
Example Incompressible 
Injector Calculation

1
MAE 6430 - Propulsion Systems, II

D= 0.5 cm

d= 0.125 cm

Injector	Geometry	Model

D d

Initial Chamber Pressure Guess Downstream of Injector

p1= 2000kPa

!P0c = p2

p2 =1000kPa



Incompressible 
Massflow Calculation

2
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D= 0.5 cm

d= 0.125 cm

Injector	Geometry	Model

ρ
inc
=

P1
R
g
⋅T1

= kg/m3

• Assume Initial Cv=1

!m=
Cd ⋅A2

1− A2
A1

⎛

⎝⎜
⎞

⎠⎟

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

2⋅ρ ⋅ p1 − p2( ) =

g/sec
p1= 2000kPa

p2 =1000kPa



Calculate GOX 
Viscosity
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D= 0.5 cm

d= 0.125 cm

Injector	Geometry	Model

Southerland’s Law for GOX VISCOSITY

=

Pa-sec

p1= 2000kPa

p2 =1000kPa



Calculate Injector Inlet 
Flow Reynolds Number
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D= 0.5 cm

d= 0.125 cm

Injector	Geometry	Model →Calculate	Reynolds	number

Re D1
=
ρ1 ⋅V1 ⋅D1

µ1
=

!m
A1

⋅D1

µ1
=

!m
π
4 D1

2
⋅D1

µ1
= 4 ⋅ !m
π ⋅D1 ⋅µ1

=

p1= 2000kPa

p2 =1000kPa



Calculate Injector Incompressible 
Discharge Coefficient
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→Calculate	Reynolds	number

Re D1
=
ρ1 ⋅V1 ⋅D1

µ1
=

!m
A1

⋅D1

µ1
=

!m
π
4 D1

2
⋅D1

µ1
= 4 ⋅ !m
π ⋅D1 ⋅µ1

=	112163

D d

D= 0.5 cm
0.19685 in

d= 0.125 cm
=0.0492126 in

Flange	Tap :(D,d −− > inches)

C
v
i = 0.598+0.468⋅ d

D

⎛
⎝⎜

⎞
⎠⎟

4

1+10⋅ d
D

⎛
⎝⎜

⎞
⎠⎟

8⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
⋅ 1− d

D

⎛
⎝⎜

⎞
⎠⎟

4

+ 0.87+8.1⋅ d
D

⎛
⎝⎜

⎞
⎠⎟

4⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅ 1− d

D

⎛
⎝⎜

⎞
⎠⎟

4⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
1
Re D

=

→Calculate	C
d
i→ β = 1− D2

D1

⎛

⎝⎜
⎞

⎠⎟

4

→C
d
i =

C
v
i

1− D2
D1

⎛

⎝⎜
⎞

⎠⎟

4
=

=0.60251



Iterate Injector Incompressible 
Discharge Coefficient
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→Calculate	Reynolds	number

Re D1
=
ρ1 ⋅V1 ⋅D1

µ1
=

!m
A1

⋅D1

µ1
=

!m
π
4 D1

2
⋅D1

µ1
= 4 ⋅ !m
π ⋅D1 ⋅µ1

=	112163

D d

D= 0.5 cm
0.19685 in

d= 0.125 cm
=0.0492126 in

Return to Slide 2 with New value for Cvi

Return	to	 ****,	Iterate	Until 	
C
d
i( )

j+1
− C

d
i( )

j

C
d
i( )

j

< ε



Now Correct for Compressibility
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=P0 =

A1
A2

⎛

⎝⎜
⎞

⎠⎟

2

⋅ p1( )
γ +1
γ − p2( )

γ +1
γ

A1
A2

⎛

⎝⎜
⎞

⎠⎟

2

⋅ p1( )
2
γ − p2( )

2
γ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

γ
γ −1

=

D1
D2

⎛

⎝⎜
⎞

⎠⎟

4

⋅ p1( )
γ +1
γ − p2( )

γ +1
γ

D1
D2

⎛

⎝⎜
⎞

⎠⎟

4

⋅ p1( )
2
γ − p2( )

2
γ

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

γ
γ −1

= 2001.83 kPa
!P0c
P0
=
p2
P0
=

1000
2001.83

= 0.499543

r=
!P0c
P0
=

1000
2001.83

= 0.499543< r*= 2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1
= 0.528282



Example Compressible 
Injector Calculation
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Subcritical  Flow : p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
>

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

!m=Cd ⋅ A
2γ
γ−1

⋅P0 ⋅ρ0 ⋅
p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

2
γ

1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

γ−1
γ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Define→ r= p
P0

→ Kn =
2γ
γ−1

⋅r
2
γ 1−r

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

→ !m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0
Subcritical  Flow : p

P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
>

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

!m=Cd ⋅ A
2γ
γ−1

⋅P0 ⋅ρ0 ⋅
p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

2
γ

1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

γ−1
γ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Define→ r= p
P0

→ Kn =
2γ
γ−1

⋅r
2
γ 1−r

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

→ !m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0

Cd =

1− 1− f ⋅ 2 ⋅r
1
γ

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

2
1−r
Kn

2

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

2 ⋅ f ⋅r
1
γ

Subcritical  Flow : p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
>

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

!m=Cd ⋅ A
2γ
γ−1

⋅P0 ⋅ρ0 ⋅
p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

2
γ

1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

γ−1
γ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Define→ r= p
P0

→ Kn =
2γ
γ−1

⋅r
2
γ 1−r

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

→ !m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0

1

2 Cd( )
2

inc

+ f = 1
Cd( )inc

→ f = 1
Cd( )inc

−
1

2 Cd( )
2

inc

r= p
P0

Supercritical  Flow :

p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
≤

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

!m=Cd ⋅ A γ ⋅P0 ⋅ρ0 ⋅
2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1

Define→ rc =
2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1
→ Kn = γ ⋅

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1
= γ ⋅ rc( )

γ+1
γ

→ !m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0

r*= 2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

1

2 Cd( )
2

inc

+ f = 1
Cd( )inc

→ f = 1
Cd( )inc

−
1

2 Cd( )
2

inc

Kn =
2γ
γ−1

⋅r*
2
γ 1−r*

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= γ ⋅

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1

Ue =
2γ
γ−1

⋅
P0
ρ0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
1−r*

γ−1
γ

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
=

2γ
γ+1

⋅
P0
ρ0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

!m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0 =Cd ⋅ A⋅ γ ⋅
P0
ρ0
⋅
2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟

Cd =
1

2 ⋅ f ⋅r*
1
γ

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟
⋅ 1+

r*− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅r*

1
γ

Kn
2

⎧

⎨

⎪⎪⎪⎪⎪⎪

⎩

⎪⎪⎪⎪⎪⎪

⎫

⎬

⎪⎪⎪⎪⎪⎪

⎭

⎪⎪⎪⎪⎪⎪

− 1+
r*− p

P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅r*

1
γ

Kn
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

2

−

2 ⋅r *
1
γ

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

2

⋅ 1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅ f

Kn
2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

Subcritical  Flow : p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
>

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1

!m=Cd ⋅ A
2γ
γ−1

⋅P0 ⋅ρ0 ⋅
p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

2
γ

1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

γ−1
γ

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Define→ r= p
P0

→ Kn =
2γ
γ−1

⋅r
2
γ 1−r

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

→ !m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0



Now Correct for Compressibility
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1

2 Cd( )
2

inc

+ f = 1
Cd( )inc

→ f = 1
Cd( )inc

−
1

2 Cd( )
2

inc

=

Kn =
2γ
γ−1

⋅r*
2
γ 1−r*

γ−1
γ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= γ ⋅

2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1

Ue =
2γ
γ−1

⋅
P0
ρ0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
1−r*

γ−1
γ

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
=

2γ
γ+1

⋅
P0
ρ0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

!m= Kn ⋅Cd ⋅ A⋅ P0 ⋅ρ0 =Cd ⋅ A⋅ γ ⋅
P0
ρ0
⋅
2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ+1
γ−1

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟

=

Supercritical  Flow

r=
p2
p0
=

1000
2001.83

= 0.499543< r*= 2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1
= 0.528282r=

!P0c
P0
=

1000
2001.83

= 0.499543< r*= 2
γ+1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

γ
γ−1
= 0.528282



Correct for Compressibility (2)
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Cd =
1

2 ⋅ f ⋅r*
1
γ

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟
⋅ 1+

r*− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅r*

1
γ

Kn
2

⎧

⎨

⎪⎪⎪⎪⎪⎪

⎩

⎪⎪⎪⎪⎪⎪

⎫

⎬

⎪⎪⎪⎪⎪⎪

⎭

⎪⎪⎪⎪⎪⎪

− 1+
r*− p

P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅r*

1
γ

Kn
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

2

−

2 ⋅r *
1
γ

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

2

⋅ 1− p
P0

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
⋅ f

Kn
2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

=

=0.74834 This	value	goes	into	your	Hybrid	Compressible	Simulation
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This	value	
goes	into	your	
Hybrid	
Compressible	
Simulation
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Hybrid Ballistic Equations for Compressible Oxidizer
Ainj A*

!minj

P0c ,T0c ,γc ,Rgc
P0inj ,T0inj ,γox ,Rox

Ac

Regression :

!rfuel =
0.047

ρ fuel ⋅ Prc( )2/3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅
CPc

⋅ T0c −Tfuelsurf( )
hvfuel

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⋅
!mox

Ac

⎛
⎝⎜

⎞
⎠⎟

4/5

⋅ µc

L
⎛
⎝⎜

⎞
⎠⎟
1/5

!mfuel = ρ fuel ⋅Aburn ⋅ !rfuel = ρ fuel ⋅π ⋅ D ⋅L( )port ⋅ !rfuel →O / F =
!mox

!mfuel

=

Kn ⋅Cd ⋅A( )inj ⋅
P0inj
RgoxT0inj

ρ fuel ⋅π ⋅ D ⋅L( )port ⋅ !rfuel

Kn = γ ox ⋅
2

γ ox +1
⎛
⎝⎜

⎞
⎠⎟

γ ox+1
γ px−1

→ !mox = Kn ⋅Cd ⋅A( )inj ⋅
P0inj
RgoxT0inj

Cd =
1

2 ⋅ f ⋅rc
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