \ \

v\
Space \\ \‘ To Landing

Stagin |
Y/‘  shuttle ¢\

' MECO/Separation
| / .. I
O / mission | 'l

! |
[ . li
: profile |
Launch SRB Impact ET Impact ET Impact To Landing
Abort and Normal Mission Profile
29
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More “Gravity Turn”

Space Shuttle
Launch (STS
115

— Atlantis) as

seen
from ISS

“definitely
Not ballistic”

30
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Oh That! Gravity Turn

Yup this is real!

Phases of Launch Vehicle Ascent. During ascent a launch vehicle goes , =
through four phases—vertical ascent, pitch over, gravity turn, and vacuum. Gravity-turn maneuver of an ascending Delta Il rocket with
Messenger spacecraft on August 3, 2004.

31
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Example of Ballistic Trajectory
him] 4 "
(g:szgd?\:::lliinstant
with height)
. 5 \eb 3
» Ballistic Trajectories
Offer minimum |
5 & B
drag profiles A T =

(a0 ~ 0-->No induced drag)

MAE 5540 - Propulsion Systems
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UNIVERSITY Ballistic Coeftficient

* When effects of lift are negligible aerodynamic effects
can be incorporated into a single parameter
.... Ballistic Coefficient (f)

* B is a measure of a projectile's ability to coast. ...5=M/Cy4,,,
... M 1s the projectile's mass and ... C44 is the drag form factor.

« At any given velocity and air density, the deceleration of a
rocket from drag is inversely proportional to 3

HIGH
LOW BALLISTIC * See Appendix 3
BALLISTIC COEFFICIENT For Ballistic Coefficient

COEFFICIENT

Calculation Examples

MAE 5540 - Propulsion Systems 3
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Collected Equations, Ballistic Trajectory

MAE 5540 - Propulsion Systems

o B | B PV _
° 1% _ + rus _ o0 Sln
V. rooor { m 20 7)
: vy, [F p 2
VV T rv _|_|: thrust IO o0 :|COS(}/)
r m
- v
r i \
v ”
7’;’1 . Ehrust
B B B gOISp |

INTechanicIfedlenospace)

Engineering

X=f[X.F,

> thrust

]

34
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Launch Ballistics Revisited

Y
« Non-ballistic trajectories sustain  »

significantly non -zero angles of attack
... lift is a factor in resulting trajectory
... S0 is induced drag

* Ballistic trajectories trim rocket at ~ 0"« (6=y)
... lift is a negligible factor in resulting trajectory

MAE 5540 - Propulsion Systems 3
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Launch Ballistics Revisited (2)

him] 4

H L * In practice ballistic

< Trajectories give
assumed constre “lofted orbits” with

ne Very high apogee

Altitudes . ..

1 = 3
hb \

Need to “turn the corner”
at some non-zero angle-
of-attack to get proper
Apogee/velocity phasing

0 i

xb xH x3 X x [m]

MAE 5540 - Propulsion Systems 3
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Non-Ballistic Trajectories, revisited

o [ , By 008() = By SING) + By 5100)  p ]

Vr 4 m 2

vl | |V s F,sin(y)+ F,,,, cos(y) = F,,,, cos(6)

v m

T v e:OL +

' Y

y M

,/;/l _ Ehmsz
- - B gOIsp _

“pitch profile”

Key to accurate
Orbit insertion

37
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Ballistic .. Bottom Line

e In practice ballistic
Trajectories give
“lofted orbits” with
Very high apogee
Altitudes . ..

Need to “turn the corner”
at some non-zero angle-
of-attack to get proper
Apogee/velocity phasing

* “pitch profile” Key to accurate
Orbit insertion

* Negative lift used to “turn
the corner” during

* Induced Drag Penalty
Accepted to achieve
correct orbit parameters

» See Appendix 4 for numerical example

MAE 5540 - Propulsion Systems
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Numerical Analysis of the
2-D Launch Equations of Motion

MAE 5540 - Propulsion Systems 3
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Integrated Equations of Motion

X = f[X,Fp 0] X(6) = X(t) + j S[XF, 0]t

— approximate over fixed interval AT —

to +At

X(t, + At) = X(t,) + j S[X. - O it

MAE 5540 - Propulsion Systems 0
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Numerical Approximation of
the Integral

* Index definitions

Xp = X( t) +K At)
X-f X Fthrust) = Xg1= Aty + ' k'l'l) At)

f}< = f |:X k> Ehrusr : 61( :I

Jfen = f[Xk+19Ehmstk+, ’6k+l:|

MAE 5540 - Propulsion Systems “
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Numerical Approximation of
the Integral coco

ty +At

A= X(t)+ | f[XF

)

‘ —_— “‘“,»..__

Rt

f(Xa Fthrust)

Xki1= Xk +5- At fx + fx.1

“Trapezoidal rule”
>

42

MAE 5540 - Propulsion Systems




UtahState MechanicSllc
U N l V E R S I T Y Engineering

Or we can use Finite Differences”

* Finite Differences

. Xgyl - X
X = k+lAt kz%[fk+ fk+1]

» Solving for

Xki1= Xk + %[fk + i)

MAE 5540 - Propulsion Systems 43
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“Trapezoidal rule”

2

- But we don't know fk+1
. We predict it

Xk+1 = Xk + At fk

-Soooo .

fk+1 :>f

MAE 5540

INTechanicaledrAenospace)

Engineering

Numerical Approx1mat10n of

the Integral coo

fk:>f|: Iz thrut ek:|
Xk = X + L6 + fi ] for = ] Xeets Foer 6o

Xk+1,F H

thrust . >~ k+1

44




UtahState INtechanicsladhienospace]
U N I V E R S I T Y Engineering

Numerical Approximation of
the Integral coco

* And ... then we correct it

X1 = X M[fk fk+1]

“trapezoidal rule”

MAE 5540 - Propulsion Systems »
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Predictor/Corrector Algorithm

leen |:At’Xk9Ehmst P gk:|

rapezoidalrule™  prediction Step:

~

= Xt = Xi+ Atf[Xk,Ehmstk ,Hk}

Correction Step:

— SR

~

thrust | ° > % thrust . ° " k+1

Y A Y . .
Xk‘l'l = X1 =Xk+? <f|:Xk,F ijl-kf Xk+1, F 0 s

—J

Slide Indices and Repe_at:
Xic.1 = Xi

MAE 5540 - Propulsion Systems 4
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Higher Order Integrators

*Simple Second Order predictor/corrector works well for
Small-to-moderate step sizes ... but at larger step sizes can
be come unstable

* Good to have a higher order integration
scheme 1n our bag of tools

* 4th Order Runge-Kutta method 1s one most commonly used

* Lots of arcane derivations and Mystery with regard to
This method ... lets clear this up!!!

MAE 5540 - Propulsion Systems i




The Runge-Kutta Method was developed by two German men Carl Runge (1856-
1927), and Martin Kutta (1867- 1944) in 1901. These numerical methods are still

used today.

Carl Runge developed numerical methods for solving the differential equations that
arose in his study of atomic spectra.

He used so much mathematics in his research that physicists thought he was a
mathematician, and he did so much physics that mathematicians thought he was a
physicist.

Today his name is associated with the Runge-Kutta methods to numerically solve
differential equations.

Kutta, another German applied mathematician, is also remembered for his
contribution to the differential equations-based Kutta-Joukowski theory of airfoil lift
in aerodynamics.

Runge—Kutta method is an effective and widely used method for solving the initial-
value problems of differential equations. Runge—Kutta method can be used to
construct high order accurate numerical method by functions' self without needing
the high order derivatives of functions.

Martin Kutta
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4th Order Runge-Kutta Method
A

Lets add two more points
To the curve before summing

f(X ) 1:thrust)

X(1) X(t+ At)

48
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4th Order Runge-Kutta Method

(cont’d)

 The basic Differential equation is:
X=1[t, X]

» Approximate the first derivative by finite difference

X zf(l)Zf[tk+, Xk]Ekl

MAE 5540 - Propulsion Systems »
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4th Order Runge-Kutta Method

(cont’d)

 Now correct this derivative estimate with what we have learned

£ (2) _ At Atz (M| _ At At | =
X _f[tk+2,xk+2X ] f[tk+2,xk+2kl} )

e This 1s almost equivalent to what we have already done

MAE 5540 - Propulsion Systems >0
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4th Order Runge-Kutta Method

(cont’d)

» Repeat this process twice more to give us 4 points on the curve

X ) = f [tk+A2t Xk + %f (2)} = f [tk+A2t % ko } = k3

x@ = f [tk+At X+ At X (3)] f [tk+At, Xk + At ks } = ky

MAE 5540 - Propulsion Systems !
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4th Order Runge-Kutta Method

(cont’d)

* Finally take a weighted average of the results

T:[§(1)+2§(Z)+2§(3)+ 5'5(4)]:}
q 6

X kt+] = Xk+?[k1+2k2+2k3+ k4]

MAE 5540 - Propulsion Systems >2
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(cont’d)

 What happens if the Input (Thrust) 1s not Constant? ...

Simply “split the difference” between Fy; ., and F
.. same applies to theta (dropped for simplicity)

thrust k+1

X — h [t , X, Ftlmlst]

X ~ X M — [tk‘*', Xk Fthrust } = l(1
—

x 2 :f [tk'*‘ A2t Xk + Azt x , Fihrust :| f [tk+ A2t % ky | FthrustJ =ky

MAE 5540 - Propulsion Systems
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CRVERSTTY 4th Order Runge-Kutta Method o

(cont’d)

* “split the difference” between Fy ., and Fy o .,
... same applies to theta (dropped for simplicity)

X ®) f [tk"‘&, X + At X C), Fust ] = f [tk‘l'ﬁ, Xk + at ko , Fopust ] =k
2 2 k+1 2 2 k+1

$W-f [tk+At, Xy + At X = Fthrustk 1] =1 [U{"‘At, X + At K3, 1:"thmstk 1] =ky

Fz(lu 25,1250 5;‘(4)};5

%] 6

fk+1=fk+%[k1+2k2+2k3+ ky]

MAE 5540 - Propulsion Systems >4
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Summary Slides on E.O.M.

LI"IN 40
I"""l'lnnnmH'“"
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Collected General 2-D Equations

. ] i sz COS(j/) F;z’rag Sln(j/) + thrust Sln(g) /J ]
v, P - ~
I./v |: V V l’ﬁ Sln(j/) T P;'i”ag COS(]/) thrust COS(&):|
V
" =tan"' | <
7/ |: VV :|
. - V. a
r
y B O~ o+
) _ F;hrust
m
- - | gOISp _\

0

X = f|X.F,

thrust s

MAE 5540 - Propulsion Systems



Stephen Whitmore



UtahState

UNIVERSITY

INTechanicIfedlenospace)

Engineering

Collected Equations, Ballistic Trajectory

MAE 5540 - Propulsion Systems

q W s | B PV
° 1% _ + rus _ o0 Sln
V. rooor { m 20 7)
: vy, [F p 2
VV T rv _|_|: thrust IO o0 :|COS(}/)
r m
- v
r i \
v ”
7’;’1 . Ehrust
B B B gOISp |

N\

= tan"' 14
V= v
, /
m K/
'B B CDAref
X = f[XﬂEhmst]
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Uulsla\,‘E§tSal¥$ Mechanicallcd
Predictor/Corrector Algorithm

G1ven [At,Xk,Ehmtk ,9;(}

rapezoidalrule™  prediction Step:

~

= Xi+1 = Xi+ Atf[Xk’Ethtk,Hk:l

\ Correction Step:

\
\ - SR

thrust | ° > % thrust . ° " k+1

X S Y : :
Xk‘l'l = X1 =Xk+? <f|:Xk,F ijl-kf Xk+1, F 0 s

—J

Slide Indices and Repe_at:
Xic.1 = Xi

MAE 5540 - Propulsion Systems 8
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CRVERSTTY 4th Order Runge-Kutta Method o

Summary

X ) - f [tlﬁ', Xk Fthrust ] - l(l

52(2) :f {tk"'%t Xk + %t A(l) , Firust } f [tk+A2t ‘%‘t‘ ky l'—"thrustk_ =kp

EB):f[ %s Xk"'gtﬂ(ﬁ Fiirust :f %Xk"'%tk’lsl:ﬂnust =k

k+1. k+1
=1 [tk+At, X+ AtX P By |= -tk‘l'At, Xg + At ks, Fthmstk 1] =ky

k+1_

s

‘R
\

xk+1_xk+?[k1+2k2+2k3+ ky]

T:[;g<1)+ 2@ 130, (4)}%
X 6

MAE 5540 - Propulsion Systems e Slide Indices and repea?
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UtahState IMech3nicSledrenos pace)
U N I V E R S I T Y Engineering

Initial Conditions

X f[ > thrust ? ]
[ 7] | sz lﬁ COS(j/) F;Z rag Sln(j/) + thrust Sln(e) . ﬁ |
Vr 7 m r2
v, | n, N Fy,sin(y)+ F,,, cos(y)— F,.., cos(0)
r m
. =tan"'| =
X — — f[X thrust ° 0] - V —> ]/ |: VV :|
, ' O=rv+a
v B
7’;’l . Ehmst
B - L gO]Sp ]

Need starting conditions for state vector X

116
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U N l V E R S I T Y Engineering

Fixed Earth Approximation

e Ignore effects of rotation

. V.

nertial

=V

ground

* YineﬂiaIZYground

» Accurate for Short Duration
lower altitude flights

MAE 5540 - Propulsion Systems 132
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UtahState @,-.
UNIVERSITY
_Launch I.C. Example:

15 m/

/] * Rocket Launch from Green River
Utah -- 38° N. latitude, 3970 ft. altitude (1.21 km)
? / * Rocket Leaves Launch Rail at

85° angle to Local Vertical

« Compute Ground Relative, Inertial
Flight path Angle, Initial Position,
Velocity Vector

Solar day:86164.1 sec
85° Qs 7.292115e-0.5 rad/sec

MAE 5540 - Propulsion Systems 118
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UNIVEF!SITV

razl

ﬂ

F
thru drag

m g sin(y,,;)

Mechanicalcy

Engineering

Velocity
Off of the Rail (1)

yrail

MAE 5540 - Propulsion Systems

(R + )
erall
2p

:Cf-m-gCOS(%aiz):Cf.m(R h)

1
drag =C Aref(ipl/milzj -

/4

f norm,;;

m g coS(},,)
m:- Arazl Ehmst B ]grav ]Tfrzc Elmg
\ 4
mg
Figrav =m-g- Sin(}/rail) =m-— Sln(yrall)

COS(7 rail )
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INTechanicIfedlenospace)

Engineering

UNIVERSITYV VeIOCIty
/] .
’fal Off of the Rail (2)
F /] F dra m:- Arail = Ekmst B ]grav o ]Tfric o Elmg
thrust & P 7
\j, - CDAref
u — careful! with units
MG
F fric
I./ erail2 H |:Sll'l(7/ )'I‘C COS(7/ )]_I_ F;hrust
rail — — - rai ) rai
2p (Roamy T
7’;’1 — _ Ehrust
{ gO[sp

(v 0 V. . }-->ground relative

MAE 5540 - Propulsion Systems

{VO - 0’ m :Mtotal}
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rail
A
F thrust
| v
|
| ?>
F fric P
[P
g
V>
\
B
N\
N
7/ rail

MAE 5540 - Propulsion Systems

V

r

V

L4

r
\ 4
m

Velocity

V

rail

V

rail

=| R +L

T
2

rail

" yrail

e chvanicSlE e nosiac ey

ESnoinererring

Off of the Rail (3)

ﬂ I drag Initial Conditions Off of Rail

-sSiny

rail

*COSY

rail

-siny

rail

m rail

" exit
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UNIVERSITY o e °*
Initial Conditions:

Ground Launch, Rotating Earth

e Inertial Flight Path Angle

_ -1 " r
7/ inertial ~— tan

» Ground Relative Flight Path Angle

%

r

V, =V, cos (Lat)

e
/4 ground tan

MAE 5540 - Propulsion Systems 117
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UNIVERSITY

INTechanicIfedlenospace)

Initial Conditions:

Ground Launch, Rotating Earth

Initial Velocity Vector :
[V =V, sin(y wouna) —> Vo = Initial Groundspeed

Engineering

Vnorth

Initial "Orbit"

* See appendix 2 at end of slides

a= e P
2p 2 2 -
-\ V. +V <
|:Re(Lat)+h |: ' ! :| ‘
R, +h ( 1 Y’ 5
e=—t v} - +(Vv,)
,Ll e(Lat)+h

MAE 5540 - Propulsion Systems

Veast 15 m/sec

|
/

V,= \/ [ Vo €08(z;4 ) €OS (7/ ground ):|2 T |:Vo SI0(2}4,,4 ) €OS (7/ ground )"‘ Vg, cos (Lat )]2
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UNIVERSITY o o o o
Initial Conditions:

Ground Launch, Rotating Earth o

Initial Position

15 m/sec

b r=R, +h

ﬂ (Lat)

(AL v=atan2<g[l—ez}ﬁ,ﬁ[l—ez}—l>
/ i - V. r )
g * Initial Mass, m,,

g \ * See appendix 2 at end of slides

MAE 5540 - Propulsion Systems !
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U N I V E R S I T Y Engineering

Ground Launch: Down Range Calculation

* Integrated trajectory gives

r,V

e Inertial Downrange

v\

AR = jd e Vl)\

Recursive Formula

. rl.+1+rl.
Ri+1_Ri+|: 5 }Vm_vi)

MAE 5540 - Propulsion Systems * See appendix 2 at end of slides 62
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Velocity Off of the Rail

T * See appendix 2 at end of slides

thrust Cpd, I
— careful! with units
‘j/ g = Iu 2
| (R+h)

. 2
F / Viait = — IOI/rail — H sin )+ C, -cos ) |+ F;tht
fl"lC ! 2ﬂ (Re N h)2 |: (yrazl) f (7razl)] -
I’;’l — _ Ehrust
gO[sp

(v 0 V. . }-->ground relative

{VOZ 0’ mOZMtotal} 63
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U N I V E R S I T Y Engineering

V2 Rocket Example ... Ballistic Trajectory

MAE 5540 - Propulsion Systems o
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UN'VERSITY ngmeering

V-2 Rocket
First Op erational




UtahState INtechanicsladhienospace]
U N l V E R S I T Y Engineering

* Challenge was to deliver a one ton warhead, 180 nm range.

* Final design: Powered by A4 rocket motor, 2300 1b warhead, 190 nm
(352 km) range. 47 ft long, 5.4 ft diameter, 28,229 b takeoff weight.
59,500 1b thrust for 68 seconds.

* 6400 weapon launches

e The Americans got Von Braun and 117 other scientists, and about 100
rockets. The Soviets got the facilities and about the same number of
rockets.

e 60 plus V2’s and V2 mods were launched in the late 40’s in US. All
were sub-orbital, highest altitude was 244 miles

« LOX/Alcohol Propellants

MAE 5540 - Propulsion Systems
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UtahState

UNIVERSITY

INTechanicSlEdrRenospace)

Engineering

A-4 Rocket Engine

PRESSURISING TUBE

HYDROGEN-PEROXIDE TANK

THRUST FRAME

COMPRESSED-NITROGEN
PRESSURISING BOTTLES

CALCIUM-PERMANGANATE
(CATALYST) TANK

HYDROGEN-PEROXIDE
REACTION CHAMBER

ROCKET'S MAIN
COMBUSTION CHAMBER
(OUTER SKIN)

MAE 5540 - Propulsion Systems

LIQUID-OXYGEN PUMP

ALCOHOL PUMP

STEAM FEED-PIPE FROM
REACTION CHAMBER TO TURBINE

OXYGEN / ALCOHOL
BURNER CAPS

ALCOHOL INLETS




UtahState INiechanicSladrenospace)
U N I V E R S I T Y Engineering

V2 Rocket Parameters

Parameter Value
Frac (V1) 311,800.0
Fs (V) 264,745.3
/sp (sec) 239
Vexir (M/56C) 2200
M, (kg) 4008
Mprope//ant (kg) 8797
GTOW (kg-1) 12805
Payload weight 1043 .56
(warhead) (kg-f)

MAE 5540 - Propulsion Systems
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UNIVERSITY

V2 Rocket Parameters

... Additional Specs

Exhaust velocity
Mass ratio
Gross mass
Empty mass
Vacuum thrust
Specific impulse
Burn time
Length
Diameter
Propellants
Burnout Velocity

MAE 5540 - Propulsion Systems

INTechanicSlEdrRenospace)

V.=2,200 m/s
m,/m= 3.2

m, = 12,805 kg
m = 4,008 kg
F=311,800 kN
I, =239 sec

T =68 sec
L=12m
D=165m
Lox/Alcohol

vr = 5,500 km/hr

Engineering




UtahState INtechsnicSledrenospac )

Additional V2 Data

(http://en.wikipedia.org/wiki/V-2)

Weight 12,500 kg (28,000 Ib) maximum:
Length 14m (45t 11 in) 1,600 m/s (5,200 fi's)
Diameter 165m(5ft5in) D00 IV {90K) )
. at impact:
Warhead 980 kg (2,200 Ib) Amatol 800 mJs (2,600 fi/s)
G T S L L T T T e R G EA L LR B T o e e 2,880 kmvh (1,790 mph)
Wingspan 3.56m (11 ft8in)
Guidance Gyroscopes for attitude control
Propellant 3,810 kg (8,400 Ib) of 75% ethanol and 25% | system ~ )
SRR Miller-type pendulous gyroscopic
Water & 2,910.xg (10,800 by, f Souid accelerometer for engine cutoff on most
oxyaon production rockets (10% of the Mittelwerk
Operation m (200 mi) rockets used a gui
guide beam for
Flight altitude 88 km (55 mi) maximum altitude on long . )
Mobile (Meillerwagen)
range trajectory, 206 km (128 mi) maximum

rm
\ altitude if launched vertically.

MAE 5540 - Propulsion Systems
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U N I V E R S I T Y Engineering

V2 1-D Thrust Model

Fmruﬁ:m',/ +(P'_P

exit ex/ ambient

)- A

exit

— £

vac

_'Cs/:'Ds/”4

exit

Fs/:|:m° ,/EX/'I‘_'_(PeX/I_O)"43)(/1‘:|_|:m° ,/exil+(P 5

ex| s/

)- A

exit

— F

vac

4 Fwe—Fy _311800.0—264745.3

exit
Fo 101325

=(0.46439 m?

=>().76895 m effective exit diameter

MAE 5540 - Propulsion Systems
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U N l v E R S I T Y Engineering

V2 1-D Thrust Model ,,

F F 311800
/ _ vac m= vac —
( Sp)vac go -m - gO . ( /Sp)l/ac 9.8067-239

= 133.032 kg/sec
M 8797

7— _ propellant _ —
burn m 133032 66 3 SCC

Slight inconsistency in problem specification (68 sec given)

Need Vacuum [, = 245.77 sec to give 68 sec burn time for
given propellant mass (8797 kg)

MAE 5540 - Propulsion Systems
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UNIVERSITY “ 9

V2 1-D Thrust Model 3,

F..—m-V

— F vac — [m ) ,/eX/'f + Pex/z‘ ) AHX/I‘] — e'x/f = —= y P ==
exit
311800-133.032:2200
0.46439 = 41,19296 Pa

MAE 5540 - Propulsion Systems
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UNIVERSITY “ 9

V2 1-D Thrust Model 4,

Fionust = M Vi + ( Foit = eimb/enr)' A
- m ] [133.032,,,. |
'/6')(/1‘ 2200 m/sec
— =
PM 41,192.96,33
_/43)(,,_ 0.46439 2

MAE 5540 - Propulsion Systems
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U N I V E R S I T Y Engineering

Rocket Equation Calculation(s)
Based on [, = 239 sec

AV=g,-1, -1nkﬁjél’"iﬁ“l J= 9.8067.2391n [
final

= 2722.42 m/sec (9800.74 km/hr)

Ignores drag and gravity losses
Based on I, = 245.77 sec

AV =g, -1 lnk%J: 9.8067-245.77111(
final

12805)
4008

12805)
4008

Sp

= 2799.54 m/sec (10,078.36 km/hr)

MAE 5540 - Propulsion Systems
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UNIVERSITY

INTechanicIfedlenospace)

Engineering

Collected Equations, Ballistic Trajectory

MAE 5540 - Propulsion Systems

76

7 K| Lo PV e _
° 1% _ + rus _ o0 Sln
V. rooor { m 20 7)
: vy, [F p 2
VV T rv _|_|: thrust IO o0 :|COS(}/)
r m
- v
r i \
v ”
7’;’1 . Ehrust
B B B gOISp |

m
- Cp4,.
).(: f[XaEhmst]




UtahState IMech3nicSledrenos pace)
U N I V E R S I T Y Engineering

Example of Ballistic Trajectory
him] 4 "
(g:szgd?\:::iliinstant
with height)
. 5 \eb 3
» Ballistic Trajectories
Offer minimum |
5 & B
drag profiles T T =

(o0 ~ 0-->No induced drag)

MAE 5540 - Propulsion Systems
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UNIVERSITY

V2 Computational Example

Assume constant (only marginally correct) drag coefficient

Engine / Launch
Cp~0.44, A,,,=2.1382 m? Mass Data

> [(t) = M1t)/(Cp A | |
Fiprust = M Ve + ( Foit = gmb/enfseﬁexir/

M([).(%p.wj | -

£

4.11925E+

1
Drag = CD ) Aref (EIO '/2):

B nsz56E: B
4 6439E-1

Eam W

MAE 5540 - Propulsion Systems
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Inertial Yelocity

Mach humber NG &
Groundspeed  [ONE &




vniveRsity - V2 Computational Example 5,

Pitch Angle
Anagle of Attack -

S
i
1 e

I I I I | I I I I
0 S0 100 150 200 250 300 350 400 450 s00
Time, sec

MAE 5540 - Propulsion Systems
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Engineerin
UNIVERSITY 2 C . 1 B 1 7 7
Geocentric lathidelongnoudeplot
90.0-
80.0- ORBITAL-plane plot Inertial position|
70.0-
60.0- 6500
S0.0-
0.0~ 6475 -
30.0- 6450 -
20.0-
g 1o- 6425 -
g oo- 6400 -
< -10.0-
20,0~ 6375 -
300~ 6350 - .
-40.0-
50.0- 6325 -
e0.0- 6300 - 1 | 1 1 1 |
70.0- 300 -200 -100 O 100 200 300
-80.0-
'90-0_| | | 1 1 1 I | ] I | 1 1 ] ] 11
-180.0 -150.0 -125.0 -100.0 -75.0 -50.0 -25.0 0.0 25.0 50.0 75.0 100.0 125.0 150.0 180.0

Time

Misc, INSTANTANEOUS Orbit Parameters .
Mean Oxbat Farameters

)

fasB.44 | 19345

B sz

MAE 5540 - Propulsion Systems
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U N l V E R S I T Y Engineering

Example II: Comparison of Constant Thrust
Maneuver
Versus Impulsive Maneuver

\ e Hohmann
24, transfer
... elliptical
g | Re °
trajectory

/ ... Kepler’s laws
\w/ / D

MAE 5540 - Propulsion Systems 52
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U N I V E R S I T Y Engineering

Comparison of Constant Thrust Maneuver
Versus Impulsive Maneuver e

8.00

Thrust (Newtons | ¢ COIltlIlllOllS
<[ [10.00000) Thrust transfer

343

114 —

114 —

-343

-5.71

Earth radii
-8.00 — | ] ) | | [ (

-10.0 -7.50 -5.00 -2.50 0.00 2.50 5.00 7.50 10.00

MAE 5540 - Propulsion Systems 5
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Engineering

Comparison of Constant Thrust Maneuver

Versus Impulsive Maneuver e

-10.0

8.00
Thrust (Newtonsl
i & 1oo.oooo|
3.43
1.14
-114 —
-343 —
Higher
571 - Thrust
Transfer
-800 J. i

-750 -5.00 -250

Earth radii .

MAE 5540 - Propulsion Systems

e Continuous

Thrust transfer
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Engineering

UNIVERSITY

Worked EP Example
e Continuous Thrust GTO

Magnetoplasmadynamic (MPD)
Thruster

Isp = ~4500 sec

n =30%

Thrust = ~1 N (Steady)
~10 N (Pulsed)

lets look at the extreme case (cause | don't want to wait all day for
my code to run)

MAE 5540 - Propulsion Systems 5
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U N l V E R S I T Y Engineering

Orbital Initial Conditions

[ 21 - e ]

1 + € cos (V)

* Initial Orbit
{to, ao, eo,'Vo} 11.0]:

Vo

Vo
- Initial Velocity '
[ epsiniv)] -
v [1 + €y cosiv|] -7
1 e
Vy ) 1 X

MAE 5540 - Propulsion Systems 50
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IIIIIIIIII Engineering

Orbital Initial Conditions

* Initial Angular Velocity

W= L[l + ¢y Cos W())]

[[1 - e[

- My = [nitial Mass

)

MAE
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MechiGniCallGe oS pac: e,
Engineering
UNIVERSITY

e Continuous Thrust GTO

Thrust (Newtons) | | e Ipjtial Spacecraft Mass
'=10.00000 |

Isp (seconds)| _ - - IOOOkg
225000 « Initial Orbit
- MPD Thruster 6571 km, e=0.0

e Initial Orbit Velocity

— 7.7885 kmfsec 88
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AT Worked Examples=r====z==z

1000

100 |

N

ULSION

Thrust (Newtons) |

'~ 110.00000 |

CHEN)I{ICA
N\

\Y

\

Isp (seconds) |

= [25000 |

—

L]
o
—

* Initial
Spacecraft Mass

ACCELERATION (u/52)

- W001F

1000kg 0001

100 1000 10,000
SPECIFIC IMPULSE (SEC.) 29

MAE 5540 - Propulsion Systems
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UtahState Worked Exampte ==~ s

e Continuous Thrust GTO

Thrust (Newtons) | * Terminate Thrust when
|:/ 10.00000‘ a(1‘|—€) Instantaneous
— 42164.2 km (Geo radius)

Isp (seconds)|
= [2500.0 | e Final Orbit

- MPD Thruster a = 38830 km

e Final Orbit

Accumulated burn time (sec.) ‘
418000.00 | 116 hrs e =0.08584

MAE 5540 - Propulsion Systems %0
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W ECOM I Q= & AlaFEET ==
Engineering

2 s e o

UNIVER!

8.00 —

e Continuous Thrust GTO

9.71

3.43 —

1.14 =

-1.14 4

-3.43 -

=9.71 -

-8.00 -

MAE -10.0

Thrust
Termination

GEO
Orbit

Final AV
Required to
Circularize Orbit
Final
(continuous-thrust)
Orbit
| | | | | | | 1 91
-7.50 -5.00 -2.50 0.00 2.50 S5.00 7.50 10.00
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. Engineering

UtahState Worked Exam

e Continuous Thrust GTO

Thrust (Newtons) | e Propellant Required

=110.00000 | to Reach Final GTO
(elliptical)

Isp (seconds) |

7125000 | Muica = 1000 kg
Mew = 829.5 kg

 MPD Thruster

Propellant Mass = 170.5 kg

MAE 5540 - Propulsion Systems 7
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UNIVERSITY

Worked Exam

n
0

e Continuous Thrust GTO

Thrust (Newtons) |
'=10.00000 |

Isp (seconds)|
= (2500.0 |

 MPD Thruster

MAE 5540 - Propulsion Systems

1echianiCallCdriep oS pac e,

(cont’d)

Engineering

Voro = ﬁ

42164.2 km

* AV required to
circularize final orbit

3,986 x 10° ki
sec® _ 30746 kL

SCC

93




UtahState NI T & (R e e
UNIVERSITY Worked Example (cont’d)

 Continuous Thrust GTO

Thrust (Newtons) | e AV required to
'=110.00000 | circularize final orbit

Isp (seconds)|
= (2500.0 |

V (@oged) _ 2_“ n
GIO — r a—

\/ 2 %3986 x 109K 3986 , 109 k'
sec= sec> _ 99397 km

421642 km 38830 km SeC

 MPD Thruster

AV = 0746km 29%97kIn 0.1 5%

MAE 5540 - Propulsion Systems .
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UNIVERSITY Worked Example (cont’d)

e Likely Need Conventional

Thrust (Newtons) | Propulsion for Final Burn

'~ 110.00000 e [, 270 sec
Isp (seconds) AV
= (2500.0 | % L5
Ppf-¢  -1=
- MPD Thruster -
135.0 &
9.806 4270 sec
i sec? _
e -1 = 0523

_MAE 5540 - Propulsion Systems
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UNIVERSITY

Worked Example o

paechvanicalog

Engineering

* Conventional Propulsion

Thrust (Newtons) |
=10.00000|

Final Burn

Mpropellant +Mfi11al _

Pmf+1=
mf Mfinal Mfinal
Isp (seconds)|
'~ 12500.0 Mpropellant"'Mfinal — 10523 = 829.5kg
Mipal ! | Mipal
* MPD Thruster
829.5k
Mfinal = 1.0523g =788.2 kg e

M ropellant = 829.5 kg - 788.2 kg = 41.2 kg

MAE 5540 - Propulsion Systems
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UNIVERSITY Worked Example oo

* Total Propellant Mass
Fraction for GEO Transfer

MechanicIalcy

Engineering

Thrust (Newtons) |

> 10-00000‘ » Continuous Thrust
Isp (seconds)
(25000 | P o= Mpropellant _
T My
« MPD Thruster
412kg+170.5kg '
WIke 0.26858 wow!

MAE 5540 - Propulsion Systems o7
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Engineering

UNIVERSITY: Compare to Hohmann transfer using

Conventional Propulsion
* WHAT IS PROPELLANT FRACTION?

e [, 270 sec A}s/
g0 lsp
"delta Vee" data me =C - 1=
DV Orbit 1 (KM/sec) | 303 59 m
2.45536 | '
9.806 11— 270 sec
DV Orbit 2 (KM/sec) | sec?
e -1 = 3.4164
1.47723 |
» Final Mass 788.2 kg

DV Total (KM/sec) |

requires ... 2692.8 of propellant!

3.93259 |

Versus 211.7 kg for EP

o8

_MAE 5540 - Propulsion Systems
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Meclhanicallzg
EP, 1in the Right Circumstances
Big Advantages

p < Highlsp
continuous thust
m’il}lows small propellant

mass fractions

yvvy

e Small Thrust Requires
Long Operating Life
For Engine

MAE 5540 - Propulsion Systems %
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EP, in the Right Circumstances

Benefits of Electric Propulsion

P
,

>

-
b =
b

o [BIPROP SOLAR HALL ION I;.ENGINE
S s
§°1TT | | |
. 8 os it : : :
Chemical 400 i” N | |
1\ AV = 1000 m/ i :
Solar Thermal 800 SR . R ;
Nuclear Thermal 800+ A I Ry |
——
Electric ANY 10 40 700 1000 130 1600 1800 2200 2500 2800
Specifc Impuise (s)

MAE 5540 - Propulsion Systems
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Engineering

Typical Parameters of Small

Thrusters

Thruster s, (S) n Thrust
Solld Rocket Motor 185 90+% 100+ N
Chemilcal Blpropellant 315 95+% >2 N
Arcjets ~500 -700s ~30% 0.1-1 N

>1000 s (H)

Pulsed Plasma Thruster 200-1500 ~15% 2uN-45mN
Collold Thruster 450-1350 ~50% 20 uN
Hall Thruster 1500-3000 ~5060% 1.8-500 mN
lon Thrusters 1700-3900 s ~65% 1-100mN
Fleld Emisslion Thruster 6000-9000 s ~90% 40 uN—-1.4mN

MAE 5540 - Propulsion Systems
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Benefits of Electric Propulsion

Chemical Electric
B Structure @ Structure
H Bus N H Bus
B Propellant N B Propellant

N\
B Payload \ B Payload
N\
N\

15% \
25% \

47%

30%

30% < 102
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® Look at problem of transferring satellite to
MEO (GPS) from Initial LEO Orbit

* Code Continuous Thrust Example

- A1 go = 8530km, ayo - 13,200 km
-Thrust (electric) ~ 10 Nt, Isp (electric) = 2000 sec

- Kick motor I, = 270 sec Fy; .= 2000 Nt,

* Include a Thrust Termination Criterion which puts you
in the proper final transfer orbit (apogee tangent

to desired MEO Orbit) Assume 270 Isp
+ propellant mass , . .. For Apogee Kick
* Calculate AV required to circularize final orbit Motorp .

* For continuous thrust problem .. assume final Orbit insertion AV is

delivered impulsively with Apogee Kick Motor Isp =270 sec .....
Ignore atmospheric drag

MAE 5540 - Propulsion Systems
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e Continuous Small Thrust Problem

Terminate thrust when

Rapogee =a- (l + e)
=13,200km
Calculate:

Assume

1) Propellant mass req. V. @270
. ) w
For continuous transfer AV @2 sec

2) Propellant mass req.
For kick delta V' (impulsive)
(orbit circularization)

Impulsively
delivered

3) Final mass = 1000 kg

Orbit t
rort coas * Calculate Mass Consumed Including Kick
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Part a)

e Continuous Small Thrust Problem

... compare continuous thrust propellant mass calculations
against Hohmann transfer calculations .. Assuming impulsively
delivered Delta V for each burn

Burn 1: Isp = 2000 sec
Burn 2: Isp = 270 sec
... what can you conclude about the accuracy of the rocket

equations and the impulsive Delta V assumption when applied
to a long duration non-impulsive burn?
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Part a) Continuous Small Thrust

... Implement both Trapezoidal and Runge-Kutta
Integration schemes

... Assume continuous thrust transfer to transfer orbit
apogee using EP device, final orbit insertion using high

thrust kick motor

... compare algorithm performance as
Time interval AT becomes progressively larger

... Is there a point where algorithm blows up?
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Part b) Continuous Large Thrust Analysis

Terminate thrust when

R“POgee =d: (1 + 8)
=13,200km
Calculate: Orbit coast

1) Propellant mass req.
For continuous transfer

2) Propellant mass req.
For kick delta V (non - impulsiv

(orbit circularization)

3) Final mass = 1000 kg

Final Delta V delivered Non-impulsively
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Orbi e Part b, Hohmann Transfer Calculations

Hohmann Transfer:
[,=270 sec
F, .—=2000 Nt

* Impulsive Burn_
Calculations

e Calculate Mass Consumed Including Kick
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e Continuous Large Thrust Problem

... compare Hohmann Transfer for 2000 Nt Rocket
(assuming impulsive thrust) Versus 2000 Nt rocket with

Non Impulsive Thrust .... Also compare consumed masses to
High 7, Continuous Thrust transfer

... What can you conclude about the accuracy of the rocket
equation and the impulsive Delta V assumption when applied
to a short duration non-impulsive burn?

... what can you conclude about the effect of /, ,, required
propellant mass?




UtahState IMechanicIledraenosphac ey
U N l V E R S I T Y Engineering

e Part ¢ ... Bonus (I point) .. Work continuous large
Thrust problem with non-impulsive burns at both ends

Hohmann Transfer:
[,=270 sec
F, .—=2000 Nt

* Non-Impulsive Burn_
Calculations

e Continuous Thrust
Burn Calculations
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e Continuous Large Thrust Problem

* Assume BOTH burns are performed non-impulsively
Terminate burn thrust when

R posee =G (1 + e)

=13,200km

* You decide when and how long to initiate the second burn to
circularize the orbit

* Assume for large thrust .... 2000 Nt thrust (both burns) ... Isp =270 sec
* Calculate required propellant mass for Burnl, Burn2 (and Total)

* Use integrator of your choice ... calculate actual delivered Delta V
Based on consumed mass ... using rocket equation
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Project Hints (1)

Position within initial orbit;:

ao(l—eoz)

r

] = 1+eocos(v0) %[
0

circular orbit = ¢, =0
%

can assume = v, =0 —q, =1,

Vo

Angular velocity within initial orbit:
Ju [1 + e, cos(vo)]
- 3/2
[ao (1 - e, )]

0
\/ﬁ1+eocos(v)2 1 |u

Wy = 3/2 =

[a,(1- ¢ )] i \ 7o

2

circular orbit = ¢, = 0 }

can assume = v, =0.,a, =r,
0 0 0
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Project Hints (2)

Linear Velocity within initial orbit:

e, sm[vo]

HoWy [1 + € COS(Vo )] — [ circular orbit — ¢, =0

<< \<
I

can assume — v, = 0,a, = 7,

1
0 -
4 0
Vilo |7 L
o
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Project Hints (3)

Instantaneous

(no-nonconservative foreces acting)

Keplerian orbit — given : [ '

_ U
o]
2
) sy
u r
rperigee = a(l - e)
r =a(l +e)

apogee
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Appendix 1: Airspeed Calculation Examples
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UuNtfl\,lE%léa}e . Pt > e
Airspeed, Qbar, Example

« Example:

A Rocket launches at an inertial flight path angle of
85° at an azimuth angle of 65°from true north

The 1nertial velocity 1s 1 km/sec, the altitude is 10 km, and

The upper level winds at 10 km are blowing from the east at 75°
From true north at 50 m/sec

The current launch latitude 1s 35° north

What is the airspeed? Dynamic Pressure? What is mach number?
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Airspeed, Qbar, Example o

North
A

Local Zg (north pole)
i Horizontal/ A
Local Horizontal Plane Vertical Plane

(Topodetic Coordinates) (Topodetic)

* Look
At local earth ﬁ

Tangent plane
Velocities

Vertical 4

85°

Xg (Greenwich meridian)
Horizontal
; »

Local Vertical Plane

\ (Topodetic Coordinates)
. 107
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Airspeed, Qbar, Example o

» Calculate North, east, and vertical Inertial Velocity Components

(7 )

\I_/inertial ) — f/inem’al SlIl(7/) —

vertical

1000 sin (1—;50 85) = 996.2 m/sec

( Vinertial) = I_/inertial COS(y) COS(AZ) =

north

1000 cos (1—20 85) - COS (l 65) = 36.83 m/sec

180
(7 Y _p iy
\Vlnemal) — Vmertzal COS(j/)Sln(AZ) =

east

1000 cos (l—g() 85) - sin (1—2065) =78.99 m/sec
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* Calculate Vearth (Inertial Boost)

Velocity — Ve * COS(/af) = 0.463 8008(

Latitude cos(lat) velocity velocity (ft/sec)
(km/sec)
0 1 0.4638 1521

10 0.98481 0.45675 1497.89259
20 0.93969 0.43583 1429.27248
30 0.86603 0.40166 1317.22464
40 0.76604 0.35529 1165.15360
50 0.64279 0.29812 977.67995
60 0.50000 0.23190 760.50000
70 0.34202 0.15863 520.21264
80 0.17365 0.08054 264.11888
90 0.00000 0.00000 0.00000

MAE 5540 - Propulsion Systems
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Airspeed, Qbar, Example o

Engineering

T 35) =379.9 m/sec
180

“east” Direction
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Airspeed, Qbar, Example o

e Calculate Wind velocities

The upper level winds at 10 km are blowing from the east at 75°

From true north at 50 m/sec N
orth

(o ) -
\Vwind) . =V vina COS(\Pwind) —
50 cos (l 25 5) =-12.941 m/sec
180
/\ Eait
(5 ) -
Vwin - Vwin S1In \P . —
K d} east ‘ ( Wlnd)
50 sin (i 25 5) =-48.296 m/sec
180

Local Horizontal Plane

Topodetic Coordinat
MAE 5540 - Propulsion Systems (Topodetic Coordinates) 110




Airspeed, Qbar, Example o

* Add up components and take airspeed magnitude

o0

V — ||Vinertial — Vearth_ Vwind

Vv =
2 2 2
\/ ( Vinertial - I_/earth - I_/wind ) + ( I_/inertial - I_/earth - I_/wind ) + ( I_/inertial - I_/earth - f/wind \ —

north east vertical

((36.83—0— (~12.941))%+ (78.99-379.9— (~48.296) )% +996.2%) "

=1028.93 m/sec ---> Airspeed 1s actually greater
than the Inertial speed in this case
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Airspeed, Qbar, Example o

* Compute Dynamic Pressure

« US 1977 Standard Atmosphere

Algitude (km) Density (kg/mA3)  Temperature, deg. K
. 10.000¢ 0.4127¢ 22315
-1 2 _ Ly 4127(1028.93%)
q — _pooVoo = 2 .
2 500 =218.46 kpa (4562.6 psf Ouch!)

* Compute Mach number

c=yR,T, = (14287055223.15°5 =299.46 m/sec

M,=V _/c=1028.93/299.46 = 3.44

112

MAE 5540 - Propulsion Systems




UtahState

UNIVERSITY

INTechanicIfedlenospace)

Engineering

Airspeed, Qbar, Example o

* How about a due east launch under same conditions with inertial velocity

of 2 km/sec and flight path angle of 45°

(7 )

\Vinertial ) — I_/inertial SlIl(7/) —

vertical

2000sin (l_go 45) — 14142 m/sec

(o )

kVinertial) — I_/inertial COS(V)COS(AZ) —

north

2000 cos (i 45) - COS (l 90) = (0.0 m/sec

180 180
(5 )

\Vinem'al) — I_/inertial COS(j/)Sin(AZ) —

east

2000 cos (l—go 45)-sin (1—7;0 90) — 14142 m/sec

MAE 5540 - Propulsion Systems
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Airspeed, Qbar, Example o

o0

V — ||Vinertial — Vearth_ Vwind

V. =
P e e
\/ k Vmemal Vearth Vwmd ) + \Vmemal Vearth sznd ) + KVmemal Vearth Vwmd ) —

north east vertical

((0=0— (=12.941))2+ (1414.2—379.9— (~48.296))> +1414.2)""

=1781.05 m/sec ---> Airspeed in this case is less than airspeed ... it all depends
on the direction that you launch!

MAE 5540 - Propulsion Systems 114




UtahState INtechanicsladhienospace]
U N l V E R S I T Y Engineering

Appendix 2: Launch Initial Conditions
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Initial Conditions

X f[ > thrust ? ]
[ 7] | sz lﬁ COS(j/) F;Z rag Sln(j/) + thrust Sln(e) . ﬁ |
Vr 7 m r2
v, | n, N Fy,sin(y)+ F,,, cos(y)— F,.., cos(0)
r m
. =tan"'| =
X — — f[X thrust ° 0] - V —> ]/ |: VV :|
, ' O=rv+a
v B
7’;’l . Ehmst
B - L gO]Sp ]

Need starting conditions for state vector X

116
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Initial Conditions:

Ground Launch, Rotating Earth

e Inertial Flight Path Angle

_ -1 " r
7/ inertial ~— tan

» Ground Relative Flight Path Angle

%

r

V, =V, cos (Lat)

e
/4 ground tan

MAE 5540 - Propulsion Systems 117




UtahState @,-.
UNIVERSITY
_Launch I.C. Example:

15 m/

/] * Rocket Launch from Green River
Utah -- 38° N. latitude, 3970 ft. altitude (1.21 km)
? / * Rocket Leaves Launch Rail at

85° angle to Local Vertical

« Compute Ground Relative, Inertial
Flight path Angle, Initial Position,
Velocity Vector

Solar day:86164.1 sec
85° Qs 7.292115e-0.5 rad/sec
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Launch I.C. Example: o

e Earth radius as Function of Latitude

B aequitorial
Rea rth — ,\ :
‘ h

/\/1+ ea”h sin A "
| ¢

L earth i

bp Rearth

olar

aequitoria] — 6378 13649 kln \

bpolar = 0356.7515 km

Cearth = '\/ I - bpolar
3equitorial —dequitorial ™
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Launch I.C. Example: o

e Earth radius at launch latitude
Ry = dequitorial
art

arth — 62 . e: 1_|:hiF: a2-b2:
,\/ [l + B gip? }.} Earth a a2

| -¢

earth

V[6378.13649]2 - 6378.136492

ttorial — =0.08181939
dequitorial = 6378.13649 km 6378, 13649]
bpola, = 6356.7515 km
Rearth —
Cearthzl\/l_ [ bpolar r
tequitoial 6378.13649
=6370.01 km

0.5
(1+ 0.08181939 sinz(lsg)j
1 —0.0818193% 180
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15 m/sec

T * Earth Radius: 6370.01

o = 7292115107 (6370.01+ 1.21) cos (38—} 0.36611 km/sec
« V.= 15sin —85) 14.942 m/sec
180
* V,=15 cos — 85)- 1.3073 m/sec + 366.11 m/sec = 367.42 m/sec

180
180
® Vinertia] = —— atan =2.329°
Ymertlal . ( 367 4 2)

cy _ 180 atan( 14.942
ground 367.42— 366.11

* r=Reth=6370.01+1.21=6371.22 km

14.942

) =s4.08°

 How do we compute
initial value for v? ...
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15 m/sec
* You have to solve for the “instantaneous

orbit” ... semi major axis first

e 7 e H
2u 2 2
v,
3.986-10°

2:3.98610° ((14.942)2+ (367.42)2j
(6370.01+1.21) 1000 1000

=3189.056 km

85°

T T
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Launch I.C. Example: oo

15 m/sec . .
* You have to solve for the “orbit” ... eccentricity next

* define ° eccentr1c1ty vector”
T
r

* Magnitude = Eccentricity

J - L[[Vz—ﬂm [rV][ P+ Vi D

PG J

(rlfr2+rVV2_1_rV2\ +(rVV\ (rVV _1\ +(%\2_
7R R S A O A N

‘ L 1 i e:L\/(sz_gszr(Ver)z

2

=
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Launch I.C. Example: oo

15 m/sec
* Prove

T
a i e=§J(Vf-§T+m

* From Kepler’s Second law

V= ra{ esin(v) ir+i } — sub into above —
1+ ecos(v)

r > 2 . esin(v) \\2
%ﬂ\/(('”w) > ) (i ecos())
’ 85° -

1]
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Launch I.C. Example: oo

15 m/sec

* From Kepler’s Third law

T S
L
1L - a(%ez)ﬁ (o =

() -2 -

 Sub into previous

2 esin(v) \\
*uJ[r tecos) 2] o 20 e o] <

1\/[/1@(;05(1/)] ( esm(v)) ———e cos(v) +sin(v) =e

7,

’ 85°
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Launch I.C. Example: oo

¢ = 1\/(1/} - gjz +rry| T

T
i ?

0.5
(6370.01+1.21) (((367.42)2_ 3.986-10° ]2 . (367.4214.942>2j
3.986.10° 1000 (6370.01+1.21) 1000 1000

15 m/sec

—0.9978422 ‘Really Skinny Orbit”

T T
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Launch I.C. Example: oo

15 m/sec

 Finally ... solve for v

esin (v)

_‘ta“(7 )= 1 ecos()

* From Kep?_er’s First law

1 -
y = a[ ¢  Solve for sin(v)
1+ ecos(v)

N a[l—ez]

tan(y) = sin(v)

127
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Launch I.C. Example: oo

15 m/sec

| * solve for cos(v) From Kepler’s First law
ﬂ a[l e ] a[l — e’ ]
r= —> COS (v)— — —
1+ ecos (V) e
a[l — ez]
- an(y) [1-e ]—
/ tan(v) = s1n(v) er

cos(V)ja[lrez]_ll {[1_4 }

V= atan2{§[l—ez]%,%[l—ezj—1}
85°

T T
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Launch I.C. Example: oo

15 m/sec

i
JL Y= atan2<\%[1—ez]%,%[l—ez]—1)>

3189.056

(1-0.997842205) 14.942
(6370.01+1.21)
— 180+@ atan 159056 367.42
" ' (1-0.997842205) — 1
(6370.01+1.21)
= 179.995°
’ 85°
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Ground Launch: Down Range Calculation

* Integrated trajectory gives

r,V

e Inertial Downrange

v\

AR = jd e Vl)\

Recursive Formula

. rl.+1+rl.
Ri+1_Ri+|: 5 }Vm_vi)
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Ground Launch: Down Range Calculation

(cont’d)

» Ground Relative Downrange
» Account for Earth Rotation

R = \/ [R (:os(Az)]Z + [R sin(Az)-V,, ., xT.OF ]2

Time of flight ...time from
Launch to impact altitude

131
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Fixed Earth Approximation

e Ignore effects of rotation

. V.

nertial

=V

ground

* YineﬂiaIZYground

* U inertial U ground

» Accurate for Short Duration
lower altitude flights
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razl

ﬂ

F
thru drag

m g sin(y,,;)

Mechanicalcy

Engineering

Velocity
Off of the Rail (1)

yrail

MAE 5540 - Propulsion Systems

(R + )
erall
2p

:Cf-m-gCOS(%aiz):Cf.m(R h)

1
drag =C Aref(ipl/milzj -

/4

f norm,;;

m g coS(},,)
m:- Arazl Ehmst B ]grav ]Tfrzc Elmg
\ 4
mg
Figrav =m-g- Sin(}/rail) =m-— Sln(yrall)

COS(7 rail )




UtahState

INTechanicIfedlenospace)

Engineering

UNIVERSITYV VeIOCIty
/] .
’fal Off of the Rail (2)
F /] F dra m:- Arail = Ekmst B ]grav o ]Tfric o Elmg
thrust & P 7
\j, - CDAref
u — careful! with units
MG
F fric
I./ erail2 H |:Sll'l(7/ )'I‘C COS(7/ )]_I_ F;hrust
rail — — - rai ) rai
2p (Roamy T
7’;’1 — _ Ehrust
{ gO[sp

(v 0 V. . }-->ground relative

MAE 5540 - Propulsion Systems

{VO - 0’ m :Mtotal}

134




UtahState INtechanicsladhienospace]
U N I V E R S I T Y Engineering

Appendix 3: Ballistic Coefficient Examples
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= Ballistic Coefticients

‘Individual parachute factors:
—Diameter 7.4 ft (conical ribbon parachute)

—Area (S) 42.99 ft?

—Free steam drag coefficient
« X-37 Weight = 7000 Ib —(C,) .55
« A= 11,386in? —Drag loss factor due for two

—parachute cluster .95 (1.0
—for single parachute)
— C4=0.1 (zero alpha) —Chute weight 60 Ibs/ea

* Drag Coefficient

« Ballistic Coef (B) = W/(C4A..))
— B =6.148 Ib/in? (zero alpha)

e X-37 Orbital
Transfer Vehicle
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universiTvExample Ballistic Coefficients conca

* Let’s deploy 1 chute .

«  X-37 Weight = 7000 Ib * Vehicle With 1- Parachutes

. Xc.g =178.75 » Weight = 7120 Ib
* Ser=11,386in’ ¢ A= 11,386 in’

e Assume Drag Coefficient
— C4=0.1 (zero alpha)

« Ballistic Coef (B) = W/(C,S..,) Ib/in’

+ Ballistic Coef (B) = W/(C,S.
()= WCaSrer — Brape = 1.554 Ib/in?

— B =6.148 Ib/in? (zero alpha)

1

((144(42.99-0.55)

e +0.1)11386)

[3: 7060
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» Let’s deploy 2 chutes y

«  X-37 Weight = 7000 Ib * Vehicle With 2- Parachutes

. Xc.g =178.75 » Weight = 7120 Ib
* Ser=11,386in’ ¢ A= 11,386 in’

e Assume Drag Coefficient
— C4=0.1 (zero alpha)

« Ballistic Coef (B) = W/(C,S..,) Ib/in’

. Ballistic Coef (B) = W/C.S
(®) (CoSrer = 0.9359 Ib/in>

~ B =6.148 Ib/in? (zero alpha) |~ Prenue

B=7120((

2-144(42.99:0.55) (0.95)
11386

+0.1) 11386)
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Appendix 4: Comparison of Ballistic
and Non-Ballistic trajectories
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Example I: Minotaur V Launch to Medium
Earth Transfer Orbit (MTO)

1st Stage — TU-903

2nd Stage — SR-119

3rd Stage — SR-120

4th Stage — Star 48B long

5th Stage — Star 27 with 25-30% propellant offload
(depending on final payload mass)

AT

‘
-

» Required Orbit 13,000 by 19,000 km altitude

* Proposed configuration allows 400+ kg payload delivery
to 19,000 km altitude MEO orbit without 6th stage

I

-

Minotaur V
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Stage 3/4 Coast ATK Star-48B (Long)
A E3E o] Bl -Bles Bl
/ A T'L‘Z‘ Stage-3 Stage-4 Stage-4
‘a'\&i&;/ Stage-3  Separation Ignition  Burnout/
; MTO Orbit
: Bumout Insertion
ATK SR-120 . Fairing Separation ~ 1680 km
Stage-3 Ignition / I\ altitude
Stage-2 Separatior‘l‘\b /
QX
)
<
& No. Event Time Altitude
A S (sec) (km)
1 y AeroJet-SR-110 1 Stage 1 Ignition/Liftoff 0 0
f eroJet-SR- : =
~ Stage-2 Ignition / 2 S1 Separation/S2 Ignition 56.6 29.1
Stage-1 Separation 3 S2 Separation/S3 Ignition 116 95
L 4 Fairing Separation 126 1134
/\*’J 5 Stage 3 Burnout 184.9 2358
[ 6 S3 Separation 1005 1590
- 7 S4 Ignition 1016 1591
‘ 8 S4 Burnout/Orbit Insertion 1089 1680
—— ATK SR-118
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Pitch Profile Optimization

XY Graph2 2-
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Optimized Pitch Profile

 3-Degree of freedom Launch simulation used to optimize pitch profile for
maximum stage IV mass to MTO

* Negative lift used to “turn the corner” during stage 2 burn.
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