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Static Stability
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Static Versus Dynamic Stability ¢

Static Instability : Statically Stable,
Dynamically Unstable

Static and ;
Dynamically
Stable

—
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Airframe Static Stability

Lift = weight
Thrust = drag
No net moments

——te e D e D .

(a) Equilibrium flight.

N '/]/’/

—

S b —————— ¢ - Statically unstable

e divergent
Equilibrium , ,
Disturbed moments
increase disturbed

condition

(b) Statically unstable airplane.

No moments - airplane
holds disturbed
condition

=

Equilibrium Disturbed
(c) Neutral static stability.
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Airframe Dynamic Stability

Statically stable, dynamically stable moments tend
to return airplane to equilibrium - oscillations decay

———-I-»-—/} ) —\}\ ) )

Equilibrium
(a) Statically and dynamically stable.

Moments tend to return airplane to equilibrium
but oscillations do not decay

Equilibrium

(b) Statically stable; neutral dynamic stability.

Moments tend towards equilibrium
but oscillations are divergent

-
e —- ¢ 7 — -3 -~ \
AR D s \
Equilibrium ] " \/

(c) Statically stable; dynamically unstable.
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Center of Pressure

_ *Aerodynamic Lift, Drag, and
Lift Total Pitching Moment Can be
A 4 b reaction though of acting at a single

: point ... the Center of
Pressure (Cp) of the vehicle

Airflow *Sometimes (and not quite
— correctly) referred to as the
S Aerodynamic Center (Ac)
E—

— > *For our purposes applied to

Center of

pressure an axisymmetric rocket

Pitching Moment configuration, Ac and Cp are
synonymous

MAE 6530, Propulsion Systems II 6
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Center of Pressure

CG

Actual Distributed
Pressure Forces on

Body Surface
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CG

CcpP

N

Equivalent Point Load
with Identical Moment
About CG
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Flight Vehicle Static Stability

* If center of gravity (cg) is forward of the Cp, vehicle responds to a
disturbance by producing aerodynamic moment that returns Angle of
attack of vehicle towards angle that existed prior to the disturbance.
(static stability)

* If cg is behind the center of pressure, vehicle will respond to a disturbance
by producing an aerodynamic moment that continues to drive angle of
attack further away from starting position. (static instability)

MAE 6530, Propulsion oysiems 11 8
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Static Stability, Rocket Flight Example

* During flight small wind gusts or thrust offsets cause
the rocket to "wobble” ... change attitude

* Rocket rotates about center of gravity (cg) \ Flight Direction

* Lift and drag both act through center of pressure  Axis of \

(Cp) Symmetry \— pigplacement
angle =a

*  When ¢p is behind cg, aerodynamic forces provide 2
“restoring force” ... rocket is said to be “statically

stable” Lift
*  When Cp ahead of cg, aerodynamic forces provide 2 L P
“destabilizing force” ... rocket is said to be
“unstable” Drag ¥
\
* Condition for a statically for a stable rocket is that £ \
center of pressure must be located behind longitudina Coasting

center of gravity.

MAE 6530, Propulsion Systems II 9
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Static Stability, Rocket Fligcht Example ¢

Stable

Unstable CP CG
| ® ©
/
Flight Path// H k
/
/ ' Center of Pressure Center of Pressure
RFELLS “‘gz“n'te‘;‘*:;%e;,‘;f,.s%',:"“y 25D Erees Increasing fin size moves CP back
To improve stability, add weight to the nose, Added weight

or increase fin area

Center of Gravity Center of Gravity

P

Center of Gravity

Adding weight to the nose, or making the rocket
longer moves the center of gravity forward.

MAT0D6530, Propulsion Systems I1
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Static Stability, Rocket Flight Example ¢

air low air low

S
mmuonoxl ‘

flight Lo &

Direction ol

fight

Aerodynamic

Aerodynamlc
Moment

Moment

UNSTABLE ' STABLE

MATEI16530, Propulsion Systems I1
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Weather Vane Analogy of Static Stability

More wind resistence
at this end

MAT26530, Propulsion -

This axis is the point
that the vane turns
around,

Less wind resistence 5
at this end /

Vane turns into wind

More area to Rocket turns

pushhogoinsf into wind
ere

Conter of Gravity

Conter of Pressure ."-i

WIND WIND

The point around which this rocket
will turn is called the Center of Gravity. . .
/ Less wind resistence

More wind resistence
at this end

at this end

_
/"‘a,_ ¢

The point where ."""w)

the wind pressure

bolances out s colled WI N D

tho Conter of Prossure
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Static Margin and Pitching Moment

* Static margin used to characterize static stability and
controllability of aircraft and missiles.

* For aircraft systems ... Static margin defined as non-
dimensional distance between center of gravity (cg) and
acrodynamic center (ac) of the aircraft.

* For missile systems ... Static margin defined as non-
dimensional distance between center of gravity (cg) and
the center of pressure (Cp).

* Static Stability requires that the pitching moment C,,

about the rotation point, become negative as we increase
C;:

MAE 6530, Propulsion Systems II
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PHIVERSITY Pitching Moment Analysis

A
C,o =2 pitching moment about Cp Cp
Cu(e) 2 Pitching moment about cg . —
% 9” —
Cror = “chord” reference length VA]‘ P —
C,
«— Xce v
Sum Moments abut cg Xeo Z
Xc _XC .
Cm(a>:Cm0+ £ - -(CL-cosa+CD-51na>
C
ref
X, —X :
— Define .. X_=|—2 "w| — Cm<oz) = Cmo —-X_ -(CL -cosa+C, -sma)
Cref

— Linearize Pitching Moment Equation

.. Cm(oz):C —|—8C”” QY

"o Ja

MAE 6530, Propulsion Systems II
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Pitching Moment Analysis ¢

oC oC . .
— Define ... C = o Xsm-[ 805 -cosa—C, -sina+ 80? -sina + CD-cosoz]
ocC, oC, | .
—X - +C_ |-cosa—|C, ——L|-sina

sm [ 8a D L aa }

oC
— Small o approximation ... 5 t=-X_

Q

15
MAE 6530, Propulsion Systems II
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Pitching Moment Analysis ¢
Linear Airfoil Theory ——— “Stall point”
ac, aC, “Linear region” ——/
CL=C, Ja as= 6, et Ja - I /):"\ / .
C 2 }; P oY / .25 — 5
CD = CD + L Z /’// // =
0 7T'€'A 0 — 1.00 // / 2 o
E — .75 //, / 15 — :;
oC, // /
— 6& > O C -"Y — .25 / // 05 — ?
= et SO T R T O
CD 10 f 5 -0 5 1ﬂo 1; 20 25 30
I L 1 [ 1 1
aC ANGLE OF ATTACK
> ——"C, "..ldeally...
¢ 4 p

doC, static static
c, =-X_, +C, |—=| da |>0-4 X, >0...  |—=|C <0.
“ 0o C stability O‘ stability
D A

- - 16
MAE 6530, Propulsion Systems II N J
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Pitching Moment Analysis

4 Nose Up
(+)
. Unstable
-\ For a Rocket Static margin
// is the distance between the CG
'8 - x 20 and the Cp; divided by
/ G body tube diameter.
Nose Down
(-)
s A

static static

>0... =€ <0.. L
stability . stability

o J

MAE 6530, Propulsion Systems II
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Pitching Moment Analysis «

| Wet ¢cm Location

“Pike” 1.138 m

stable

unstable

1.346 m
I Xcp at zero angle of attack

15

 Even X|, > 0 (static stability) rockets
become unstable at higher angles of
attack ol

o /£ 0\ i

* “Strong stability” region limited to m
very low angle of attack range I

R T Ty S

0
MAE 6530, Propulsion Systems I a,deg.
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m'cy

+

No moments

B

Q

e

Pitching-moment coefficient abor* center of gravity, (C )
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Engineering

Destabilizine moments

/ Center of gravity at D

Destabilizing
moments

ez
S
No moments
/Center of gravity at C
Neutral / 2
Angle of attack, o
Stable
i Tlr:)r? ) Center of gravity at B
uriL um
Condition S,
t‘i’bje
Center of gravity at A
Neutral
point
0
A B C

Positions of
center of gravity
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Achieving Static Stability

additional
weight

H_.

CP point
Pt S ——" ——" —— same CP
S — — — — — — — — -,
balance point L
CG with engine — 4Ot —
and parachute) sew CP
N T e
r ]
K J
40a 40b 40¢
Unstable configuration Add welght Increase [in area
to nose (note that CG shifts

slightly to the rear)

2020
MAE 6530, Propulsion Systems II
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Static Margin = Degree of Static Stability

air flow
air flow

CG|@| static

margin
is several

oG body
N } Static margin is diameters
one body diameter
N
Stable More stable

2121
MAE 6530, Propulsion Systems II
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How Much Static Stability?

Flight of rocket

——————
with static margin 7T\
of one body diameter 7 N\
// P —
/ Wind
/ ——
/
/ P — ~ ——
// // Flight of highly
stable rocket
/ / ——
/
| / one -
f —  gecond
later
——
Ny — |
= One Second
|— end of rod —_— After Launch

2222
MAE 6530, Propulsion Systems II
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How Much Static Stability? )

air flow air ﬂcy

(a) Modest Stability = N May Have
Significant Effect on Trajectory

(b) Strong Stability = N Small (Rocket
Quickly Reorients to o. = 0)

You Probably Want Strong Stability to Enable Accurate
Trajectory Calculation Without Modeling N

g ¥ Note: Achieving Suitable Crosswind Flight Might
Require Weaker Stability = More Difficult

Simulation = More “Expensive “Rocket

2323
MAE 6530, Propulsion Systems II
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Calculating the Static Margin

*Key to calculating static margin 1s estimate of
location of longitudinal center of pressure at low
angles of attack

*Barrowman equations provide simple, accurate
technique for Axi-symmetric rockets

*cg 1s measured as the longitudinal balance point
of the rocket.

*As a rule of thumb, Cp distance should be aft of
the cg by at least one rocket diameter. -- "One
Caliber stability”.

MAE 6530, Propulsion Systems II 24
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U"'"’E“"“"T"Calculating the Static Margin

N -- total normal FORCE
-- sectional normal pressure differential

&1!14 = é + [LT*llll +
e Neglect Small Contribution of Body (Valid for Small

Angles Only)

e Compute Point Force and “Center of Pressure” For Nose
and Tail Distributed Loads Independently (Assume No

Aerodynamic Interactions / Interference) - : +ttrtanls't'0ns+
Oat tal

N = Aj'Ln(x)dx ~ f n(x)dx + 0+ f n(x)dx

NOSE TAIL

MAE 6530, Propulsion Systems II 25
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Calculating the Static Margin ¢,

N _ Nnose + Ntail + Ntrns + Nboat T _
CN @1 VZA = q.Aref k\\\
2P C, +C, +C, +C, +..

nose tail trns boat

For Small Angles of Attack, o, Force
Coefficients Are Linearly Related to o

CN =CNO( = CNa —|_CN04 —|_CN04 —l_CN +.. '«

nose tail trns aboat

Simplified “Barrowman Equations” Give
Formulas for Derivatives on RHS in Terms

of Nose, Fin & Transition Geometry

MAE 0530, Fropulsion dystems 11 26
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NIVERSITYCalculating the Static Margin ¢
' Parameter Definitions

L, =length of nose

d = maximum body diameter

max

d d- = diameter at front of transition

dR = diameter at rear of transition

b L. =length of transition
I i /3 dr X, = distance from tip of nose to front of transition
LA A Cg = fin root chord
. C; =fin tip chord
S =fin semispan
| L. =length of fin mid-chord line
4 F R = radius of body at aft end
XR - CRg o = distqnce between fin root leading edge and fin tip
0 ; J, L leading edge parallel to body
CT @ XB = distance from nose tip to fin root chord leading edge
 RI== S =] N =number of fins 27
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Calculating the Static Margin g

XN = center of pressure location for nose
section

Nose Cone Terms

XT = center of pressure location for transitions

© (CN()J\I =2
o For Cone: X, = 0.666L,,
o For Ogive: XN = 0'466LN (CN )T = normal force derivative for transition

(CN )N = normal force derivative for nose

Conical Transition Terms

R CRC e e (I

MAE 6530, Propulsion Systems II 28
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Calculating the Static Margin «

Fin Terms

2
] 4N@
1+J1+( 4
] Cq +C;

(cN}=[1+SfR

« Sum up coefficients:

(CN)R - (CN)N

(04 o

« Find CP Distance from Nose Tip:

(C,)

O+ (C)e
(04 (04

Xep

Cu )

MAE 6530, Propulsion Systems II

4 Cp+2C
2 —_—) xr=xa+XR( — T)+1[(CR+CT)'
I

Finding the Center of Pressure

— (CNa)N XN + (Cf‘la)‘[ XT + (CN )_. XF

XF = center of pressure location for fin groups

(CN,)F = Normal force derivative for fin group

(CeCr)

(Cq +C; )]

/ 3 (CR+CT) 6

Static Margin (X,,,) =

(ch o ch/ dmax

(CN,)R = total normal force derivative

X — measured aft from
nose of vehicle

C

L

«

Small o — CN o~

29
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universiTi xample: Stable Static Margin Vehicle ™

d..= 10cm
d. =
F 10 cm Output parameters
- \dB -
L =
Xp -
932 56.9921
CR = | |
C; = " J1ssos1
S = -0.72
L =
R = :
xR = 16cm CG, cm from nose
X, = 50cm o 28
N =3

30
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xample: Unstable Static Margin Calculation
LN = 12.5cm .
Constant diameter tube
doo= 5.54cm . .
d (No transition section)
g = 5.54cm
dR = .54 cm Output parameters
LI. = 0Ocm
Xp - 12.5cm
CR — 10cm
0 I
C.r = Ucm | - » |
s = 5.25cm |
LF — 6.5cm
R = 2.77cm
XR = 9cm
X — 27cm CG, cm from nose
B =
25
N = 3
31
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Rotational Dynamics of a Rigid Body.

C%mlp ute Compute Compute
b a:gT; > Euler P> dimgtion —
angles cosines
rates
Compute P=[pPdt Apply Project
Compute :
Compute body axes etc. Sreciion constraints body axes
body axes [~ angular | body axes F=>f> . — grale Lo | toobtain ja-f>-! rates —
moments accelerations angular cosimne S direction onto Earth
P,O,R rates rates cosines frame
Compute Integrate Compute
-»-| quaternion p=»-| rates and p=»| direction >
rates normalize cosines

32
MAE 6530, Propulsion Systems II
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Simplified Pitch Axis Dynamics

General Rotational Dynamics

1o, || 2| | e -r) e pa(n)-rp(n) | Ty
-1, I, -1 q = rp(] —]x)+(r2—p2)lxz+q~r(lxy)—p~q(1yz) + M,
] -1, -1, >\]z ] . p-q(lx—Iy)+(p2—q2)lxy+r-p Iyz)—q-r(lxz) i M, |

\

\

\

\
33
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Collected Equations

1, 1, I || p] | U L)ar+i(@=r )+ lopa=1, por
—1, I, —I_ | g |= (Izz_Ixx>.p.r+1xz.<r2_p2)+1xy.q.r_lyz.p.q
_]xz —[yz IZZ r (Ixx_]yy>.p.q_|_]xy.(pZ_q2)+[yz,p,r_[XZ.q-r

Principal Axes

Ixx _Ixy _Ixz
I =~ Real symmetrix — Find Axis Where — —Ixy [yy —Iyz =U".T"U—-T=
-1 I I
Xz yz 2z

with no inertia cross products

Euler's Equations — [, =1.=1_= 0 — Simplify

I —1 M
j): = qr+ X
IXJC IXX
]xx'p <1yy_]zz).q.r Mx
5 Izz_]xx Ly
L7 (1,—1,)-pq N, i i
o A N N
V= . . Z
IZZ p q IZZ
Collected Euler Equations
Iyy_lzz
-q-r
I q M.
A B O I SN I
p -~ N |
IZZ_IXX ‘ |
X .p.r Ty |
q »y A |
y
|
_’4 —— o — — — — — — — — — — — — — — e — — ]
Ixx_]yy pq N_
gz.ﬁ = I, +| 7 + disturbance torques
0 p+tanf-sing-q+tanf-cos¢p-r 0
. CosS¢p-q—sing-r 0
(G
s1n¢.q+c0sqb.r 0
cosd cos?

NZ ‘<h ka

o o
N~

SR T )

=
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Simplified Pitch Axis Dynamics

General Rotational Dynamics

_ ]x _Ixy _Ixz _ P 9 V([y—lz)+(q2—l”2)1yz+p q(]XZ)_ p Ixy)
—Ixy Iy —]yz qg |=| r p(]z—lx)+(r2—p2)]xz+q r(]xy)—p q ]yz
I -1, _]yz L ] r P q(lx—ly)+(p2—q2)l +r-p ]yz)—q r([xz)
‘ : My (IZ _]X) A/
—>|q=0 :I—‘<‘P 7 = Neglect Cross Products of Inertia
Y Y

N

N\

Forcing  Second order Disturbance torque

moment

(neglected when r, p are small )

MAE 6530, Propulsion Systems II

Engineering
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Simplified Pitch Axis Dynamics ¢

Neglecting Disturbance torques

. M
e y . . . . "
0=gqg= T M, =" pitching moment
y
Consider Only Pitch Axis Dynamics for axi-symmetrix Missile
" pitching moment coefficient"=C = — A 4
q - ¢
’, 4 ref ref -
heck Units —
(1 2 -7 N
1 2 P q Ay Cry m ~
- : I kg -m’
Aref:_.Dref kg—m 2 1 1
4 2 o mo-mye 2 2
_ sec” m kg-m SeC
n n c .=D
reference length" — Cef max

34
MAE 6530, Propulsion Systems II
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Simplified Pitch Axis Dynamics g

Pitching moment about cg

q - Aref "Chrer C Gravity acts at cg and
] "Ym Cannot induce pitching moment

Yy

q’:

Depends on angle of attack

«— Xce

< Xcp 35

MAE 6530, Propulsion Systems II



Stephen Whitmore



UtahState INtechanicsladhienospIce,
U N I V E R S ' T Y Engineering

Simplified Pitch Axis Dynamics «

. - C
qu.: ref ref Cm

b 70

Depends on angle of attack + ~ N
Control inputs N

It can also be shown that ... (NASA RP-1168 pp lb-@) that for angle of attack

\
: qg-A 8 SIN ¢
O = ref C + q (r) C OS (Xﬁ thrust
m-V V
See appendix | for derivation
36

MAE 6530, Propulsion Systems II
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Collected, Simplified Longitudinal Axis-

Dynamics )

g
7

—_— —.A ////
4 Py -C, +q+g—cos(9—oc)—
- m-V Vv
” q-A
. .C
q. _ q ref ref Cm
b . “
- q

MAE 6530, Propulsion Systems II

F

thrust

SIn &

m-V

37
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Linear Analysis of Longitudinal Axis-Dynamics

Start with
| _.Are r F I a_
—q A 'CL+Q+&COS(9—OC)— thrust S11)
: q.Are "Chre
g |= If S .
0 y
q
o — small _ q: Aref Cro+ Ty
_ _ V4
CL = CL o a m-v.,
) . q.Aref 'Cref
Cm zcma OC-I-Cmq q q = ,Cma
_ 9 0 Iy
= - 0
g=20

C, — "stability derivative"

C m, "damping derivative"

MAE 6530, Propulsion Systems II
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Linear Analysis ¢

Let ?_ & Reorder States ...
q= ) _
. q ) Aref ) CL‘i + ];hrust 1 O [
— —_ m . -
a _ _ [0
q. _ q- Aref "Crp . Cma q- Aref "Crr ) Cm 0 g |+
; I I, q .
- - 0 1 0
L / _ )
/
/
/ v
/ i q | Aref ) CLoc + ]-;hrust _
- 0 1 ]
o m-V, o
0 |= 0 0 1 ,
2 g-A . -c g-A . -c )
i 9 | q ref ref . Cma 0 q ref ref . Cmq i 9
I, I,

MAE 6530, Propulsion Systems II

Engimeering
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Linear Analysis o

Write as X=A-X+G(t)

o p o o
0 |=—| 68 |>X=| 68 |>A=
.. dt .
7] 7] 0

_ q ) Aref ) CLa + 7-'thrust
m-V_
0
-C
q ref ref . Cm
I o

Look at Eigenvalues of Linearized System

q | Aref

-C,,+T

Det[A—l-I]zO%

q-A

m-V_
0

ref ) Cref . C

MAE 6530, Propulsion Systems II

Il

y

My

thrust . A

0 . g-cos(0)
V.
0 1 S G(t)= 0
0 q'Aref'Cref‘C 0
I, "
0) 1
-A 1 =0
a-A . -c /
O q ref ref Cm _)/
I, Y
’ _
40
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Linear Analysis «

Eigen Values _q’Aref°CLa+7-;hrust _1 0 1
m-V_
Det[A-A-1]=0— 0 -4 : 7
q'Aref.Cref 'Cma O Q'Aref.cref -Cmq _l
Iy Iy
B q'Aref'CLa_FTthm“_'_l . lz_aAref'C”f-Cm 2+ q'Aref'Cref.Cm “A=0
m-V_ y q l, “

— divide thru by — A

(/l_l_q.Aref.CLa+T'thrust].[l_q.Aref.Cref Cm ]_(q.AI;f.Cref 'Cma):()

m-V_

41
MAE 6530, Propulsion Systems II
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Linear Analysis «

(l+q°Aref.Cl$+7;hrust). A_q'Aref'Cref.C . q'Aref.Cref.Cm =0
m-v_ ’

Il " I

y y

Expand and Collect Terms to give Characteristic Equation for Linearized System

A2+[5.Aref.cl;+7;hrust _q'AI;f.C”ef Cm }.l—(a.A';f.Cref].|:(a.Aref.CL‘j_f_T'thrust).Cm +Cm i|:O
m- oo El nm- - q o

y

y

Ty )2 2 _
Form like :A"+2-¢-w, -A+w, =0 -

-
q.Are .Cre q'Are .Ca+7—;‘rust
— |, =\/—(%j[( fm'LV = |-C,, *m Natural Frequency

Yy

_ _ 2
[q'Aref.CLa-F:Tthrust _Q'Aref.cref .C ]
2 m
C- -V Il ‘
(26 520) Sle= 1 _ " . ! Damping ratio
2 w, \4_{q-Aref-Cref].Kq-A,ef-Cw +T;thtj'Cmq+Cma:|
Iy m-V_ 42
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UtahState peclsnicSllog
U N I V E R S I T Y Engineering

Estimating the Damping Derivatives

\/
Xcp i
\/
X —X
Small a - C, =C, —-C,=C, - ch “\l.q
(x,-x,) (x,-X,) (x,-X,) c

__ U g) __ ) p cg) | 4 p cg _ . 2\ Sry

Cm ; CN Cref ; CLQ Voo Cref B CL” Voocref ’ q ‘ 4 - CLQ (Xm ) Voo q
_oc. B 2\ Cror B 2\ Cror
5C = o ¢=C, -q=—C, (Xm)jqﬁ c, =—C, (Xm)Z _
A
c

c =-C, -(Xsmz)-Vr—ef — pitch damping opposes motion ® i.e. always negative

! ‘ . 43
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Translational + rotational +mass

INTechSnicS)edrenos S ce)

Engimeering

Collected Longitudinal Equations of Motion

MAE 6530, Propulsion Systems I1

V2 q-A, , F, sin@
[ v ]+[q fj-(CLcosy—CDsm}/)+(’h’L)—gm
r m m
_V_ B
r V..V ‘A, , , F, cos@
_( r vj_(g f]-(CLSIHJ/+CDSIH}/)+( thrust €O )
r m m
Vv 7/
Y 7/
/
- r
2 _ - - ///
_ 4~ - v, 7
1% v //
/
= /
X Vv //
/
/
. - x .
o q- ref (h) F;hrust S &
— -C,+gq+——cos(V)—
mv ot q (7/) m-V
q q ‘Aref 'cref C
Iy
6 q
_n./l_
_ Ehmst
gOOIsp i

Can we simplify this “mess™?
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UtahState Translational + rotational +mass — PIEEEmi=E] & FIErEE e
UNIVERSITY

Simplified Longitudinal Equations of Motion

A, , F, sino
_q f,CL+q+g()COS(9_a)_ thrustsnl
- m-V vV m-V
(04 _
. q re .Cre
g |= If .
9’ y
- q

Augment with longitudinal Acceleration Equation (See Appendix II)

: T, -cos , qg-A_,-C
VOO __ __thrust = g -sin (9 o Oé) q ref D
m

m

Complete with altitude and downrange

h=V_-siny=V_ ~sin<9—a>
x=V_-cosy=V_ 'cos(é’—oz)

MAE 6530, Propulsion Systems II 45
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UNIVERSITY

Translational + rotational +mass

INtechanicallEdAenospac e,

Engineering

Simplified Longitudinal Equations of Motion

Collected Body-Axis Equations

T;hrust CoS v

q-4

" —g-sin(@—a)—

g-cos(é’—a) q-4,-C +

a=q-+ —

o

q

_ q . Aref . Cref . Cm

1

Yy

V sin(@ — a)

c¢)

V_ cos(é’ — a)

thrust

gO ) ]sp

MAE 6530, Propulsion Systems II

4 m-Voo

C :Cm(a,q)%Cma a+C, -q=

-X,(C, +C,)a=x,; [éﬁ

q
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UtahState INtechanicsladhienospIce,
U N l V E R S I T Y Engineering

Model Comparison
Body Axis with Pitch Dynamics Model

One extra degree of freedom Local Vertical/Local Horizontal Ballistic Model
VOO T”"’””ﬁosoz—g-sin(@—a)_q'/l’ef'CD
m m
. _ g-cos(@—a) q-4,-C,+T,  -sina i ] v,
(8 d=q-+ _ ref L thrust ) ) 2 ) y=tan”| -
1 4 m-V : Voo B\ fana PV o) M
* > Vv, ror m 28 p-_M
‘ ! ' VY, [Fpw PV o
— Vv r'v thrust p oo ).{=f[xvl‘7hms,]
_ q- Aref “Cp -C . +[ - 28 }cos(y)
. L, ‘L v,
h v_sin(0—a) - A\ v R
X ’ X=| r
g V. cos(@—a) -~ ad, _: ! |4 v
v r M
m - Tl"hm]st r;1 _ F;hrust ;/
g : S - - r
0 P ] golsp 1 | Vv
(X)=| #
14
—mmota

MAE 6530, Propulsion Systems II 47
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UNIVERSITY Example C alculatlon Rocket Dimensions 2

100-
80-

60-

radius, cm

1 1 1 1 1 1 1 1
100 120 140 160 180 200 220 240
length, cm




UtahState

INTechSnicSledrenospace)

UNIVERSITY Example Calculation .,

Parameter Definitions

L, =length of nose

d =diameter at base of nose LG £m from noss
) 100

d. = diameter at front of transition

d., = diameter at rear of transition

L; =length of transition

X, = distance from tip of nose to front of transition
Cg = fin root chord

C; =fin tip chord

S =fin semispan

Le =length of fin mid-chord line

R =radius of body at aft end

xR=distancebetweenfnrootleadingedgeandﬁntip
leading edge parallel to body

X = distance from nose tip to fin root chord leading edge
N = number of fins

MAE 6530, Propulsion Systems I1

Engineering

8.6792
/)

35
36.809
/)

10 |
14791

49




UtahState INtechanicsladhienospIce,

universiTYy  Example Calculation e

Fin Coefficients
Barrowman ...

8 e RPN )

Gy} =[1+ = = (1 3 =

S+R " 1+( 2LF J ( + (10_'_35)) ( 5.36.8091 zjo's 430898

+ I+ |1+ ( )
A 25 + 8.67923
Helmbold ...
2 2

AR = LE = 36.3091 — 2.29885

Aﬁn 589.387

2r-4, N, 272.29885 3 490781
C = X —— = - —
24 4L+4 2 0.5 '
24+ (2298852 +4) 2

MAE 6530, Propulsion Systems II 50
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ITAIIV/EDCITV

C,=C, -sing-a-sing=C, -sin’¢

c, -sinof g2

w-sing .
o, = = (x+SIngQ

w-CcosQ/ |w

¢

W-COS

= (-COSQ
u

INTechSnicS)edrenos S ce)

Engineering

Effective C; for
4 Fin
Configuration
Starboard

C, = ZCL, =C, -cos’0+C, -sin ¢+ C, -sin* ¢+ C, -cos’ ¢

=2.C, -(cos2 &+ sin’ (b) = % N-C,

4-Fin Rocket Tail End Looking
Forward

51




UtahState INtechanicsledricnospace)

UNIVERSITY

W-COSQ

W-CoSQ — i = = (-COSQ

u
C,=C, -cosp-a-cosp=C, -cos’ ¢

w-sin :
a, = gb:oz-smgb
u

C,=C, -sing-a-sing=C, -sin’¢

CLeﬁm.ve - ZCLi =C,-cos’¢+C, sin’p+C, -sin’ ¢+ C, -cos’ ¢

=2.C, -(cosqu—ksin2 ¢)

—|C :l-N.CN—>N:4
2

L effective

MAE 6530, Propulsion Systems II

Engineering

Effective C; for
4 Fin
Configuration

52
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UNIVERSITY

C,=C, sing-a-sing=C, -sin" ¢

‘C‘\,“ -smcol @ —

C,=C, -cos[o—30" )-n -cos[o -30" ) =C,c os’ (o -30" ) )

C, -cos(q‘) - 30")

N,

Port

w-cos(o—BO"]

Zv

w-sing

w-cos{(f) + 30"}

INTechSnicS)edrenos S ce)

Engineering

Effective C; for
3 Fin
Configuration

= -sing

Starboard

\
N
\

€, =C, -cos(¢+30°)-a-cos(6+30°)=C, -cos’(¢+30°)

3-Fin Rocket Tail End Looking

Forward
MAE 6530, Propulsion Systems II
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UtahState INtechanicsladhienospIce,

Engimeering

UNIVERSITY Eﬁective CLfor
3 Fin

C,=Cy -cos(¢+30°)-a-cos(q§+300) =C, -cosz(¢+300)

Configuration

C,=C, -cos(¢—30°)-a-cos(¢p—30°)=C, -cos’(p—30°)

C, =».C, =C,-cos (¢+3o°)+ C, -cos’ (¢-30°)+ C, -sin’¢

V3 TR 3 !
. . 2 . . .
cos2(¢—|—300):(cosq§cos300—smgbsm30°) = 7005¢—Esmq§ zzcosqu—?cos¢sm¢+zsm2¢
2
cos2(¢—300):(cosq§cos300+sin¢sin30°)2: gcosgb—l—%sin¢ :%COqub—I—?coubsingb—l—%sinng

> C, =C,- sinzqu—%coszgb—gcosgbsingb—k%Sinz¢+%cos2gb+§cosgbsin¢+isin2gb :%CN-(sinzng—l—cosng):%CN

C :%cN%st QED!

L effective

MAE 6530, Propulsion Systems II >4
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universiTy  Example Calculation

Total parameter calculation

Output parameters

DRAG DATA

0.00935593

0.315467

stems Il

INTechSnicS)edrenos S ce)

Engineering

CLa ~ CNR

C =—X_ -(CLa + CDO) -

«

_1.22093 (4.96204 + 0.315467)
—6.44348

C
mq 0 Sm a VOOO
(= 1.22093% (4.96204)) 35
67.2868 100

=-0.038475
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UtahState INtechanicsledricnospace)

UNIVERSITY T aunch Simulation with Pitch

Motor Model 1
External Forces, Conditions Target 0,000 M Moment Coefficient Data
412500 Thrust, N Apogee altitude
2542 .6¢
Reterence Parameters e
9 Specific Impulse, sec
219209 Mdry 4962.113 | ¢
e g m/sec’?  55.87
Ty kgmr2 I35 0035475
Thrust 506.373
- 40.38520: Jo315467
off On

(1) =M, I’ =105.87-2.15 = 506373
0 kg—

Yy

ion Systems I1

m

Engineering

2
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U N l V E R S I T Y Engineering

Example Calculation, Pitch Sim

PITCH RATE PITCH Angle
0- 100-

-0.5-gu 80-

=1 = i ———— 60—

-1.5-]

e >
Q g ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
9 -25- "
= S
c 3 £ _20-
-3.5- .
-4~
-60_
-4.5-
_80_
=-5-1 \ | | | | | 1 {
0 20 40 60 80 100 120 140 -100-} ] ] ] ] i i ]
Time. sec 0 20 40 60 80 100 120 140
- Time, sec
Cm

Alpha, deg
o

[
0 20 40 60 80 100 120 140

MAE 6530, Propulsion Systems II
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UNIVERSITY

Example Calculation, Pitch Sim .,

Altitude Airspeed

v
£ B
=0 -
= £
>
Mass, Thrust
o =
“- g
a 2
g =
-

1 1
120 140

MAE 6530, Propulsion Systems II
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UNIVERSITY

Example Calculation, Pitch Sim

Downrange

h, km

1 1 I 1 1 1
2000 4000 6000 8000 10000 12000
Downrange, m

Mach

MAE 6530, Propulsion Systems II

INTechanicSfGdrRenospace)

Engineering

Acceleration, g's

1 I
0 20 40 60 80 100
Time, sec

i
120

1
140
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UNIVERSITY

Pltch Sim
2-D Ballistic Sim

Altitude

Altitude, meters

Time, sec
Velocity, m/sec

Velocity, m/sec

75
Time, sec

MAE 6530, Propulsion Systems II

ALTITUDE, RANGE PLOT

Altitude, AGL

1 [
5000 7500

I
2500
Range, m

Acceleration G's
S

Time, sec

i
100

i i
10000 12000

[
125

INTechanicSfGdrRenospace)

Engineering

Simulation Comparisons

Dynamic Pressure
30—

Qbar, kPa

i [ i
0 25 50 75

Time, sec

Flight path angle
100-

o
U
o
o
£
s -20-
o
-40-
_60_
_80_
-100-
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Mechanicallcd

UNIVERSITY Engineering
Pitching Moment Control of Vehicle
P -i: ..... BBy g Are r E rust 1 |
,,' f“ \\\ —qmovf-CL+q+g()cos(9—oc)— hm.s‘llnoc
! b q Ay Co C
;' High Pressurc Low Pressure l I y "
Diregtion pf .‘.\ Resultant 'l‘ q
passing air . Restoring 7
Ti? BN e -
7/
7/
7’
o)+ Co .5)

Natural Response

Depends on o, g

MAE 6530, Propulsion Systems II

Controlled Response

Depends on Actuation

61
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UtahState INtechanicalledhenospace,

university - T aunch (Rocket) Controls T

Force

Center of

Center of mass

Center of
Center of Force mass

Mass mass

Center of
Pressure
Force

Movable Fins Gimbaled Thrust Vernier Rocket Thrust Vane

MAE 6530, Propulsion Systems I1 62




A\
P
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UtahState

UNIVERSITY

Decoupled Equations of Motion

ref

m-V

'(CLCOSV—CDSiny)+(FthL

En)

-CL+q+7cos

sin

m

m

Ehrust Sin a
(r) ==

Inner Loop

F;hrust COS 9

J

INTecihvanicallGdrAenospac e,

Engineering

* Very loose coupling between
longitudinal aerodynamics and pitch
dynamics and overall vehicle

\ trajectory

 Generally pitch dynamics and
vehicle trajectory are controlled
/ independently

* Trajectory controlled about some
- Prescribed 6,(1) (outer loop)

\ e Pitch tracking controlled about
nominal 6,(t) (inner loop)

63




INTechSnicS)edrenos S ce)

UNIVERSITY ramearng
[ ]
Example Control Strategies
0
ey a
b
Pr - 51 ,L Uhy , d
R nner- > > &
Vy Outer- ac loop Qe d U)at I~y
— loop ) Gani or-laver
I Command | g Innine Inner-layer | ¢ Outer-layer| P
ar | Controller , c Yon | Dvnamics [ Dynamics
g Generator [— loop . S | \ :
. Upec >
1 Ye | Controller | 'Ped. b
g i w
LS N =
= e*‘*, Outer-loop u, €we [ Inner-loop u o STINTV |
®.a.a. controller P4, controller 553 missile model
+ I T ‘ <k ] ? ‘ | oD o0
a.p Ve |a.8
V,tha, PSNLO
|
: "m'oﬂ\b
: IMU par
0.4.a PAY : rate gyros & |-
a7 p , accelometers | @@
MAE 6530, Propulsion Systems II 64
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Questions??

MAE 6530, Propulsion Systems II




UtahState INtechanicsladhienospIce,
U N l V E R S I T Y Engiineering

Appendix I: Derivation of the Longitudinal “AlphaDot” Equation

* Body Axis Coordinates, Position and Airspeed Components

View from rear

4 Fin 1
Missile body-fixed

Z, W

MAE 6530, Propulsion Systems II 66




UtahState INtechanicsladhienospIce,
U N | V E R S ' T Y Engineering

Derivation of the Longitudinal “AlphaDot” Equation (2)

* Body Axis Coordinates, Angular Rate Components

Yaw

MAE 6530, Propulsion Systems II 67




UtahState INtechanicalledhenospace,
UNIVERSITY

Engimeering

Derivation of the Longitudinal “AlphaDot” Equation (3)

: °
p ¢ 1 0 0 0 1 0 0 cos® 0 —sinf 0 X EulerAngles
g |=| 0 |+| 0 cos¢ sing || & |[+| O cosp sing |- 0 1 0 0 .
r 0 0 —sing cos¢ 0 0 —sing cos¢ sin 0 cos6 v ¢ Y
1 0 —sing ) ¢—sing-yr
=| 0 cos¢ cos@sing || O |=| cos¢-O+cosOsing -y v
0 —sin¢ cosfcos¢ y —sing- 0+ cosOcosg -y o )
4 v
X, % .
c.g.
Earth-Fixed y
Coordinates
X,
v

) 1 tanfsing tanfcos¢ p Y,

0 |=| 0 cos¢ —sing 1 q |=

(0 0 sin¢g/cosf cos¢p/cosd r z ¢ o

p+q-tanfsing +r-tanfcos¢o Z _

g-cos¢—r-sing v
q-sing/cosf+r-cos¢p/cos
Z

MAE 6530, Propulsion Systems II
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INTechSnicS)edrenos S ce)

Engimeering

Derivation of the Longitudinal “AlphaDot” Equation (4)

* From Dynamics

F d 1 i d Pk
—=A=—(V)+QxV > —| F |=— + r
m dt( ) m| dt P
F’Z u v w
1| iJ ok F,
1
- = p q 1 ||[+— Fy
m
i u v w FZ
e Evaluating Cross Product
R | F,
v |=| -r 0 p v |+—| F|
: m

MAE 6530, Propulsion Systems II




UtahState INtechanicsladhienospIce,
U N l V E R S I T Y Engineering

Derivation of the Longitudinal “AlphaDot” Equation (5)

* Assume Axi-Symmetric Missile Profile, 2-D Flight Path

v, B, F, =0, V. =~u>+w?) S
Voo ke Vr
e Translational EOM Reduce to
u= -q-w+—=
V. =u+w’ > Fm
w= q-u+-—=
_ m |

— From Kinematics

w ) .Ww . wWeu—u-w
tang =— — (1+tan’ or) 6= ——— i = :
u u u u
2 2 2 2 . . . )
) w u +w . u wW-u—u-w wW-u—u-w
(1+tan’a)=| 14| = | |==———>da=—5—5 I —
u u u +w u u +w
d_w-u—u-w_ w-u u-w
u’+w? w+w? ot +w?

MAE 6530, Propulsion Systems II 70




UtahState INtechanicsladhienospIce,
U N I V E R S ' T Y Engineering

Derivation of the Longitudinal “AlphaDot” Equation (6)

— From Kinematics

d_w-u—u-w_ W-u u-w
- 2 2 T2 2 2 2
u +w u +w u +w

— From Dynamics

: F
u= -q-w+—=
m
, F
W= ¢q-uUu-+—=
L m |

— Substitute

F F , F , F, » o F F,
qu+—|u |-gw+—|w |qu +—utqw ——"—w q-(u +w )+—Z-u+——-w
m m m m

d: ) - 2 = 2 z - 2 -
V. V. V. V.
— Simplify
F, F F F
B VAR N T Vigln iyt
.(qmmu mw) (qwmu mw) F.u F. w
o= 5 e 5 = q+ [ JE—
V. V. m-V, V. m-V_V,

MAE 6530, Propulsion Systems II 71




UtahState INtechanicsladhienospIce,
U N I V E R S I T Y Engineering

Derivation of the Longitudinal “AlphaDot” Equation (7)

. . X
inemartics &
Ly o
u
— =COSUX
V. | F F,
— —>a=|qg+ - COS Ol — -sinor
w : m-V._ m-V_
- = SlIlOC _____________ Local Horizont
V. D

— Resolving Forces

[Fx =Ty —Mm-g-sin@—D, -cosot+ Ly -sino }

: T
F = m-g-cos@—D,, -sinc—L,-cosa st
— Substituting
, m-g-cos@—D_ -sinak— L, -cosa T, —m-g-sin@—D. _-cosox+L. -sinox
a=|qg+ i - .cos o — — e - -sin
m-V_ m-V_

MAE 6530, Propulsion Systems II 72




UtahState INtechanicsladhienospIce,
U N I V E R S I T Y Engineering

Derivation of the Longitudinal “AlphaDot” Equation (7)

o\“\g‘\‘ X
) . L, . D,
e V2A, o1 VoA
5p . o 5p . »
______________ C, =lift coefficient, C, = drag coefficient
Local Horizont
|

> p-V?* ="dynamic pressure"(q)

A, ="reference area"—> typically maximum frontal area

p ="local air density"—> function of altitude

T, hrust

— Collecting

. . . . 2 2 .
Q=g+ m-g-cos@-cosa+m-g-sinf-sinx N -D,, -sina-cosa+D,, -coso-sine B Ly -cos"o+ Ly -cos” T, Sine

m-V_ m-V_ m-V_ m-V_
— Simplifying
- ' -« L, T, sino : : 6-o) q-A,-C, +T, . -sinx
06=q+g COS( )_ ift — ~thrust S NN azq_l_g COS( )_q of L h
V. m-V, m-V_ V., m-V_

MAE 6530, Propulsion Systems II 73
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U N I V E R S I T Y Engineering

Appendix II: Derivation of the Longitudinal “VDot”

Equation
Kinematics
: 1 . . u-u—+w-w
V= (2 u-u+2-w-w)= —
2\ u’ + w? ( ) \/u2+w2
F F
m m u F w F F ) F
= —F 4 —-—=|=cosa-—+Ssmao-—
V. V. m V_ m m m

— Resolving Forces

F=T,,.,—mgsnd—D -cosa+L, -sinc

F = m-g-cos@—D -sina—L_-cosa

"z rag ift ]

Substituting

VOO  cosa. (T;hmst —m.g.st—Dmg -COSOé‘l_Ll,ﬁ °San[> _|_Sinoé. (m-g.cose_Dmg .Slna_Liﬁ 'COSO&)

m m
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U N I V E R S I T Y Engineering

Derivation of the Longitudinal “VDot” Equation

Simplifying
: I, —m-g-sin@—D -cosa m-g-cos@—D -sina
VOO _ COSO['( thrust rag )+Sln()é( rag ):
m m
, T, —m-g-sind—D -cos’a m-g-cos—D -sin’«
VOO _ COSO&'( thrust rag >—|—SIHCK< rag ):
m m
Th -COS QY ) : rag 2 )
vt —|—g-<c05931na—51n9cosa)——(cos o+ sin a):
m m
T, -cosa . , q-4,-C q-4,-C . T, -cosc
thrust +g’<COSHSIHOé—SIHQCOSOz)— q ref D :_q ref D —g-81n(9—oz)—|— thrust
m m m m

- T  -cos . q-A  -C
VOO — __thrust Q g -sin ( 0 — Od) q ref D
m m
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