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Section 2.1 : An Introduction to the
Differential Conservation for Inviscid Flows

Continuity : V * (pi;) =0

e Anderson,
Chapter 6 pp. 239-260

Momentum : p VeV |V =-VP

_ 2 _ .
Energy:V e [e+u]pv> = —V‘(P;)‘FP(CIJ

Crocco(entropy) : TVs =Vh, — i/X (V X i/)
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Differential Form of Continuity Equation

e Recall from section 2, integral form of continuity equation is:

[j(veds)= 2 fifpa
C.S. c.V.

“continuity equation”

e Look at first term

7 e Can we write this surface integral
pVeds . .
in terms of a volume integral?
C.S
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Divergence Theorem

e From advanced calculus recall that (Gauss Theorem)

[[[vevas= []( Vo)

* Applying to mass flux across control surface

H(pv s )- wv.(p‘&jdv

e The divergence theorem is a mathematical statement of the
physical fact that, in the absence of the creation or destruction
of matter, the density within a region of space can change only
by having it flow into or away from the region through its
boundary.
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Divergence Theorem

(cont’d)

* Applying divergence theorem to continuity equation

‘Wv’(”ﬂd" [mpd"]*m[ P+V°(pvﬂdv=0+

0 —>
Zp+Ve| pV |=
atp+ ('D )

0
+Ve[ pV |=0
atP P

Differential form of continuity equation
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Differential Form of Momentum Equation

e Recall from section 2, integral form of momentum equation
for inviscid flow 1s

(o= ([~ [[[2(o7 ) Jf[ Vo ¥

—->

e Look at term _”(p)dS

C.S.

e Can we write the surface integral in terms of volume integral?

MAE 5420 - Compressible Fluid Flow




UtahState

UNIVERSITY

Analog of Divergence Theorem

Mech aniCallGdre oS hac e
Engineering

St with Gauss theorem [V Vv = j J( Ve d;)
Let =V =P [[[ve(7p o= Jj((iP)-d;)
([ vras - [j(i.(p;zsjjﬁi.( wvmj:i.( [jp;zsjﬁ
[[[vrav= JJpds
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Momentum Equation

(revisited)

* Applying analog of divergence theorem to momentum equation

-

* Momentum equation becomes
(o Jifvran=[[f 2 (o7 av+ Jj( oo
c.v. C.v c.v. C.S.

e Now look at JJ(P‘;‘ dz)\;
C.S

MAE 5420 - Compressible Fluid Flow




UtahState INiechanicallcdrerospac e
U N I V E R S l T Y Engineering

Momentum Equation

(revisited, cont’d)

e Apply Gauss Theorem

o7-8)7={ e o

e Momentum equation becomes

([Tpsae[ffvear=[[[ 5oV Javs [[]5+(oV Jov
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Momentum Equation

(revisited, cont’d)

e Look at scalar components

-- Longitudinal (x) direction i/> —u

o 2 et (i o
( \
.m Pri- v (ou)— V-(pux>/> v =0

A dx ot )
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Momentum Equation

(revisited, cont’d)

e Integrand must be zero for all cases

P 9 .
_ Vel puv
prf—> at(pu) (pu )

e Rearranging

0 —>
g(pu)+V puV | = o -pf.

X-COMPONENT ... differential momentum equation

oP
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Momentum Equation

(revisited, cont’d)

e Lateral component, y

%(pv)+V~(pv€/)=—g—§+p]‘y

e Normal component, z

9
ot

~> oP
(pw)+V'(pwV)=—a—Z+pr

11
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Momentum Equation oo

e Re-visit longitudinal momentum equation

d

g(pu)+V-(pL;\>/):—g—i+pﬁc

e Expand derivative and gradient operator

p%u+u%p+uV°(pif>)+(pif>)°Vu=—g—§+pfx

e Multiply differential form of continuity equation by u

a —>
Zp+uVe| pV ]=0
”at‘”” (p )

12
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Momentum Equation oo

e Subtract from expanded longitudinal momentum equation

d

& (pu)+ ¥+ puv | ==t

e Result is
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Momentum Equation oo

e Performing same operations on y, and z momentum equations
we get collected set

p%u+(pif>)°Vu =—%—§+pr
0 > oP

pgv-l— (pV)°VV:—a—y+pfy
0
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Momentum Equation conciudes)

e But

[ —>
[pV'V]V =| pV

 And momentum equation can be written in vector form as

a_v (

at TP

\

VeV

\

J
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V=—VP+p_f
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Euler’s Equation
* If we 1gnore body forces then
S [
ov [
—+p| VeV |V =-VP
ot \ )

e Look at steady 1-D form of above

dp = — deV (“euler’s equation”)
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Euler’s Equation conciudea

()
p| VeV |V =-VP
\ J

 3-D form of Euler equation derived back in section 3

oV
ot

o,

(“euler’s equation”)

1
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Energy Equation

* From section 2 derivation, integral form of energy equation 1is:

21l M ¢ [Jpids NaE

_[_U(P_de) .V — !!(pd:;) V4 '([";J(p(q)dvj

 Control surface integrals are converted to control volume using
the derived forms of the gauss theorem

”pV°dS( v H) ”( +M]pv.d5 mv[ v H]p‘,dv
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Energy Equation cconcudea
[[(pasysv=][[Vpavev
C.S. %
* Substituting into energy equation
u m(p[+@}d]+ ljvjv.(e+@]pv>dv_ [0+ [ v [ o ) )0
e Integrand must be zero for all conditions

“differential form of energy equation”

3 o e ) vy (57 () o(7+7)
ot 2 2
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Crocco’s Theorem

* Write Euler’s equation

S ( \\_>
aaV +p VeV |V =-VP
t \ J

e Recall from section 1 that entropy equation can be written as

dh =Tds — pdv + pdv+ vdp =
dh =Tds + vdp

e Extend to 3-D space by letting d =V

TVS:Vh—va=Vh—E

o

2
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Crocco’s Theorem: oo

e Substitute in Euler equation

E)V+p ;-V i/>
ot aV —> —>
TVs=Vh+ =Vh+—+| VeV |V
P ot

e But from definition of total enthalpy

2 2
h:ho—v—ewzzwzo—v(v—j
2 2
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Crocco’s Theorem: oo

* Substitute into entropy equation

2 v —> —>
rvs=vi —v| |+ Yy Vev |V
2 ot

e But from “curl theorem” (more calculus!)

s —> —> —> V2
Vx(va)z VeV V—V(;]

22
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Crocco’s Theorem: oo

* Substitute into entropy equation

TVsth0+%—‘t/—i/>x(in/>)

“Crocco’s Theorem”
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Steady Flow Relationships with no Body Forces

Continuity : V ® (p\;) =0

Momentum : p VeV |V =-VP

Energy :V e £e+ Vz]p\;

_v.(

Crocco(entropy) : TVs =Vh_ — i/X (V X i/)

MAE 5420 - Compressible Fluid Flow
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Rotational and Irrotational Flow

e [.ook at curved shock wave

eeeeeeeeeeee
eeeeeeeeeeeeeeeeeeeee

M- R e ////////////

* Compare Steady Crocco’s relationship for points 1

/////////////////////////// |
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Rotational and Irrotational Flow ona

» Across shock total enthalpy 1s constant

|:TVS VX (V X ;ﬂ = {TVsﬁ/x (V X ;)}
.[(\)/fx (V x i?ﬂl - Fx (V x Vﬂz _ [1Vs], ~[1Vs],

[TVS]1 > [TVS]2

2
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Rotational and Irrotational Flow ona

- -—>
¢ Vx (V X V) Measure of “spin” in flow .. “Vorticity”

e Not constant ... “rotational flow” ... complex flow field

2
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Rotational and Irrotational Flow ona

* Look at straight oblique shock wave

» Shock strength 1s the same at points 1 and 2

[TVs], =[TVs], — [;x (V X _1;)1 = [;x (V X ;)l “irrotational flow”

2
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Rotational and Irrotational Flow ona

e Condition for Irrotational flow
—> —>
Vx| VxV|= 0

e At every point in flow field

e If you put a pinwheel in and it spins ... “rotational flow”

2
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