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Section 1 Lecture 1: Review of the
Two-Dimensional Method of Characteristics

e Anderson,
Chapter 11 pp. 377-403
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Prandtl-Meyer Expansion Fan: Mathematical
Analysis Revisited

e Consider flow expansion around an infinitesimal corner

Mach Wave

V do
;f;;fffw“::f 7

e From Law of Sines
| %4 V+dV

7T 7T
sin| —— u-d6 sin| — +
(2 # ) (2 “)

Infinitesimal Expansion Fan Flow Geometry
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Prandtl-Meyer Expansion Fan: Mathematical
AD&IYSiS (cont’d)

e Expanding and collecting terms

1+d—V _ cos(u)
V. cos(u)cos(d@) - sin(u)sin(d6)

e Letting dO is considered be infinitesimal

cos(df) =1—sin(dO) = db

1+d—V= cos(u) _ 1

V. cos(u)-sin(u)(dd) 1-tan(u)(do)
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Prandtl-Meyer Expansion Fan: Mathematical
Anal}ISiS (cont’d)

* Exploiting the form of the power series (expanded about dV/V=0)

1 1 .
=1+ : (dv—0)+0/d—v\
1—d—V 1_d_V 4 kV J
4 V),
\%

e ... truncate after first order term

A 1
_davo v _dV o 1-tan(u)(d6)

|4 |4

1

MAE 5540 — Propulsion Systems I




UtahState IMechanicSladrenos pace)
U N I V E R S l T Y Engiineering

Prandtl-Meyer Expansion Fan: Mathematical
Anal}ISiS (cont’d)
e Solve for dO in terms of dV/V

1 ~1+d_Ve - 1
l_d_V V 1_d_V l—tan(u)(dﬁ)
% vV
dV 1 dV
] - df)=1-——|dO =
tan(;,t)( ) % tan(u) %

e Since disturbance 1s infinitesimal (mach wave)

1

sin(,u) =
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Prandtl-Meyer Expansion Fan: Mathematical
AH&IYSIS (cont’d)

e “ Differential form” of Prandtl-Meyer wave

1 dV

dO =
tan(u) V

e For an infinitesimal disturbance (mach wave)

1

Sin(u) y;

MAE 5540 — Propulsion Systems I




UtahState IMechanicSladrenos pace)
U N ' V E R S ' T Y Engiineering

Prandtl-Meyer Expansion Fan: Mathematical
AD&IYSiS (cont’d)

1 | 1 sin*(u)+cos™(u
in(10) - sin? () - - L) o)
c 2 2
M2=Sm (M.)';COS (M)=1+ 21 S 21 - M?_1
sin (M) tan (M) tan (u)
: = i\/M2 -1
tan ()
e and dV
dO = i\/M2 -1 —
keep + sign vV
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Prandtl-Meyer Expansion Fan: Mathematical
AH&IYSiS (cont’d)

e As demonstrated in section 6.2 of MAE 5420

H=fi\/M2—1d7V=tV(M)+Const%

1 -1
V(M) = r tanl{\/y (Mz—l)}—tan1 M -1

y —1 y +1

0xV(M)= Const

MAE 5540 — Propulsion Systems I
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e Right running characteristic lines

* C_ “right running” characteristic
Line is a Generalization
For infinitesimal expansion corner flow
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 Left running characteristic lines

* C, “left running” characteristic
Line is a Generalization
infinitesimal compression corner flow

MAE 5540 — Propulsion Systems 1 10
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Characteristic Lines

e Supersonic “compatibility” equations

0+V(M)=Const =K_
0-V(M)=Const =K,

e Apply along “characteristic lines” in flow field

MAE 5540 — Propulsion Systems I =
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Physical Meaning of Characteristic Lines

 Schlieren Photo of Supersonic nozzle flow with roughened wall

MAE 5540 — Propulsion Systems I 12




UNIVERSITY Regions of Influence and

Domains of Dependence

— M. > 1

Characteristics Lines
Determine Regions of
Influence and Dependence
in Supersonic Flow Field

. A does not "feel" influence of {B, C}
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UNIVERSITY Regions of Influence and

Domains of Dependence conro

A does '"feel" influence of {D}

\AAAAAAAAAAAAAALAAAAAAAAAAAAL
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UNIVERSITY Regions of Influence and

Domains of Dependence concudea

///

Region of
influence
for point A

omain of
M°° > 1 %dependence
for point A

C

15
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SR-71 Near Field Shock Wave Patterns

PRELIMINARY AIRBORNE MEASUREMENTS FOR THE

SH-71 SONIC BOOM PROFPAGA TION EXPERIMENT
T [ Rz T ¢ = ngT

Y
b Y
\\-,\\\.‘ \\"‘_ ..bm salmo”hame |
. . Mach lines
b
Y

g

~
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~
-

‘\rsow shock

*\

DEtance down, N
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1=
LA

T Canopy shock

; N k ~Intet shock
F"m"ﬂ'wh—\ \ \.\[ Tail shock

S \ \\‘5“\
.‘—‘_‘_ﬁ}‘“‘ﬁ“-—-‘

A A
6 7
%u,rre bactk h:m SR-7 'Imno,t ‘OU e -

o~ -~
v’,.‘/ J/

400}

' '
100 0

wave 1s Higher (temperature increases) ...
wave catch up and Reinforce each other
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“Method of Characteristics”

« Basic principle of Methods of Characteristics

-- If supersonic flow properties
are known at two points in a flow field,

-- There 1s one and only one set of properties
compatible” with these at a third point,

-- Determined by the intersection
of characteristics, or mach waves, from the two
original points.

“Root of term “compatibility equations”

MAE 5540 — Propulsion Systems I 17
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“Method of Characteristics” «onra

e Compatibility Equations relate the velocity magnitude
and direction along the characteristic line.

e In 2-D and quasi 1-D flow, compatibility equations are
Independent of spatial position, in 3-D methods, space
Becomes a player and complexity goes up considerably

e Computational Machinery for applying the method of
Characteristics are the so-called “unit processes”

* By repeated application of unit processes, flow field
Can be solved in entirety

MAE 5540 — Propulsion Systems I 18
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Unit Process 1: Internal Flow Field

0+V(M)=Const =K_
C, 0-V(M)=Const =K,

3

//////////A

e Conditions Known at Points {1, 2}

e Point {3} is at intersection of {C,, C_} characteristics }

MAE 5540 — Propulsion Systems I 19




UtahState INiechanicSlladrerospace)
U N I V E R S ' T Y Engineering

Unit Process 1: Internal Flow Field oo

C+

////////

2 ”Point{1} — {M,,0,} known —

Vv, = Y+ an {\/y _1(M12 —1)}—tan1\/M12 -1

y —1 y +1

Along {C_} — 0, +V, = const = (K_)

1
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Unit Process 1: Internal Flow Field oo

2

7, Point{2} — {M,,0,} known —

Y”tan—lNV-I(M;_l)}_tan—w;_l

y —1 y +1

Along {C+} — 0, -V, = const = (K+)

2
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Unit Process 1: Internal Flow Field oo

Mach and
C+ Flow Direction solved for at
Point 3

//// e

(0,+v)+(0.-v.) (K ) +(K.),
Point{3} 0,+V,=0,+V, 9, = 0 B 9
oin — —
62 V2—93 V3 (61+V1)_(92_V2) (K—)1_(K+)z
Vas 2 ) 2
M, = Solve|v, = y+1tan1{\/}/_1(M32—1)}—tan1 Mf—l}
y =1 y +1

MAE 5540 — Propulsion Systems I 22
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Unit Process 1: Internal Flow Field oo

But where is
Point {3} ?

e {M,0} known at points {1,2,3}
--=> {H19H2,H3} known

MAE 5540 — Propulsion Systems 1 23
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Unit Process 1: Internal Flow Field conctudes

But where is
Point {3} ?

 Slope of characteristics lines approximated by:

(81 B Ml)+(93 B M3)

[ C_t=
Stop e{ - } 2 Intersection locates point 3
Slope{c+} - (82 : Mz);(63 + M3)

MAE 5540 — Propulsion Systems I 24
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Unit Process 1: Internal Flow Example coo

e Solve for {x3,y3}

Y3~y '
Xz _ xi - tan[slope{C_}] 'y, = (%, - x, )tan [slope{C_}] +y, |
Y3~ Vo _ tan [slope{Q}] _y3 = (x3 — xz)tan[slope{Q}] + Y, |
X3 = X,

25
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Unit Process 1: Internal Flow Example coo

* Solve for {x3,y3}

Summary

LU °tan[slope{C_}]—x2 ~tan[slope{C+}]+(y2 -»)

’ {tan[slope{C_}]—tan[slope{Q}]}
_ tan| slope{C_}|tan| slope{C, }|*(x, - x,) + tan| slope{C_}|- v, - tan[ slope{C, }| y,
tan[slape{C_}]—tan[slope{Q}]

Y3

MAE 5540 — Propulsion Systems I 26
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Unit Process 1: Internal Flow Example

C
M, =20, 6, =10, {x,y,} ={1.0,2.0}
M,=175,0,=5 {x,y,}={1.5,10}

MAE 5540 — Propulsion Systems I o
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Unit Process 1: Internal Flow Example coo

e Point 1, compute

Vit (k) }

I ly -1 \
T tan1<\/y (207 =1) ! - tan™'v2.0* - 1 = 26.37976°

y —1 y +1
180 . ;[ 1
= —sin~ |—|=30°
T 2.0}

(K_), =6, +V, =10° +26.37976° = 36.37976°

28
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Unit Process 1: Internal Flow Example coo

e Point 2, compute

v (K.), |

! |y -1 “
v, = [otan \/y (1757 -1) { - tan V175 -1 219.27319°

y - 7+
180 1
u, = —sin"' [ —— | = 34.84990°
T 1.75

(K,),=6,-V,=5"-1927319° = -14.27319°

MAE 5540 — Propulsion Systems I 2
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Unit Process 1: Internal Flow Example coo

e Point 3 Solve for

10V

0 =(K—)1+(K+)2 3637976 + (—14.27319)  =11.0533 deg.
3
2 2

(K— )1 _ (K+ )2 _ 36.37976 - (—-14.27319) =25.3265 deg.
2 2

=
I
|
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Unit Process 1: Internal Flow Example coo

e Point 3 Solve for

. M, u

M, = Solve| 253265 Y +1tan'1 {\/V _1(M32 _1)}_ tan”! M32 _1}
180 y =1 y +1
1 M; =1.96198
SIH(M) T g || T 3064310

MAE 5540 — Propulsion Systems I 31
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Unit Process 1: Internal Flow Example coo

e [Locate Point 3

e Line Slope Angles
siope{C ) - (6, - )+ 2(49 - ) _ (10-30) + (11053 -306431)  =-19795
2
Slope{C+} _ (92 + Auz)"z'(83 + M3) _

(5+34.8499) + (11.053 + 30.6431) =40-7Z3
eg
2

32
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Unit Process 1: Internal Flow Example coo

e Solve for {x3,y3}

1 tan<i (- 19.794887)> ~15 tan<i 40.773123) +1-2
Xy 180 180

tan(%) (-19.7949)) - tan(%)40.7731>

=2.17091
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Unit Process 1: Internal Flow Example coo

e Solve for {x3,y3}

tan(l—zo (-19.79489) -tan(%)40.7731) (10-15) - 2tan (40.773123 %}) £l tan(l—go (-19.79489) )

tan(%) (-19.79489) ) - tan(%)40.773123)

=1.57856
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Unit Process 1: Internal Flow Example o

M1 [201 [M,] [175] [M,1 [1.96198

0, | [10°| |6 | |5 | |6 | [11.0533
X, 1.0 X, 1.5 X 2.17091
20 e L s T 57856

35
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Unit Process 2: Wall Point

0+V(M)=Const = K_
0-V(M)=_Const =K,

.

e Conditions Known at Points {4}, Wall boundary at point 5 ?/
/

MAE 5540 — Propulsion Systems I 3
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Unit Process 2: Wall Point conra

e [terative solution process

1 |y =1 \
Vv, = /)/+ tan‘1<\/y (M42—1)>—tan‘1\/M42—1
y —1 y +1

.

Along {C_} — 0, +V, =const = (K_)

4

-Pick0; V. =0, +v, -0,

T y+1 y =1 B}
V5ﬁ= tanl{\/ (Msz—l)}—tanl\/MSZ—l}

M, = Solve

y —1 y +1

38
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Unit PI'OCGSS 2: Wall POiIlt (concluded)

* Solve for Mach angle, C._ slope

(6, - 1) + (65 - us)
2

Slope{C_} =
sin(us) = ML
5

e In Similar manner as before find intersection of
C. and surface mold line .. Get new 05, repeat iteration

MAE 5540 — Propulsion Systems I 3
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Unit Process 3: Shock Point

e Conditions Known at Points {6}, Shock boundary at point 7
Freestream Mach Number Known

~

B L.
7 4/4_ e Along C, characteristic
M7
c,"

MAE 5540 — Propulsion Systems I
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Unit Process 3: Shock Point

 Pick 0,---> Oblique Shock wave solver

M., 67 ---> M- (behind shock)

7/
7B A A
) 0; =0, —v, +v,(M7)

7707/,

Using new 0, until

oty
Cy

N
\

e [terative solution Repeat
convergence /
(/77777 ///,«

MAE 5540 — Propulsion Systems I
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Using MOC for Supersonic Nozzle Design

In order to expand an internal steady flow through a duct from subsonic to
supersonic speed, we established in Chap. S that the duct has to be convergent-
divergent in shape,

Morcover, we developed relations

for the local Mach number, and hence the pressure, density, and temperature, as
functions of local area ratio 4/A4*,

However, these relations assumed quasi-one-

dimensional flow, whereas, strictly speaking, the flow two-
dimensional. Moreover, the quasi-one-dimensional theory tells us nothing about
the proper contour of the duct, 1e, what is the proper vanation of arca with
respect to the flow direction 4 = A(x). If the nozzle contour is not proper. shock
waves may occur inside the duct.

The method of characteristics provides a techmque for properly designing
the contour of a supersonic nozzle for shockfree, isentropic flow, taking into
account the multidimensional flow inside the duct. The purpose of this section is
10 illustrate such an application.

44
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Supersonic Nozzle Design

Engineering

e Strategic contouring will “absorb” mach waves to give
isentropic flow in divergent section

MAE 5540 — Propulsion Systems I 5
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Supersonic Nozzle Design .

Engineering

 Rocket Nozzle
(Minimum Length)

e Bell Nozzle
(gradual expansion)

e Use compatibility eqs. to
design boundary with shock
free flow

46
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Using Method of Characteristics to Design a Bell Nozzle

 This approach “prescribes” the expansion section of the nozzle,
and then uses M.O.C to design turning section to achieve wave
cancellation at wall .... And ensure isentropic flow

_Straightening Section J

< Expansion Section)

Subsonic _

47

MAE 5540 — Propulsion Systems I




UtahState RazElErlisE]] & e e

UNIVERSITY Nethod of Characteristics for Bell =~
Nozzle Design 7

(cont’d)

Inflection Point

Straightening section

e Straightening section 1s designed to cancel all of the
expansion waves generated by expansion section

 Wave generated at g, reflects at & and is cancelled by wall at i

MAE 5540 — Propulsion Systems I
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Using Method of Characteristics to Design a Bell Nozzle )
“Running Method”

¢ Pick “6,,,,” and Lo i \
length of expansion 1 5--“A0” Increments .ol — -

|
section

Wall unit process

e Use Prandtl-Meyer calculation
Expansion equations to oy Gy e SR )
calculate M, v, u at >, |
Each point along
boundary

o
on

sonic line

X. =R sm@

Y = 1D +Rc-(1—cos9i> ol

i 2 throat

4Y

MAE 5540 — Propulsion Systems I |
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Initial Data Line

e Unit Processes must start somewhere .. Need a
datum from which too start process

e Example nozzle flow ... Throat

MAE 5540 — Propulsion Systems 1 >0
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Using Method of Characteristics to Design a Bell Nozzle )

6, =0
Ag =t M,=1— v(1)=0
N
0 =i-Ad

B V(Ml.)—Ql. = V(MO>—90

v(M,)=06,=i-A0

Extract M, — V(M )

i

MAE 5540 — Propulsion Systems I
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1
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Using Method of Characteristics to Design a Bell Nozzle

1) Wall p Oin r: Hwall — Vwall — M wall — luwall

2) Centerline point : 60,=0—=v_ =0 , +V

wall

Vcl — Mcl — tu’cl

Hwall - luwall + (O o lucl)

3) Characteristic line slope : C_ = ,

Centerline Intercept .
calculation (see next
c
L A Am— )
-
O
p ’ -(1—c039i>
0' L J
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UNIVERSITY . .
Centerline Intercept Solution

Vi

Lt

1) Initial Point : {x,,y,,0,,M,} —

2) Centerline Intercept : 0_,=0

right running characteristic line —>0_,+v_ =0, +v,

_ . _
-V, =0+v, > — Slope(C_)=0,—u,—u_
i nLtcl | )
O—y Y
=0 L =tan(Slope(C =— 1
ycl — xd _xl an( 0p€( —)) — xcl tan(SlOpe(C_)) +x1

MAE 5540 — Propulsion Systems I >3
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Using Method of Characteristics to Design a Bell Nozzle

_ (01 +V1)+(02 _Vz) _ (K—)1 +(K+)2 -
’ 2 2 !
v =(01+V1)_(62_V2)=(K—)l_(K+)2 """""" o """""""" N
3 2 2 .
“AD” increments Internal Flow unit
IN- \ """ g process calculation
S (slides 24-26)

R
-
e
-’

#
’
’
s
’
”
’
3
’
e
=
Rg
-

S
o

e
s
-’
s
#

3
R
-~ ’
’
-
3
3
-

sonic line
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Using Method of Characteristics to Design a Bell Nozzle

)
’
g A A U A P A P P A —— —
'
- " )
’

Complete expansion
section grid

“A0” Increments

X = C-sinHi

l

o
0.5b ....... g ) K:%Dthroat_l_Rc.(l_COSHi)
C
-
"‘?{}x
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Nozzle Construction Example: Chamber and Expansion Section

2_
1.75- RC Exp Hmax
15- RC Chamb {xN) yN} X, =R -sinf__
1
Y =—D R -(1—cosf
2 1.25_ / N 2 throat+ c( max)
U 1- . S ——__ Expansion Section
> 7 / | NN
Chamber section LA N
0.5- ' DN 0 4 b e Y
0.25- T AN - B I
0= | | | | I | [ L | |
-2 ~-15 -1 -05 0 0.5 1 1.5 2 2.5 3 3.5 4
X, CM
56
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Nozzle Construction Example: Initial characteristic line

Prantdl - Meyer Expansion : v, =v, +0, — M,

C_ Characteristic Line:0,=0—v_ =0, +v,

throat

2- 91

1.75-

1.5- Characteristic line slope :

1.25-

Y, CM
n

Hwall - luwall + (O o iucl)

0.75-

(O

MAE 5540 — Propulsion Systems I >
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Nozzle Construction Example: Second characteristic line

Prantdl - Meyer Expansion : v, =V, + (02 — 61) — M,

_ (6, +v,)+(6, -V, _ (K.), +(K.),
- ’ 2 2
1.75- _ (81 T Vl) ~ (62 ~ Vz) _ (K— >1 - (K+ )2
N ACh 2 ) 2
1.5-
= 1.251;: Internal Flow Solution
-
0.75-
0.5-
0.25-
0-_'2 15 15 2 25 3 35 4

MAE 5540 — Propulsion Systems I
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Nozzle Construction Example: Repeat Unit Processes
to Complete Grid for Expansion Section

INechanicallGdrAenospace)

Engiineering

2_
1.75-
1.5-
1.25-
=
o 1- -
>
0.75- Ao
0.5- L e~
0.25- AN L
0= | [ o |
-2 -15 15 2 25 3 35
X, CM
1. Prandtl-Meyer Expansion at Wall
2. Internal Flow
3. Centerline Intercept
59
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Using Method of Characteristics to Design a Bell Nozzle

Now begin straightening section

Wall Unit
A Process
1 ,,,,,,,,,,,,,,,,,,,,,, >~ _Calculation

......... \oo.o-o-.ooioo.-q

C, =0, = Viar =s0a =V et

+

0 5} ....... . - Characteristic line slope :
VR Ci — O + Uy + (Hﬁeld + Auﬁeld)
2
_4'2
0 1




Wall Point Solution for Turning Section

v e
Final Point on Expansion Grid : {xﬁe,d, y ﬁe,d,Oﬁe,d,M ﬁeld} ENE
i H fera |
1%
Previous Point on Wall : {x,,y,,0.,, M.} —| ' X7,
{ et 1} Hy ( ! )7]) (xwall’ywall)

Current Wall Slope: 0, _,

................

Left running (C+) line—

Viau = (Qwall =0 et ) TV fietd

M wall
M. an

sonic line

61
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Wall Point Solution for Turning Section (2)

Left running (C+) line

M. . Slope{C+} _ (gﬁeld TUgyt 0,au T Ly j

Viau = (Qwall =0 i ) TV field —>

- Hyan | 2
(X1,Y1) (
— XywallrYwall)
y wall y 1 — tan ( Hwall) wa wa
xw o xl
Vvl ~ I fied _ tan(slope{C+}) e o
Xwall ~ X field . -

sOonNIc line

62
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Engiineering

UtahState

PNIYERSITY Wall Point Solution for Turning Section (3)

ywall_yl =t 9
X _xl an( wall)

wall

Regroup in Matrix Form
Solve via Cramer’s Rule

Ywait — Y filed _¢ ] C
Xwatl X field an(s OPe{ })
yl_xl.tan(gwall) B _tan(gwall) 1 i xwall |
yﬁeld—xﬁeld-tan(slope{C+}) —tan(slope{C+}) 1| Year |

MAE 5540 — Propulsion Systems I

1 -1 yl_xl'tan(gw)
i X, _:_ tan(SZOpe{C+}) _tan(QW) i )’ﬁeld_xﬁled'tan(SZOPe{C+}) |
- Voar | tan(slope{C+})—tan(9w)
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UNIVERSITY

Engiineering

Wall Point Solution for Turning Section (4)

ywall B yl
=tan(0,,,)
Xai — %1 Simplify Solution
ywall B yﬁled _ tan(SZOPe{C+ })
Xwatl X field

wall —

y wall -

X, tan(0,,) =X gy - tan(slope{C*})+(yﬁeld —}’1)
tan(6,,, ) —tan (slope {c’ })
tan (Owa,,) -tan (slope{C+ }) - (x1 — xﬁe,d) +tan (Owa”) ¥ el — tAN (slope { C* }) ‘Y,
tan(6,,, ) —tan (slope {c* })

— SlOpe{C+} =

0, T Loy +0 fietd T M fiela
2

MAE 5540 — Propulsion Systems I




UtahState INtechanicSlledrerospac e,
U N l V E R S I T Y Engineering

Using Method of Characteristics to Design a Bell Nozzle

Complete Grid for Straightening Section, Solving along Final
Expansion section characteristic line

’
T T T T T T T T T T ' S TT"““"“"““““"“"“"““"““"“S"“"“"’“"“‘“"“"“"“"“‘“"“"““"“‘“‘“"“"“"“‘"“‘“"““"““"‘“"“"“"“‘‘*‘‘“"“"“""“"‘“‘“"“"“"“"“S-T-~”"‘"“"—’""———— -
'
- " "
'
'
'
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INechanicallGdrAenospace)

Engiineering

Using Method of Characteristics to Design a Bell Nozzle

1.5

Completed Grid for Straightening Section

MAE 5540 — Propulsion Systems I
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U N ' V E R S ' T Y Engiineering

Nozzle Construction Example: Work from Final Characteristic

Line to Complete Nozzle Profile 6
exit
3- AN
2.5-
2_
=
O 15-
S
1-
.;' characteristics
iy : " N e / p
0= | G | I | |
-2 0 2 4 6 8 10
X, CM
. 44 29 H - H . .
Assign “thetas™ .... AO=—"mx  “eit 50 =0 —j-Af
N J max
characteristics

MAE 5540 — Propulsion Systems I o7




UtahState INtechanicalledhenospace,
U N l V E R S I T Y Engineering

Nozzle Construction Example:
Code Layout

Min
Length
MNoazle

1. Prandtl-Meyer Expansion at Wall
r o ‘T — 2. Internal Flow
wail || 12 || | [inten 3. Centerline Intercept
Proc Proc Proc a7 Bx
/ 4. Wall Intercept
M2 dAfa»
1My dM
e || | [Bent ]| || %62
yer flow radian
AF AKX
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U N I V E R $ l T Y ngineering

Minimum Length Nozzle Design .

e Find minimum length nozzle
with shock-free flow 20, ;, = Vi =M,

e Along C, characteristic {b,c}
ch o vcl — 0 —V

exit exit
6.0

cl *™ exit

— O — Vcl — vexit

e At expansion corners, {a,d}
From Prandtl-Meyer Theory

v{a,d } = Vinroat T Qw max

v

= vmzl =0

throat

v(1.0)= L5 g {\/Y—_I(I.OQ - 1)}- tan"'1.0> =1 = 0 Vigay =0

y -1 y +1 W

max

MAE 5540 — Propulsion Systems I %
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UtahState INteC hvanicalledienospace
U N I V E R S l T Y Engineering

Minimum Length Nozzle Design .

e Find minimum length nozzle v. —> M
with shock-free flow 2 6,,; =

exit exit

e Along C. characteristic {a,c}
at point a

v ax+va:0cl+vcl —0,=0

W,

0, +v,=v,

Wmax

e Along C, characteristic {d,c}
at point a

(_meax ) ~v;=0,-v,—>0,=0

0, +v,=v,

wmax

—)Va:Vd

MAE 5540 — Propulsion Systems I 70
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Engineering

Minimum Length Nozzle Design .

* Length for a given expansion
angle 1s more important than
the precise shape of nozzle ...

MAE 5540 — Propulsion Systems I

But from Previous discussion

Vieay =00 [0, F V= Vo |

max

¢ Criterion for Minimum

Length “Bell” Nozzle
Vexit
HW Max - 2

71
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U N I V E R S ' T Y Engineering

Minimum Length Nozzle: Construction

Example (from Anderson)

» Use Method of characteristics, compute and graph contour for
2-D minimum length nozzle for a design exit mach number of 2.0

MAE 5540 — Propulsion Systems I 72
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U N ' V E R S ' T Y Engineering

Minimum Length Nozzle: Construction
Example o)

1 [y =1
=20—>V(M,)= rr tan'1<\/y (2.02—1)}—tan‘1\/2.02—1=

M

exit

y —1 Yy +1

~

180 ((1-4”)0'5atan(<(1'4‘ Y (20°- 1))0'5) ~ atan (((20°-1))")

r \M4-1 14+1
= 26.3798°
VvV .
0 = —M _ 13,1899
W Max 2

MAE 5540 — Propulsion Systems I 73




UtahState INtechanicsledhienospace,
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CNYERSITMinimum Length Nozzle: Construction
Example oo 2

18

MAE 5540 — Propulsion Systems I
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Engiineering

CRVEREITTMIinimum Length Nozzle: Construction

Example oo 7
Inflection Point

22

14

197 A5

e Section of Nozzle with 6, increasing called “expansion section”
e Inflection point occurs at (Hwall )max

e Downstream of inflection point called “straightening” section .

MAE 5540 — Propulsion Systems I
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Minimum Length Nozzle: Construction

EX&IIIPI@ (cont’d)
e Starting up the calculation ...

v()=0—=C_ =0

Need to Kick “a” just a bit
Downstream of throat

M =1.026
0. =0.19
=0+v=0.38
u,=77.1°

Point a ...

C_
v(1.026)=0.19 — ( ‘

M, =1042
6,+v,=C_ =038 =6 =0-v =038 -

u, =73.358°

slope{C_} ~ (8“ _ Ma) O~ th =-7543°

2

MAE 5540 — Propulsion Systems I




UtahState INMechanicIlledAenospace,
U N I V E R S I T Engineering

Minimum Length Nozzle: Construction
EXample (cont’d)

Point = C, = 6=C_+C+ V=C‘_C+ M M
# 0+v 0-v 9) 9)
(deg). (deg). (deg). (deg). (deg).
a 0.38 0.0 0.19 0.0 1.026 77.10
1 0.38 -0.38 0.0 0.38 1.042 77.14
2 2.38 0 1.19 1.19 1.092 66.29
3 8.38 0 4.19 4.19 1.225 54 .88
4 14.38 0 7.19 7.19 1.337 48.42
5 20.38 0 10.19 10.19 1.442 43 .92
6 26.38 0 13.19 13.19 1.544 40 40
7 26.38 0 13.19 13.19 1.544 40.40
8 2.38 -2.38 0 2.38 1.150 60.41
9 8.38 -2.38 3 5.38 1.271 51.90
10 14 .38 -2.38 6 8.38 1.379 46.69
11 20.38 -2.38 9 11.38 1.482 42 .44
12 26.38 -2.38 12 14 .38 1.584 39.16
13 26.38 -2.38 12 14.38 1.584 39.17

77
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EX ample (cont’d)

Point C. = C, = 0 C_+C, C.-C, M u
= V =
# 0+v 0-v 2 2)

(deg), (deg), (deg), (deg). (deg),
14 8.38 -8.38 0 8.38 1.379 46.49
15 14 .38 -8.38 3 11.38 1.482 42 .44
16 20.38 -8.38 6 14 .38 1.584 39.16
17 26.38 -8.38 9 17.38 1.685 36.40
18 26.38 -8.38 9 17.38 1.685 36.40
19 14 .38 -14.38 0 14 .38 1.584 39.16
20 20.38 -14 .38 3 17.38 1.684 36.40
21 26.38 -14.38 6 20.38 1.788 34.00
22 26.38 -14.38 6 20.38 1.788 34.00
23 20.38 -20.38 0 20.38 1.788 34.00
24 26.38 -20.38 3 23.38 1.893 31.89
25 26.38 -20.38 3 23.38 1.893 31.89
26 26.38 -26.38 0 26.38 2.000 30.00
27 26.38 -26.38 0 26.38 2.000 30.00

MAE 5540 — Propulsion Systems I

Engiineering

Minimum Length Nozzle: Construction

78




UtahState INtechanicalledhenospace,

university - Typical Conical Nozzle Contour

Nozzle Inflection Point

! /
Y
 FC R \ N enozzle

Engiineering

R, R z
1 Z
L - Rl e 7
g --> expansion ratio (A /A% Bnk 7
exit Y iYN
D, = Throat diameter Xn
R, = Radius of curvature of nozzle contraction
N = Transition point from circular contraction to conical nozzle
Ly = Nozzle Length /
D, = Exit diameter )
Xy =R, s1n(9nozzle)
: . 1
° Rl ~ 0‘75Dt IS typlcal YN = EDthroat + R1|: 1- COS(Qnozzle) ]

MAE 5540 — Propulsion Systems I
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Typical Conical Nozzle Contour

(Cont’d)

Y
— O e Solve for Nozzle length
RS A, :
== DL x|-P.={+P1n terms of other parameters
=
{/‘\
LLN -
1 1
EDe o {2Dthroat + Rl[ 1 o COS(Qnozzle) :I}
tan(0,,.,.) = =

LN o Rl Sin(enozzle)

%[De _Dthroat]_Rll: 1_COS(9nOZZle) :|

LN o Rl Sin(enozzle) /

A

“lexit 1:|de)a’ — Rl |: 1- COS(OnozzIe)

- {LN - Rl Sin(enozzle)} tan(enoule) = %|: A*

|— L, tan(@,,,,,) = %{ % ) I}D"”"‘” ~R[ 1-c05(8,,.,,)-tan(@,,,)sin(6,...) ] 80
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UtahState INMechanicalledhenospace,

universiTy  Typical Conical Nozzle Contour

e Using trig identities (Cont’d)
, sin®(0,,_,
1 — COS (Qnozzle ) - tan(enozzle ) sin (Qnozzle ) — 1 — COS (Onozzle ) - COS (( Onozz; )) =
1— COSZ (Qnozzle) + Sin2 (Qnozzle) —1— 1
COS (enozzle ) COS (Qnozzle )

\

LN tan(enozzle) = l LT o 1 D throat + Rl -1
2/ VA ck(@mz}e)

[ [a. ) |
e L’:‘ o 1 Dthmat + Rl -1
I 2 VA ) I cos(B,wm) ]
v ta‘n(enozzle)

. , Nozzle Length Written In Terms of 0
e R, ~0.75D; 1s typical § o

Engiineering

81
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UtahState pechanicsladrenospace,
U N l V E R S I T Y Engineering

Minimum Length Conical Nozzle (1)

!
Y
a.,,mww-mwi >\ N enozzle
T
== D

(XNaYN) A .
D - —e):t Dt
\ A

— = #0

nozzle — Yw, .

82
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UtahState Mechanicsledrenospace,
UNIVER S ITY Engineering

Minimum Length Conical Nozzle (2)

(XN, YN)
= Dit
Ri
LN >
e Simplify
N 29 _ Yexir “Two-thirds rule-of-thumb”
2 ™2 Applies strictly for conical nozzles
0 - 2v,. V..l  Generally applied as “safety factor”
T T3, 3 \ for most nozzles

83
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U N | V E R S I T Y Engnmeering

Minimum Length Conical Nozzle

 Example... given

Dthroat = 1 cm
AJA* = 8
Y = 1.2
AL 2\ =) AT g
Ay 2T
12+1
2 12-1 2(12-1)
((12+1) (1+ , (3.122%))) M. = 3.122
3.122

MAE 5540 — Propulsion Systems I 54
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Minimum Length Conical Nozzle

(cont’d)
M., = 3.122
VM )= [Fan ] T (0,,2 1) - tan b, P
y —1 \ y +1 J

— 1&)(<L2+1)05amn((12"1(31222-1))Qj-aum((3J222-1)“3)

e 1.2-1 1.2+1
AN
VvV .
= 67.06° > 10, M\\Zt = 33.53°
Apply 2/3°rds rule 2 v,
0 exit = 99 35°
max 3
MAE 5540 — Propulsion Systems I 8
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Minimum Length Conical Nozzle

(cont’d)

e R, ~0.75D; 1s typical ...

. R1=O 75 cm

* Any shorter
and you have

2 Vi “problems”
9, ==Yei=2235°
max 2
l i? -1 Dthroa! + Rl 1 -1 ~ 2372 cm
. 2[VA cos(Omzz,em)
[ N ]min B tan(erwzzlemu) / T A
- (892 -1)1.0+0.75:1 1 v
_— cos(i 22.35) 0000 cm |- > 2.8284 cm
180
_
tan (- 22.35) A \
180 I
=2.372 cm B
86
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UtahState Mechanicaladrerospac e,

Engiineering

PRIVERSITY3-D (Axi-Symmetric) Bell Nozzle
Contour Design

approximate shape can be formed from a parabola

Y'=PX +Q+(SX +T)

1/2

R =1.5R,  Upstream of the throat € --> expansion ratio (A .;/A”)

R, =0.382R, Downstream of the throat

X=X +X, X, =R, sin(i,?/ej

| 1
o Y = Y —|— YN YN = EDthroat +R1|: 1_C()S(Qrzozzle) :I

MAE 5540 — Propulsion Systems I Credit: Narayanan Komerath - Georgia Tech 87
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UtahState INMechanicIlledAenospace,
U N l V E R S I T Y Engineering

Bell Nozzle Contour Design conra)

e 4 unknowns in parabolic segment (P,Q,S,T)
« 4 boundary conditions

g --> expansion ratio (A;/A")

| . ' 1/2
Y'=PX +Q+(SX +T)

@N: X,=0 Y, =0 * Boundary Conditions
° ee

X' =X _XN Y'eZYe_YN-
_=\/ER1_Y' * Oy

Given

MAE 5540 — Propulsion Systems I Credit: Narayanan Komerath - Georgia Tech 58
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“tahState IMechanicSladrenos pace)
U N ' V E R S ' T Y Engiineering

Bell Nozzle Contour Design conra)

* Evaluate position boundary conditionat N /X" Y} =/0, 0}

Y =PX +0+(SX +T)" @{X.Y}={0,0;

1/2 1/2
0=P-0+Q+(S-0+T) —Q=—(T) S50 =T
\ivaluate slope boundary condition at N
Y 1 1
tanGN:(d—,) =P+ — ' —x§ =
dX N Z(SXXN+T)
1
P+§ — )Q:—T1/2—>tant9N:P—i
2(Sx0+T) 20

89
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U N ' V E R S ' T Y Engiineering

Bell Nozzle Contour Design conra)
Y =PX +Q+(SX +T)"
e Rearranging slope boundary condition at N

S
2(tan9N — P)

Q:_

* Evaluate Slope Boundary condition at e

tan O =(d—Y\ :P+l - ’
“lax) 2(sx X, +T)"
rearranging —» (S XX+ T)l/z B 2(tang — P)

MAE 5540 — Propulsion Systems I 20
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Bell Nozzle Contour Design conra)
Y =PX +Q+(SX +T)"
e Evaluate Position Boundary Condition at e
. . . 1/2
Y,=PX,+0+(SX,+T)" -
. 1/2 . ,

(SX,+T) =Y,-PX,

* And the Collection expressions are

(sx,+T)" =Y, - PX,

0= _T2
S
= 2(tan9N — P)
. S
>(SX,+T)" =
MAE 5540 — Propulsion Systems 1 2 (tan 96 B P) 21
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“tahState IMechanicSladrenos pace)
U N ' V E R S ' T Y Engiineering

Bell Nozzle Contour Design conra)

. ( X+ T)lfz _y _pX. Y =PX +Q+(SX +T)"
L, 0=-T" * 4 equations in 4 unknowns
) IS * Analytical Solution is a
3) Q=- 2(tan6,, - P) Mess getting there .. But result
1s OK
4 . 2 S ' '
) (SXe + T) " 2(tan0, - P) o P Ye(tanGN + tan@e)— 2X ,tan0 tan0,
X=X +X, 2Y'e—i(etan9N—XetanHe
' Y,-PX,) (tanf, - P
Y=Y +7Y, ii)—)S:( - e)( il )
X, tan0, -V,
Xy =R, sin(@nozzle) S
) —>Q=-
Y, = %Dﬂmt + Rl[ 1-cos(,,..) ] )0 Z(taHHN — P)
v)>T =0’

MAE 5540 — Propulsion Systems I
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SSME Nozzle example

:'i 305.0 cm

I I I I I I
0.0 500 100.0 150.0 200.0 250.0 300.0 340.0

MAE 5540 — Propulsion Systems I 73
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Engineering

SSME Nozzle example conco
* Fit with Parabolic bell profile

Input THROAT

Geometry Parameters Input Nozzle
Geometry Parameters

THROAT OUTPUTS
Nozzle parameters

MAE 5540 — Propulsion Systems I o




UtahState INiechanicSledrenospace,
U N I V E R S | T Y Engineering

SSME NOZZIG CX&IIIPI@ (cont’d)
e Fit with Parabolic bell profile / \

140-

XY Graph
170- Y(x):%D +R[ 1-cos(6,) JAP{X - R;sin(6,)} +Q+(S{X - R;sin(6,)} +T) "
120-

/
. e BOUNDARY

. HEEHEEEE e CONDITIONS

5 .  =10°
:Zz: GN :35 ©
-60: Dthroat =24.5 cm
. AJA* =775
. R, =4.681cm

30 0 25 50 75 100 15;’ Clélo 175 200 225 250 275 310 ° Pretty
good model

MAE 5540 — Propulsion Systems I 75
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UtahState INMechanicIlledAenospace,
U N l V E R S I T Y Engineering

SSME Nozzle example co

o Mexit =4.677

+1 _’ -1 \ _
V(Mexit) = %t&n Ii\/h(Mexx‘tz o 1) >_tan 1\/Me.n’12 _1

s

180 (<1.196+1>0-5atan ( <1.196 ~1

05
4677 - 1 ) _atan ((4.677 - 1)"° )
1.196 — 1 1.196+1( )> (! ) )

TT

VvV .
=10234° > |0, = 2t =51.17°

MAE 5540 — Propulsion Systems I %
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SSME Nozzle example conco

V ..
0 =< =51.17°

W Max 2

* SSME 1s
definitely not
a minimum length
nozzle

35/51.7=0.677

“two thirds rule”’

MAE 5540 — Propulsion Systems I

:'l 305.0 cm

I [ [ I I [
0.0 50.0 100.0 1500 2000 2500 300.0 340.
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UtahState INiechanicSledrenospace,
U N I V E R S | T Y Engineering

SSME Nozzle example o)

O — Veuir | _ 51.17° ¢~ “mmimum length SSME Nozzle
v Max 2 XY Grapl
Rule of Thumb .
Use Oy < 2/3 0.« jg:
“two thirds rule” =~ =

-40-
i
-80-
-100-
-120-
-140-

-170-7 1 1 1

i i i i i i i i i
-30 0 25 50 75 100 125 150 175 200 225 250 275 310

X, CM

MAE 5540 — Propulsion Systems I 78
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UtahState pechanicsladrenospace,
U N | V E R S I T Y Engineering

Comparison of Cone and Bell Nozzles

For the same ¢, we would expect 4, , > A

cone

A bell nozzle, while more complex to build, will generally yield a
more efficient exhaust than a cone in a shorter nozzle length.

Same nozzle efficiency factor can be reached with about 70% of the length
of a cone nozzle.

Alternatively, efficiency factor can be increased from about 98% for a cone
to about 99.2% for a bell of the same length

MAE 5540 — Propulsion Systems I Credit: Narayanan Komerath - Georgia Tech 7




U N I V E R S l T Y Engineering

Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow

* For 3-D flow using method of characteristics, Prandtl Meyer flow introduces an
additional term to account for the ability of the flow to expand into the third
(circumferential) dimension

dV 1 dr
d9=$\/M2—1oV + —-
— r
VM?*-1%
tand
* Since the first term on right hand side is just the differential form of the Prandtl-Meyer

function,

9=fi\/M2—1d7V=iV(M)+C0nst%

dv=Jm—1. %Y
-

MAE 5540 - Propulsion Systems I 100




UNIVERSITY ngmeering

Appendix I: Moditication of M.O.C. for 3-D
Axisymmetric Flow o

 Thus the revised axi-compatibility equations .. ( X, y)3D — ( X, r)axl_ are

1 or
C. characteristic line — 8(9 — v) -
VM?—=1+1/tan@ r

1 J
C_ characteristic line — 0(0+V) = NTE 0 r
M"—1-1/tan@ 7

101
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UNIVERSITY

Appendix I: Moditication of M.O.C. for 3-D
Axisymmetric Flow ¢

1 or
C. characteristic line = 8(9 — v) =— -
' M2 -1

Mechanicalcy

Enq:nppl‘inq

* Along the C* line

M?*—1+1/tan@ 7

J 1 dr tanu -tan6 or
SAIMX*=1=1/tanu — O—v)=— ar _ or _
e 3K+( ) 1/tanp+1/tan® r tan@+tany r
or (sin,u -sine)__ dr (Sin,u -sin@)_
cos U .COSQ.(SmH + Sm.uj r (sin@-cos u +sin - cos ) r
cos@ cosu
T or (Sm# 'Sme)eam: , or —
[sin(6+4)] r [ sin(6+ ) |
A0-v)=-ok (S0 A0 __[sinit_sind)
r oK, r

or

oK

or

0x

MAE 55

* [sin(0+u)]

—=tan(0+ ) — [ sin(6+u) | 0K, = tan(6+ u) - dx —

— dr=[sin(6+pu) ] 9K,

oK

0x

" cos(0+ u)
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Mechanicalcy

Engineer

Appendix I: Modification of M.O.C. for 3-D

* Along the C- line

Axisymmetric Flow o

or

C characteristic line — 8 0+ v

—>NM* - =1/tan,u—>a%(0+v)= 1 dr

ar

\/ —1/tan@ 1

_tany -tan@ ar
~ tanf—tan ur

I/tanu—1/tan@ r

sin@

sin i1 -sian dr (sm,u sm@)_
(sin@-cos t—sin - cos6) r

cos -0059-(
or

S

cos@ cosu

[sin(e—u)](smur- Sme) oK. = [sin(zr— u)] ”

a(9+v)=aK+(Sin“ Sineja a(9+v):(sinu -sinej
r

oK

+

IK — or

[sin(6-u)]

dx

MAE 554

—dr= [sin(@ — u)] 0K

or_ tan(6— p) — [ sin(6—pu)|-9K_ =

dx

tan (6 — p1)-dx — [0K = —————
6=#) cos(6 - u) 103
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UNIVERSITY Engnmeering

Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow «

* Collecting terms, the revised compatibility relations are

CE _(Sin,u -sin@j
oK, r

+

C, characteristic line —

or ox
oK, = =
" [sin(6+u)] cos(6+pu)

d(0+Vv) (sin,u -sin9)
0K r
C_ characteristic line —

or 0x

K= [sin(0—u)] B cos(0— u)

Slope(C+) =0+ U
Slope(C_) =0—-U

104
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Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow «

e Unit Processes

e Internal Flow
e Wall
e C(Centerline

MAE 5540 - Propulsion Systems I 105




UNIVERSITY Engnmeering

Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow ¢

1) Internal Flow Field Solution Process

Slope(C.)"” =6, + 1,
Assume Straight Initial Characteristic Line — ©)
Slope(C_) " =6, —u,

—— Solve for {x3,r3} —

tan[Slope(C_ )(j)} : tan[Slope(C+ )(j) ](x1 - X, ) + tan[Slope(C_ )(j)} T, = tan[Slope(C+ )(j) J s

r; =

tan[Slope(C_ ) } — tan[Slope(C+ )7 }
(7”2 —h ) + X, -tan[Slope(C_ )(j) :| — X, - tan[SIOpe(Q )(j):|
tan[Slope(C_ )U> ] . tan[Slope(C+ )(j)}

X3 =

106
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UNIVERSITY Engnmeering

Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow
e Internal Flow Field, cont’d

..... Calculate increments in K, ,K_

X, — X
AK, = e
COS|:SZOp€(C+)(J):|
X, — X
AK_ = e
cos[Slope(C_)m}

..... Advance Characteric Line Invariants

_siny, -sinb, AK

C, characteristic line— 0,—-v,=0,-V,
v
2

siny, -sinf, AR

C_ characteristic line - 0,+v, =0, +Vv, +

h
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Appendix I: Modification of M.O.C. for 3-D
Axisymmetric Flow ¢

.....50lve for 0,

sin -sin @
02 _ V2 _ :u2

siny, -sin@

IAK_

SAK, +6,+v, +
h h

0,=

2
siny, -sin@

(6,+6,)+(v,—v,)+ LAK -

siny, -sin@

h )

ZAK+

2

.....50lve for v,

sinyl, -sin6

0,+v, +

IAK—(HZ—VZ—

h T,

siny, -sinf, AK )

Vy= )

-sin@

siny, -sin@

(6,-6,)+ (v, +v,)+ S S0, gy

h T

ZAK_

2

———> ....Solve for (93,V3) —>M,,u,

..... Recalculate
Slope(C+ )(j) _ 92 T4, ‘2|'93 TH;
Slope(C_)(j) _ 91 — M, ‘;93 — U

Iterate from —— to —>——

MAE 5540 — Propulsion Systems I
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Appendix I: Modification of M.O.C. for 3-D
2) Wall Point Solution AXlSymmetrlc FlOW (8)

B(H—V)__(sin,u -sin@)
oK, r . B(O—V)__(sin,u -sin9-cos(9+,u)j
K = or ox ox r

" [sin(6+p)] N cos(0+ 1)

or sin it -sinf sini -sin@ | dr
d0—Vv)=— =—
(6-v) [sin(9+,u)]( r j [ sin(0+ u) ] r

siny -sin@ sinyl -sin@ ¥l
e -v =60, -V,  — Inr ,—Inr.,  |1=0,, —V. — In <=
wall wall field field ( Sin(Q + ,Lt) )( wall ﬁeld) field field [ Sin(9 + ‘Ll) ][ rﬁeld

sin L -sin@ Y ield
Viar = O — Oﬁeld TV fetd 7| In
sin(0+ u) r

wall

10
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Appendix I: Moditication of M.O.C. for 3-D
Axisymmetric Flow o

3) Centerline Solution

. . 4 Vl
— Initial Point : {x,,r,,0,,M,} —
Ky

Initial Slope — Assume Straight Initial Characteristic Line — Slope(C_ )(O) =0,— U,

— Centerline Intercept : 6,=0

00— y y

=0— —L =tan(Slope(C_))— |x, =— 1 +x
Vel X, — X ( P ( )) « tan(Slope(C_ )) :
AK = X — X -

cos[Slope(C_) ’ }
: <ind
e right running (C_) characteristic line—0_,+v_, =6, +V,+ SE CSIP Ak
h
. . M
v, =6, +v,+ SO Ak 5|
rl Iucl
0 — 1 —

..... Re calculate — Slope(C_)(O) AR G perare from —— to —>—— 110
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